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Keble College - Trinity 2017
S3: Quantum Ideas

Tutorial 1: Waves, Particles and Wavefunctions

Prepare full solutions to the ‘problems’ with a self assessment of your progress on a cover page.
Leave these at Keble lodge by 5pm on Monday of 3rd week.
Look at the ‘class problems’ in preparation for the tutorial session.

Goals

• Think carefully about the wave-particle duality of light and matter.

• Understand the Bohr model of hydrogen, the assumptions that underly it, and its deficiencies.

• Begin to think about describing the state of physical systems using vectors and wavefunctions.

Problems

In this problem set we will roughly touch upon some of the key idea in the historical development
of quantum mechanics. The first two questions examine the different predictions one makes for
the photoelectric effect when considering light as a wave or a stream of particles.

1. Photoelectric effect with waves

A laser beam with an intensity of 120W/m2 (roughly that of a small helium-neon laser or laser
pointer) is incident on a surface of sodium. It takes a minimum energy of 2.3eV to release and
electron from sodium (the work function, φ, of sodium). Assuming the electron to be confined
to an area of radius equal to that of a sodium atom (0.10nm), how long will it take for the
surface to absorb enough energy to release an electron?

Explain why this does not correctly describe the photoelectric effect.

What properties of light and the light-matter interaction did Einstein propose in order to
mend the classical theory?

2. Photoelectric effect with photons

A laser beam with a wavelength λ = 224nm (silver-ion lasers will emit at this wavelength) is
incident on an aluminum surface. It takes a minimum energy of 4.06eV to release an electron
from a surface of aluminum (the work function of aluminum). Using Einstein’s description of
the photoelectric effect, determine the maximum kinetic energy of the emitted electrons.

What is the corresponding stopping potential that would halt the collection of photoelectrons
at the anode (collector) of the phototube?

In 1915 Robert Millikan performed a series of experiments examining the photoelectric effect.
For this work, in which he determined Planck’s constant using the photoelectric effect, he
receieved the 1923 Nobel prize. Explain how Millikan determined Planck’s constant. Specifi-
cally, what physical quantities did he measure?

1This problem set is based off the problems by Dr. Brian Smith and past exam questions.
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Another important phenomenon which indirectly reveals the particle nature of light is black body
radiation.

When you heat something enough, it begins to glow (think of an iron poker glowing red
after being left in a fire). In fact, most objects will emit thermal radiation at every wavelength,
with the amount of energy emitted at each wavelength (known as the “black body spectrum”) de-
pending on how hot the object is. A black body is an idealised way of modelling this phenomenon.
Under the assumption that a light mode at frequency ω can contain any continuous amount
of energy, one obtains a prediction that blows up as λ → 0. In other words, one predicts that
every object at a finite temperature should be spewing an infinite amount of energy as gamma rays!

Planck empirically obtiained a correct expression for the black-body spectrum. It was then
realised that one could derive this expression only by allowing each light mode to contain only
an amount of energy n~ω, where n is an integer, ~ is planck’s constant, and ω is the frequency
of the mode. In other words, the energy of the light mode is quantised! We will not bother with
the derivation here (you will do this in detail in statistical mechanics next year).

3. The ultraviolet catastrophe

The Rayleigh-Jeans law for the radiance of a black body is

Bλ(T ) =
2ckBT

λ4
. (1)

Note that this expression blows up as λ→ 0 (this is the so-called “ultra violet catastrophe”).
Planck’s law for the radiance is

Bλ(T ) =
2hc2

λ5
1

exp
(

hc
λkBT

)
− 1

.

Show that these expressions agree in some limit, stating explicitly the condition for this
approximation to be valid.

We have seen that, depending on the experiment, light can be viewed as either a wave (think
double-slit experiment) or a particle (think photoelectric effect). We now follow Louis de Broglie
in considering the corresponding properties of matter. If light, described classically by waves, can
exhibit particle-like properties, then can matter, classically described as collections of particles,
be shown to exhibit wave-like properties under certain circumstances? We illustrate this concept
in the next few questions by considering particles diffracting and interfering.

4. Double-slit interference

A beam of buckyballs (C60) with average velocity v � c, is sent through a double-slit appa-
ratus of slit width a and separation d to form a diffraction pattern on a detector a distance L
from the slit screen.

What is the de Broglie wavelength λ of the buckyballs?

Show that the probability of detecting a buckyball at position x on the detector (measured
from the center of pattern) is

∝ cos2
(
πxd

λL

)
. (2)

What is the spacing of the interference minima?
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5. Bragg scattering

Crystallography is an important tool in determining the structure of matter. For example
it was used to determine the structure of DNA. The essence of crystallography lies in Bragg
scattering, in which waves scattered from repeated structures of a material interfere to form
regular patterns which reflect the material structure.

Consider a beam of electrons with non-relativistic speed v/c = 0.001, normally incident on an
unknown crystal. A periodic angular dependence in the reflected beam is observed with the
second maxima given by occurring at an angle of θ = 12◦. Calculate the de Broglie wavelength
λ of the electrons. Using the Bragg diffraction formula (similar to that of a diffraction grating)

2d sin(θ) = nλ, (3)

determine the lattice spacing d between atoms in the crystal.

