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1 4− ε expansion
Recall the RG equations in terms of the OPE coefficients

duα
dτ

= yαuα −
∑
β,γ

cβγαuβuγ +O(u3) (1)

where yα is the RG eigenvalue of the scaling operator Oα at the u = 0 fixed
point (here, the d-dimensional free fixed point). By computing c444 = 72
and c242 = 12 we saw that perturbing around the free fixed point with
δH ∝ tφ2 + uφ4 (here φn =: φn :) led to

du

dτ
= εu− 72u2 + . . . (2)

dt

dτ
= (2− 24u)t+ . . . (3)

giving a new fixed point (Wilson-Fisher fixed point) which is at t∗ ' 0,
u∗ ' ε/72 when ε = 4 − d is small. Linearising these equations around the
fixed point, the RG eigenvalue of t is yWF

2 = 2− ε/3 +O(ε2) and that of δu
is yWF

4 = −ε+O(ε2). See Cardy ch. 5.5.
(a) Above we neglected terms ∝ tu, t2 in (2), and ∝ t2, u2 in (3). Check

that if such terms are included (you do not need to work out the numerical
values of the O(1) coefficients) they affect the location of the critical point
(t∗, u∗), and the RG eigenvalue above, only at order ε2.

(b) Now set d = 4 (ε = 0). Solve the RG equation for u to obtain u(τ)
as a function of RG time τ , in terms of the initial1 u0 = u(0). [Recall that

1We add the subscript to u0 to avoid confusion, but this is just the coupling u in the
initial ‘microscopic’ Hamiltonian.
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if we run the RG for an RG time τ , the corresponding rescaling factor for
space is b = eτ .] Using this solution, solve the RG equation for t(τ) in terms
of t0 and u0.

(c) Tuning the field theory to the critical point corresponds to tuning t0
to zero. Determine how the correlation length ξ diverges as t0 → 0 in d = 4.
(Use the following logic: if we set τ = ln ξ/a, then the rescaled correlation
length, in units of the UV cutoff a, is of order 1. Therefore when τ = ln ξ/a,
we should have t(τ) = O(1).)

2 Tricritical O(∞) model

Consider, with ~φ = (φ1, . . . , φn),

H =
1

2
×
∫

ddr
(

(∇~φ)2 + t~φ2 +
u

2n
(~φ2)2 +

v

3n2
(~φ2)3

)
. (4)

Recall that the the tricritical point has non-mean-field exponents for d < 3
(we again treat the dimension as continuously varying).

(a) In the lecture we used a heuristic argument to write an effective
quadratic Hamiltonian for φ1, in the limit n→∞, for the case with only a
quartic term.2 Write the corresponding quadratic effective H in the above
case.

(b) Let the correlation length of the field be denoted ξ, and let
〈
φ21
〉

be denoted X. Write the algebraic equation for the mass squared, ξ−2,
in terms of X. Write the self-consistency equation that equates X to an
integral involving ξ. Let us call this integral X(ξ).

(c) Define ∆(ξ) = X(∞)−X(ξ). [The integral for ∆(ξ) came up in the
lecture. Remind yourself how ∆ scales with ξ (at large ξ) when 2 < d < 4.]
Write an equation for δt = t− tc in terms of ξ and ∆(ξ) and ξ-independent
constants.

(d) Consider the regime 2 < d < 3. Identify a critical value of u (in
terms of v). What is the scaling of ξ with (small) δt when u is larger than
this critical value? What about when u is equal to the critical value?

2We guessed that n−1∑n
i=2 φ

2
i was weakly fluctuating in the large n limit, since it is a

sum of many random terms (this is in the spirit of the central limit theorem). This allowed

us to replace it with its average: n−1∑n
i=2 φ

2
i ' n−1∑n

i=1 φ
2
i = n−1

〈
~φ2
〉

=
〈
φ2
1

〉
. We

also neglected terms of order 1/n in the effective H. See Cardy 5.7.
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3 3− ε expansion

(a) Following on from Q1, now consider instead the tricritical Ising fixed
point which is nontrivial in d = 3−ε dimensions (including in 2D). To lowest
order in ε this fixed point is captured by H ∝ v∗φ6 with other couplings
vanishing. Locate the fixed point to order ε by writing the RG equation for
v (using the method in Q1).

(b) Now consider the RG equation for the coupling u of φ4 at the fixed
point you found above, to linear order in u. [Similarly to (a), where in the
dt/dτ equation we only needed the nonlinear term proportional to ut, here
the only nonlinear term you need to compute is the one proportional to vu.]
What is the RG eigenvalue of u, to order ε? How many (Z2–even) couplings
do you need to tune to reach the tricritical point?

(c) At order ε, which of the following fields’ scaling dimensions are un-
changed from the value at the free fixed point, and which have an order ε
correction to the free value? (i) φ1 = φ; (ii) φ2; (iii) φ3.
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