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Scattering Formalism 1

Almost all we know about particle physics has been derived from scatter-
ing experiments. Measured cross sections are described using formalism
of quantum mechanics or relativistic quantum mechanics, or using the
best formalism we have, relativistic quantum field theory. The descrip-
tion is in terms of fundamental quantities such as charges and potentials
in quantum mechanics, or quanta and their couplings and propagators in
relativistic quantum field theory. In this chapter we will develop a scat-
tering formalism within nonrelativistic quantum mechanics. You will see
that, one can often successfully apply this formalism to the physics of
hadrons and although more advanced, relativistic methods are needed
at the highest energies, the basic ideas are the same as are the physical
intuitions you will develop.

First we will revise the time dependent perturbation method of quan-
tum mechanics. Fermi’s Golden Rule and the Born approximation will
follow. At high energies the relative angular momenta of the scattering
particles are small; we will use this fact to approximate states of the
scattered particles by linear combinations of angular momentum eigen-
functions with small angular momentum quantum numbers. This will
be essential in describing resonances and angular distributions.

We assume, you have had some lectures on nonrelativistic quantum
mechanics already. If not, there are many good books on the subject for
background reading, such as classic textbook by Schiff [1]. For further
reading, derivations and detailed discussion refer to Blatt and Weisskopf
[2].

1.1 From the Schrödinger Equation to a Cross
Section

Let’s assume that our system, particles in a scattering experiment or in
a radioactive decay, can be described by the time dependent Schrödinger
equation:

ih̄
∂ψ

∂t
= Hψ where H = H0 +H1. (1.1)

H0, describing free particles, is time independent and simple. If H1,
the part of the Hamiltonian describing the interaction, is time dependent
and small, we can solve the energy eigenvalue equation H0uk = Ekuk
and expand the total wave function ψ in terms of uk, the momentum
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2 Scattering Formalism

eigenfunctions:

ψ =
∑
n

an(t)un exp(−i
En
h̄
t). (1.2)

In our applications, the uk spectrum
is continuous and we should be inte-
grating, not adding. On the other
hand, taking a discrete spectrum makes
derivations easier to follow and leads to
the same results. For these reasons we
decided, here and in other derivations,
to assume that the states under consid-
eration can be described by a discrete
set of orthonormal wave functions.

In order to find the coefficients an, which fully describe ψ, we need
to substitute the expansion of ψ in terms of un into the Schrödinger
equation and for a given n = k get a particular ak by multiplying both
sides of the equation by u∗k from the left and integrating over the available
space. The result is:

ȧk =
1

ih̄

∑
n

〈uk|H1(t)|un〉an(t) exp(i
Ek − En

h̄
t), (1.3)

where the dot in ȧk stands for the time derivative and

〈uk|H1(t)|un〉 =

∫
available space

u∗kH1un d(space).

So far everything is exact but we will need to solve the equation for ȧk
in an iterative way and make an approximation. Replacing the Hamil-
tonian H1 by λH1, an becomes an = a

(0)
n + λa

(1)
n + λ2a

(2)
n + · · · and

assuming analyticity with respect to λ, substituting this into the equa-
tion for ȧk, equating terms with λ to the same power and putting λ = 1
gives:

ȧ
(0)
k (t) = 0 and

ȧ
(s+1)
k (t) =

1

ih̄

∑
n

〈uk|H1(t)|un〉a(s)
n (t) exp(i

Ek − En
h̄

t). (1.4)

The first of the two equations above is easy to solve. All zeroth order
coefficients are constant; a

(0)
k = const.. From the second equation, we

get the s+1 order coefficients in terms of the known s order coefficients;
so from the known a

(0)
k we can get a

(1)
k , then from a

(1)
k we can get a

(2)
k

and so on. For a small enough H1 we can stop iterating at s = 1 and
approximate an by an ≈ a(0)

n + a
(1)
n .

Let’s consider elastic scattering of two different particles. This can be
modeled as the scattering of one of our particles1 , call it a projectile, by1Remember about the reduced mass.

a potential. The initial state can be, and often is, simply described by
a free particle eigenstate. So at time t → −∞ ψ → ui exp(iEih̄ t), where

i stands for initial. In terms of our coefficients: a
(0)
i = 1, a

(0)
k = 0 for

k 6= i and therefore the equation for the first order coefficients reduces
to:

ȧ
(1)
k (t) =

1

ih̄
〈uk|H1|ui〉 exp(i

Ek − Ei
h̄

t). (1.5)

As time runs from −∞ to +∞ our simple initial state is modified
by the interaction and approaches the final state determined by the
coefficients
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a
(1)
f = lim

t→∞

1

ih̄

t∫
−∞

〈uf |H1(τ)|ui〉 exp(i
Ef − Ei

h̄
τ) dτ, (1.6)

where f stands for final.

