
The Standard Model and Beyond I: problem set II

Oxford MMathPhys, Trinity Term 2020

This homework is due on Monday June 22nd at 17.00. Please upload it as usual using
the standard submission system. If you have questions, please contact me or the tutors
(Federico Buccioni, Alexander Karlberg).

1. Vector boson scattering, unitarity and the Goldstone equivalence
theorem

Consider the process W+W− → ZZ, with longitudinally-polarized vector bosons.

(a) Draw all the Feynman diagrams that contribute to this process at tree level.

(b) After some calculation, it is possible to show that the pure gauge diagrams (i.e. the
diagrams involving only vector bosons) lead to the following result for the amplitude
in the high energy limit

Agauge ≈
g2s

4m4
W

m2
Z cos2 θW , (1.1)

where s is the Mandelstam invariant. Is this result compatible with (tree-level)
unitarity?

(c) Compute the diagram involving Higgs exchange, in the high- energy limit s� m2
W,Z .

Use your result together with Eq. (1.1) to obtain the amplitude in the full Standard
Model. What can you say about unitarity in this case?
[Hint: recall that at high energy polarization vectors can be written as εµL(p) = pµ/m+
O(m/Ep)]

In class, we have seen that the Goldstone equivalence theorem allows one to efficiently
deal with longitudinal vector bosons at high energy. Consider then the scattering process
π+π− → π0π0, where πi are the would-be Goldstones. More specifically

(d) Recall that the Standard Model scalar potential can be written as

V = µ2|φ|2 + λ|φ|2, (1.2)

where φ is the Higgs doublet

φ =
1√
2

(
π1 + iπ2

v + h+ iπ3

)
. (1.3)

Derive the Feynman rules needed for the π+π− → π0π0 tree-level amplitude, where
π± = (π1 ± iπ2)/

√
2, π0 = π3.
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(e) Compute the π+π− → π0π0 amplitude at tree level, and compare your result with
what you obtained in (c).

[18 marks]

2. Leading corrections to the ρ parameter

In class, we have seen that a very efficient way to compute corrections to the ρ parameter
is through the ratio Zπ+/Zπ0, where Zπi are the wave-function renormalization constants
for the would-be Goldstone fields defined in the previous exercise. In this exercise, you will
use this trick to compute the one-loop corrections to the ρ parameter proportional to the
top Yukawa coupling.

We consider the Standard Model in the gauge-less limit, focusing only on the third gener-
ation quark sector. We neglect the b-quark mass (so that the right-handed b-quark field
bR is not interacting) and off-diagonal quark mixing (i.e. we set Vtb = 1). The relevant
Lagrangian can then be written as

L = Lkin − V + Ly, (2.1)

where Lkin is the kinetic term for the Higgs and quark fields, the scalar potential V is
defined in Eq. (1.2) and the Yukawa lagrangian can be written as

Ly = −ytQLφctR + h.c., QL =

(
tL
bL

)
, φc = iσ2φ

∗, (2.2)

where σ2 is the Pauli matrix and φ is defined in Eq. (1.3).

(a) Draw all the Feynman diagrams that contribute to Zπ+ and Zπ0 , at one loop. Do
they all contribute to the ratio Zπ+/Zπ0?

[Hint: to figure out the diagrams that cancel in the ratio, just recall the definition of
Z and look at the coupling pattern that emerges from V ]

(b) Compute Zπ+ and Zπ0 at one loop, using dimensional regularization and neglecting
everything that drops in the Zπ+/Zπ0 ratio. You can use an anticommuting definition
for γ5 in this calculation (i.e. you can treat γ5 as you would do in four dimensions).
[Extra, unmarked, it requires the anomalies discussion that you saw in the second
module: why is this the case?]

[Hint I: what are the masses of the would-be Goldstones? Hint II: simplify numerators
against denominators as much as you can before computing the loop integrals. At
intermediate stages, systematically drop everything that does not contribute to Zπi ]

(c) Use your result to compute the one-loop corrections to the ρ parameter proportional
to the top Yukawa coupling, and give a numerical estimate of their size.

[18 marks]
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2. DIS, the OPE and sum rules

The QCD stress-energy tensor can be written as

T µν =
∑
q

Oµνq +Oµνg . (3.1)

In Eq. (3.1),

Oq =
1

2!

[
ψ̄qγ

µi /D
ν
ψq + (µ↔ ν)

]
− traces, (3.2)

with D the covariant derivative, is the contribution of an individual quark while

Oµνg = −1

2

[
F µαF ν

α + (µ↔ ν)

2!

]
− traces, (3.3)

with F the gluon field strength tensor, is the gluon contribution. Color indices are assumed.

(a) Write down an expression for the spin-averaged matrix element 〈P |T µν |P 〉, where
|P 〉 is a proton state with momentum P µ.
[Hint: you should not do any calculation for this point. If you are unsure about
normalizations, you can compute the matrix element on a single quark state to refresh
your memory. If you do this step, you may find the relation

∑
pol u(p)ū(p) = /p useful ]

(b) What is the anomalous dimension of T µν?

(c) What is the spin of T µν? What is its twist? Does it contribute to the OPE for DIS
at leading power?

(d) Use the results you obtained to evaluate

∑
q

1∫
0

dx xfq(x,Q
2) +

1∫
0

dx xg(x,Q2), (3.4)

where fq and g are the quark and gluon parton distribution functions, respectively.
What is the Q2 dependence of your result? Interpret your result in the parton model.

(e) For this point, work in pure gluo-dynamics, i.e. assume that you are in a theory with
no quarks. The leading-order gluon splitting function can be written as

Pgg(x) =
αs
2π
×
{

2CA

[
1

[1− x]+
+

1

x
+ x(1− x)− 2

]
+ βδ(1− x)

}
+O(α2

s), (3.5)

where CA = Nc is the adjoint Casimir of SU(N), the ′′+′′ distribution is defined as
1∫

0

dx
1

[1− x]+
f(x) ≡

1∫
0

dx
f(x)− f(1)

1− x
, (3.6)

and β is a numerical coefficient. Using the result in (b), compute β.
[Hint: what is the relation between splitting functions and anomalous dimensions? ]
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(f) Extra, unmarked. Evaluate the sum rule

1∫
0

dx x×

[
Pgg(x) +

∑
q

Pqg(x)

]
. (3.7)

Interpret your result in the parton model.

[14 marks]
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