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2.1 The Standard Model Higgs effect 10 points

The GSW theory is the part of the Standard Model that describes the electroweak in-
teractions via a non-Abelian gauge theory with the gauge group SU(2)L × U(1)Y . The
corresponding Lagrangian is given by

L =

kinetic energy of leptons and
interactions with gauge bosons︷ ︸︸ ︷

R(iγµDµ)R + L(iγµDµ)L

kinetic energy of the gauge bosons
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with
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a
ν − ∂νAaµ + gεabcAbµA

c
ν . (3)

In this exercise, we study symmetry breaking to the electro-magnetic U(1)EM symmetry
and how the vector bosons become massive.

(a) How does the covariant derivative (2) act on the left- and right-handed leptons dou-
blets/singlet and on the Higgs-doublet? Show that the Lagrangian is gauge and Lorentz
invariant. (3 points)

(b) In the Higgs potential we have µ2 < 0. Find the minimum and apply an SU(2)L
rotation to choose the vacuum expectation value (VEV) of the Higgs field to be of the
form 〈Φ〉 = 1√

2
(0, v)T . We can use this to write the Higgs fields as

Φ(x) = exp

{
i
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}(
0
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2
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)
,

where ξa(x) and η(x) are real fields and T a are the generators of SU(2). Now we apply
an SU(2)L gauge transformation such that the angular excitations ξa(x) vanish. This
gauge transformation is called unitary gauge. Rewrite the Higgs potential in unitary
gauge, find the mass of η, and compare the degrees of freedom in the Higgs sector to
the situation before electroweak symmetry breaking. (3 points)

(c) Rewrite the kinetic energy of the Higgs field in (1) in unitary gauge. Define W±µ :=
1√
2
(W 1µ ∓ iW 2µ) and find the SO(2) matrix

O =

(
cos θW − sin θW
sin θW cos θW

)
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that orthogonalizes the mass matrix of the generators W 3
µ and Bµ. Write O in terms

of g and g′ and read off the masses for W±
µ , Zµ, and the photon Aµ. (3 points)

(d) Finally, rewrite the covariant derivative (2) in terms of the fields W±
µ , Zµ and Aµ in

the broken phase. Read off the generator of the electro-magnetic U(1)EM field and the
electric charge e. (1 point)

2.2 V-A couplings 10 points

In this exercise, we study how chirality and the V-A structure arises in the standard
model after symmetry breaking.

(a) Rewrite the lepton kinetic terms in (1) in terms of Dirac spinors ΨD, the projection
operators PL/R = 1

2
(1∓ γ5), and the physical fields W±

µ , Zµ, Aµ after electroweak
breaking. Which vector bosons couple chirally, which couple non-chirally? Determine
the leptonic vector and axial-vector coupling constants cV and cA. (4 points)

(b) Now we introduce the quark fields. Repeat the analysis of (a) for the quarks using the
quark kinetic terms

LQuark = Q(iγµDµ)Q+D(iγµDµ)D + U(iγµDµ)U .

Read off the couplings cV , cA and the electric charges. (3 points)

(c) Finally, derive the interaction vertices of the fields W±
µ , Zµ and Aµ after electroweak

symmetry breaking. (3 points)

2.3 Fermions and CKM Matrix 10 points

In this exercise, we see how the Higgs mechanism gives a mass to fermions. In the process,
we study the CKM matrix. Throughout the exercise, we assume N generations of quarks
and leptons, and argue that N ≥ 3 for CP violation. The Yukawa couplings are

LYuk = Cij
LRiΦLj︸ ︷︷ ︸

Lepton Yukawa
couplings

+ Cij
U U i(εΦ)Qj︸ ︷︷ ︸

Up-type Yukawa
couplings

+ Cij
DDiΦUj︸ ︷︷ ︸

Down-type Yukawa
couplings

+ h.c. (4)

with CL, CU , CD ∈ C3×3.

(a) Show that the terms in (4) are gauge invariant and insert the Higgs VEV (in unitary
gauge) to read off the mass matrices. (4 points)

(b) The Yukawa matrices CL,U,D can be diagonalized with a biunitary transformation

CL = VLDLU
†
L , CU = VUDUU

†
U , CD = VDDDU

†
D

Use this rotation to obtain the mass eigenstates and insert them into the interaction
terms derived in exercise 2.2. There, the index structure is diagonal, i.e. the family
indices are contracted with a Kronecker delta. Show that the interactions with Aµ
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and Zµ stay diagonal (no tree-level flavor-changing neutral currents). For the charged
currents, show that with a proper transformation of the neutrinos also the W±

µ terms
stay diagonal for the leptons, but not for the quarks. Why is this transformation on the
neutrinos allowed? This shows us that within the standard model there is no mixing
between the leptons. (3 points)

(c) From (b), we find the CKM matrix VCKM = U †UUD. Show that VCKM has (N − 1)2

physical parameters. (2 points)

(d) For N generations, how many parameters are SO(N) rotations and how many are
complex phases? Show that CP violation necessitates N ≥ 3. (1 point)
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