Example 1.1

It is useful to remember two properties
of the Dirac δ function:

δ(x) =
1

2π

+∞∫
−∞

exp(ikx) dk (1.7)

and

δ(ax) =
1

|a|
δ(x). (1.8)

H1(t) = V , where V is a time-independent potential, gives:

a
(1)
f =

2π

i
〈uf |V |ui〉 δ(Ef − Ei). (1.9)

Example 1.2

H1 = V exp(−i
Eγ
h̄ t), where V is a time independent-function, gives:

a
(1)
f =

2π

i
〈uf |V |ui〉 δ(Ef − Ei − Eγ). (1.10)

In this case, the particle has absorbed energy Eγ from the potential.
This describes, for example, an atom absorbing a photon.

A small modification in H1, H1 = V exp(+i
Eγ
h̄ t), gives:

a
(1)
f =

2π

i
〈uf |V |ui〉 δ(Ef − Ei + Eγ) (1.11)

which corresponds to the absorption of energy Eγ from the particle
by the potential. This describes, for example, the emission of a photon
by an excited atom.

Thinking in terms of static, time independent wave mechanics, one
might expect that the probability of the transition from state i to state
f would be given by a∗faf . This is, however, not the case. Energy
conservation, manifested by the Dirac δ function in the examples above,
makes af ≈ a

(0)
f + a

(1)
f equal zero or infinity, which is not what we

measure. What we do measure is the transition rate. For example, the
rate of a radioactive decay, the number of decays per second. This is
the probability a∗faf summed over equivalent final states and divided
by time t in the limit t → +∞. The transition rate to one exact final
state is zero for the same reason that the probability of hitting a single
point (in a mathematical sense) playing darts is zero. Only a finite size
target, a set of equivalent points, has a non zero probability of being hit
in darts. We have
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(
transition

rate

)
=

+∞∫
−∞

(
probability

per unit time

)
ρ(Ef ) dEf , (1.12)

where (
probability

per unit time

)
= lim
time→+∞

a∗faf

time
(1.13)

and ρ(Ef ) dEf is the number of equivalent final states in the energy
interval Ef to Ef + dEf .

Example 1.3

H1(t) = V , where V is a time-independent potential turned on at a given
time and off at a later time (corresponding to the finite interaction time
in a scattering experiment, for example, due to short range forces), gives:The derivation is not that simple. If

you are lost, consult, for example, [1]. (
transition

rate

)
=

2π

h̄
|〈uf |V |ui〉|2 ρ(Ef ), (1.14)

the famous Fermi’s Golden Rule. This leads to the cross section:

(cross section) =

(transition
rate

)( flux of
incident particles

) . (1.15)

In calculating transition rates or cross
sections one has to remember to prop-
erly normalize the wave functions.

Example 1.4

H1(t) = V , where V is a time-independent potential as in the previous
example. Additionally, V (r) is weak enough, such that rV (r) → 0 as
r → +∞ .

Let’s consider elastic scattering from an initial state ui(r) = L
−3
2 exp(ikir)

to a group of final states uf (r) = L
−3
2 exp(ikfr). The wave functions

are normalized using box (side L) normalization.Normalized wave functions are defined.

The periodic boundary conditions:

uf (−L2 , y, z) = uf (L2 , y, z)⇒ exp(ikxL) = 1
uf (x,−L2 , z) = uf (x, L2 , z)⇒ exp(ikyL) = 1
uf (x, y,−L2 ) = uf (x, y, L2 )⇒ exp(ikzL) = 1

(1.16)

give momentum (h̄k) quantization

kx = 2π
L nx ; ky = 2π

L ny ; kz = 2π
L nz (1.17)

with quantum numbers nx, ny, nz = 0, ± 1, ± 2, . . ..
How big is the density of states ρ(Ef ) ?
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In a volume element dkxdkydkz there are

dn = dnxdnydnz =
( L

2π

)3

dkxdkydkz =
( L

2π

)3

k2 dk dΩ (1.18)

The density of states is evaluated.
states. This has been evaluated using the relation between the k vector

and the quantum numbers n. As ρ(Ef ) = dn
dEf

, changing variables from

Ef =
p2f
2m to kf =

pf
h̄ one gets the answer: The solid angle dΩ (more precisely

dΩf ) is given by the angular spread
around the vector k defined by the
group of the equivalent final statesρ(Ef ) =

