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1 Anisotropic scaling

In the examples we discussed so far, the various spatial directions were all
equivalent. However this does not have to be the case. Consider, for d ≥ 2,

H[h(r, u)] =

∫
dd−1r du

{
(∇rh)2 +K(∂uh)2 + v(∂2uh)2 + w(∂uh)4

}
(1)

where h ∈ R is a scalar field. We imagine that for some reason we have
the symmetry h(r, u) → h(r, u) + const., so that H is a function only of
derivatives of h and a conventional potential (h2, h4 etc.) is forbidden.
However the couplings are different in different directions. The dth spatial
coordinate, u, has been singled out. We have included the last two terms
because they become important when K = 0 or K < 0.

When d = 2 we can represent h(r, u) as the height of a two-dimensional
surface. We will consider a type of phase transition for this surface.

If K > 0 and v = w = 0 we have a conventional free field,1 and H is
invariant under the rescaling

h′ = bxh, r′ = br, u′ = bu, with x = (d− 2)/2. (2)

More precisely, in order for this to be an RG transformation (leaving the
UV cutoff unchanged) we should also integrate out the high momentum part
of the field (so that h′ = bxh<) but for the free field this part is trivial as
different momenta do not interact.

a) Performing the simple rescaling above also suffices to work out the
RG eigenvalues of v and w at the free fixed point. What are these values yv
and yw? You should find that both of these terms are irrelevant.

1Note that when K > 0 we could always set it to 1 by rescaling the coordinate u.
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b) Consider now the case K = 0. Let rescale u so that v = 1:

H[h(r, u)] =

∫
dd−1r du

{
(∇rh)2 + (∂2uh)2 + w(∂uh)4

}
. (3)

Show that the free part of H (i.e. the part quadratic in h, omitting the w
term) is invariant under a new anisotropic RG transformation with

h′ = bxh, r′ = br, u′ = bau. (4)

Find the critical exponents x and a for this modified free field theory.
c) Using the fact that (4) leaves this anisotropic free fixed point invariant,

how does the correlation function〈
[h(0, 0)− h(r, 0)]2

〉
(5)

scale for large r when d = 2? (You do not need to compute any integrals,
we are only interested in the power of |r| here.) What about〈

[h(0, 0)− h(0, u)]2
〉

(6)

for large u? Write the general large-distance two-point function at the
anisotropic free fixed point

G(r, u) =
〈
[h(0, 0)− h(r, u)]2

〉
(7)

in terms of an unknown function of only a single variable.
d) By including the w term in the rescaling of part (b), find the RG

eigenvalue yw of w at the anisotropic free fixed point. In two dimensions,
does the theory with w 6= 0 flow to the anisotropic free fixed point or away
from it? What about in three dimensions?

e) Let us take a step back and consider the phase diagram of (1). What
are the mean-field solutions (i.e. saddle-point configurations of h(r, u)) for
K > 0 and K < 0 respectively? (Assume free boundary conditions.)

f) Are any spatial symmetries spontaneously broken for K < 0?
g) Draw a schematic RG flow diagram in the (K,w) plane, in the

case d = 3, assuming v is fixed. Draw the corresponding schematic phase
diagram in the (K,w) plane.

h) In two dimensions, is the topology of the phase diagram the same?
What about the topology of the flow diagram? Can you suggest any limit
that we could try expanding around in order to understand the critical point
in d = 2?
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i) Write H for K < 0 in terms of fluctuations around the mean field so-
lution, and use this to argue that these fluctuations are likely to be governed
by a conventional free field theory, similar to the K > 0 case.

j) Now imagine that h is actually the phase of an O(2) spin defined on
a lattice: ~φ = (cosh, sinh). Draw a cartoon of the spin configurations in
the mean field states for K > 0 and K < 0. (You can draw a 1D picture
showing only one spatial coordinate.) Mark any characteristic lengthscale
appearing in your figure.

2 Remaining Qs to be uploaded separately
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