Another problem facing early 20th century physicists was the stability of atoms. In his famous
scattering experiment, Rutherford (or at least his poor, underappreciated PhD students) had de-
duced that atoms consisted of a tiny positively charged core with a radius ∼ 10−15m, with electrons
orbiting at much larger distances ∼ 10−10m. Maxwell’s equations tell us that accelerating charges
radiate light. Thus, orbiting electrons should radiate energy and atoms should rapidly collapse.
Bohr took the concept of quantisation, applied it to angular momentum and used this to derive
a model of hydrogen which accurately predicted its emission spectrum.

6. Bohr model of Hydrogen

State the assumptions made by Bohr in his theory of the hydrogen atom and discuss those
that are incompatible with classical physics. How did Bohr’s theory keep the electron from
spiraling into the nucleus? List at least three significant deficiencies of the Bohr model.

Using this model, derive the energy levels and associated radii of the orbits for an electron of
mass m and charge −e bound in hydrogen. What are the speed and angular velocity of the
electron in an individual energy state?

An electron is in the n = 5 state of hydrogen. To what states can the electron make transitions
and what are the energies of the emitted radiations?

7. Franck-Hertz experiment

Describe the Frank-Hertz experiment and explain why the decreases in current observed are
not sharp.

The first excited state of sodium decays to the ground state by emitting a photon of wavelength
590 nm. If sodium vapor is used for the Franck-Hertz experiment, at what voltage will the
first current drop be recorded?

The problems so far have illustrated the idea of wave-particle duality. Now we will take the
first steps towards tying this together into a consistent mathematical framework by introducing
the wavefunction. You will cover this in much more detail next year when you learn quantum
mechanics for real, but it is good to get some familiarity with the concepts early.

8. Wavefunction

What is the interpretation of the wave function ψ(x, t) of a particle?

Write down the expressions to calculate the average position 〈x〉 and variance (∆x)2 of a
particle as functions of time described by the wave function ψ(x, t)? State the value of the
integral ∫ ∞

−∞
ψ∗(x, t)ψ(x, t)dx, (4)
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and explain the physical meaning.

A more general way of describing quantum states is as a vector in a complex vector space (called a
Hilbert space). Mutually exclusive measurement outcomes are represented by orthonormal vectors
in the Hilbert space (the number of mutually exclusive outcomes is therefore the dimension of the
Hilbert space). A quantum state is then described by a linear combination of these vectors. The
expansion coefficients are known as probability amplitudes. The probability for that outcome is
then the modulus-squared of the amplitude.

9. Quantum states

A classical bit is a physical system with two states (labelled 0 or 1). A quantum bit, or qubit,
is a quantum system with two states (which we label |0〉 or |1〉). The most general pure state
of a qubit is

|ψ〉 = α |0〉+ β |1〉 . (5)

What is the normalisation condition on |ψ〉, and what is the physical meaning of this condition?
What constraint does this place on α and β? What are the probabilities P (0), and P (1) of
measuring the qubit to be in state |0〉 or |1〉, respectively? If we perform a measurement and
obtain the value 0, what is the state of the qubit afterwards?

Class problems

10. Single slit diffraction and the uncertainty principle

Consider measuring the position of a particle using a beam of electrons with energy E, col-
limated by an aperture of width ∆x. The aperture sets the uncertainty in the transverse
position and momentum of the electron at the aperture.

If one were to place a detector a distance L from the aperture to observe the diffraction pattern,
calculate the spacing between the first diffraction minima using the uncertainty principle for
the transverse position and moment of the electron.

How does this compare with the result obtained using diffraction theory for a single slit of
width ∆x?

11. From Prelims 2009

If a non-relativistic proton and a non-relativistic electron have (a) the same speed, or (b) the
same kinetic energy, explain which has the longer de Broglie wavelength.

Does a photon have a de Broglie wavelength? If so, explain how it is related to the wavelength
of the associated electromagnetic wave.

In a scanning electron microscope, a 0.3keV electron beam, collimated by an aperture of width
∆xi, is directed towards a target 1m away from the aperture. Assuming a field-free region
from aperture to target, the uncertainty ∆xf in the transverse coordinate of the electron when
it hits the target comes in part from the uncertainty in the initial coordinate and in part from
the uncertainty in the transverse velocity ∆vx. What is the typical distance by which the
electrons miss the target, given that the beam is aiming with the highest possible precision?
Find the value of ∆xi that gives the smallest total uncertainty ∆xf . Discuss quantitatively
whether your result is in accordance with electron diffraction of a slit of width ∆xi.

You now enter a contest in which the contestants drop a marble with a mass of 20g from a
tower onto a small target 25m below. As for the electrons, find the value of the uncertainty
∆xi in the initial transverse coordinate that gives the smallest total uncertainty ∆xf at the
ground. Comment on the relevance of your result.
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