( L
2π

)3 m

h̄2 kf dΩ (1.19)

Substituting the initial wave function ψ(t, r) = ui(r) exp(−iEih̄ t) into
the expression for the probability flux j

j(t, r) =
ih̄

2m
[(∇ψ∗)ψ − ψ∗(∇ψ)] (1.20)

∇ · j = − ∂(ψ
∗ψ)
∂t

.
we calculate the flux of incident particles, the number of particles per

unit area and unit time. We get

j =
h̄ki
mL3

=
velocity

L3
. (1.21)

The flux of incident particles is deter-
mined.The last component we need is the matrix element. In contrast to the

previous kinematic components, this one contains all the information
about the acting forces and their strengths. The dynamics: the matrix element is

evaluated.

〈uf |V |ui〉= L−3
∫
R3

exp(−ikfr)V (r) exp(ikir) dr

= L−3
∫
R3

V (r) exp(iqr) dr,
(1.22)

where q = ki − kf .
Now we have all we need to evaluate the cross section. Equations 1.14

and 1.15 give

dσ

dΩ
=
( m

2πh̄

)2∣∣∣ ∫
R3

V (r) exp(iqr) dr
∣∣∣2, (1.23)

kf
ki

= 1, for elastic scattering off an in-
finitely heavy center. For a more gen-
eral expression describing scattering of
particles with comparable masses in a
”Lab” frame see for example Perkins
[3].

which is known as the Born approximation.

Equation 1.23 gives, in essence, the relationship between the exper-
imental measurement (cross section; the number of scattered particles
into the solid angle dΩ, when properly normalized) and the theoretical
description (here in terms of a potential). So either from a measured
cross section we can deduce the potential (see the history of nuclear
physics) or from a known or postulated potential we can predict the
outcome of a measurement.
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1.2 Partial Waves and Angular Distribu-
tions

Now we look at the physics of section 1.1 from a different angle. Instead
of using momentum eigenfunctions, we take angular momentum eigen-
functions to describe the initial and final state wave functions. The rest
of the ”philosophy” stays the same. This is a natural way to describe
angular distributions of scattered particles and resonances.

Let’s define a coordinate system with its z axis along the direction of
the momentum of the initial state, the direction of the beam particles,
such thatThe L−

3
2 normalization factor has been

dropped for clarity.

Here ki = kf = k.

Angular momentum conservation and
no spin ⇒ no φ dependence, m = 0
in Yl,m.

ui(r) = exp(ikir) = exp(ikr cos θ) =

+∞∑
l=0

Al(r)Yl,0(θ). (1.24)

One finds the coefficients Al(r) in the ”usual” way:

Al(r) =

∫
4π

Y ∗l,0(θ) exp(ikr cos θ)dΩ. (1.25)

At large kr the initial state looks like a superposition of two waves: one
moving away from the scattering center, driven by the term exp(+ikr)
and the other, driven by exp(−ikr), moving towards the center:

ui(r) ≈
√
π

kr

+∞∑
l=0

√
2l + 1 il+1{exp[−i(kr−1

2
lπ)]−exp[+i(kr−1

2
lπ)]}Yl,0(θ).

(1.26)
Likewise for the final state, but with an important modification to the

outgoing wave. Due to the interaction with the potential, the exp(+ikr)
term is multiplied by a complex number (often energy dependent) ηl.

This number contains all the information about the dynamics, the|ηl| = 1 for elastic scattering.

|ηl| < 1 in the presence of absorption;
loss of original particles, modeled by a
complex potential.

acting forces; it replaces the potential.

uf (r) ≈
√
π

kr

+∞∑
l=0

√
2l + 1 il+1{exp[−i(kr−1

2
lπ)]−ηl exp[+i(kr−1

2
lπ)]}Yl,0(θ).

(1.27)
The scattered wave usc is the difference between the final and initial

states which, for large kr, tends touf has an ui component; particles
which went through ”without” scatter-
ing.

usc(r) = uf (r)− ui(r) −→ f(θ) exp(ikr)

r
, (1.28)

where f(θ) is the scattering amplitude, given byUnits ! f(θ) is in meters.

f(θ) =

√
π

k

+∞∑
l=0

√
2l + 1 il+1(1− ηl) exp(−i

1

2
lπ) Yl,0(θ). (1.29)
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One gets the number NscdΩ of particles scattered per second into the
solid angle dΩ by considering the radial component of the probability
flux j through a surface element of a sphere of radius r0:

Nsc(θ)dΩ =
ih̄

2m

[∂u∗sc
∂r

usc − u∗sc
∂usc
∂r

]
r2
0dΩ = v|f(θ)|2dΩ, (1.30)

where v is the flux (speed) of incident particles. So, the scattering Here, vi = vf = v.

(elastic) cross section is

dσsc =
Nsc(θ)dΩ

v
= |f(θ)|2dΩ, (1.31)

and the scattering amplitude, in the Born approximation, comes out,
as expected, from section 1.1 equation 1.23:

f(θ) =
m

2πh̄

∫
V (r) exp(iqr) dr. (1.32)

Integrating over the surface of the sphere, one gets the total number
of scattered particles Nsc and the total scattering (elastic) cross section,

Recall the orthogonality of Yl,m.

σsc =
Nsc
v

=

+∞∑
l=0

σsc,l (1.33)

and the scattering partial cross section

σsc,l =
π

k2
(2l + 1)|1− ηl|2 (1.34)

which represents the contribution to the cross section for a given an-
gular momentum quantum number l.

In a similar way (see [2]), by considering the probability flux of uf one Where there is absorption,∫
R3

u∗fuf dr < 1.can calculate the number of absorbed particles and hence the inelastic
(absorption) cross section:

σinel =

+∞∑
l=0

σinel,l (1.35)

and the inelastic partial cross section

σinel,l =
π

k2
(2l + 1)(1− |ηl|2). (1.36)

Fig. 1.1 Elastic vs inelastic partial
cross section (scaled). Possible values
the cross sections can take, lie to the
left of the curve. There is always an
elastic part, even for η = 0, when the
absorption takes the maximum value.

Partial cross sections can not take arbitrarily large values because
|ηl| ≤ 1.

σsc,l ≤ σmaxsc,l =
4π

k2
(2l + 1) (1.37)

and

σinel,l ≤ σmaxinel,l =
π

k2
(2l + 1). (1.38)

The limits above are known as the unitary condition.
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The total cross section σt is, of course, the sum of the elastic and
inelastic contributions:

σt = σsc + σinel. (1.39)

After some algebra, one can derive an important relation between the
total cross section and the imaginary part, =[ ], of the forward (θ = 0)
scattering amplitude, known as the optical theorem:

σt =
4π

k
=[f(0)] (1.40)

The name comes from an analogy with optics, with light which passes
through a medium where the imaginary part of the complex refractive
index is related to the absorption2 coefficient.2Here of course, the total cross section

represents more than absorption; it in-
cludes an elastic part as well.

The optical theorem gives a way to get the total cross section from
a measurement of the elastic scattering at small angles. This is the
standard way that total cross sections are measured for hadrons; for
example in proton antiproton interactions.

1.2.1 Breit–Wigner Amplitude

To study angular distributions and resonances, we need to ’undo’ the
integration over the angle θ and go back to the scattering amplitude
described in equation 1.29 which can be rewritten asil = exp(i 1

2
πl)

Pl(cos θ) =

√
4π

2l+1
Yl,0(θ)

f(θ) =
1

k

+∞∑
l=0

(2l + 1)fl Pl(cos θ) (1.41)

where the partial wave amplitude fl is

fl =
ηl − 1

2i
. (1.42)

For elastic scattering, |ηl| = 1 and a complex ηl can be written as

ηl = exp(2iδl) (1.43)

where the real parameter δl is known as phase shift. This way theFor elastic scattering, all the dynamics
(forces) are encoded in the phase shifts
δl (real numbers).

partial wave amplitude becomes

fl =
exp(2iδl)− 1

2i
= exp(iδl) sin δl =

1

cot(δl)− i
. (1.44)

The phase shifts depend on energy. It might happen that for a certain
energy Er and a certain quantum number l, δl = π

2 . This would give a
pure imaginary partial wave amplitude fl = i corresponding to a reso-
nance, as can be seen by expanding3 cot δl in the vicinity of δl(Er) = π

2 ,3Known as the narrow width approxi-
mation; |E − Er| is small.

cot[δl(E)] = cot[δl(Er)] + (E − Er){
d

dE
cot[δl(E)]}E=Er + · · · (1.45)

Defining Γ such that
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2

Γ
= −{ d

dE
cot[δl(E)]}E=Er (1.46)

we get the Breit–Wigner amplitude

fl(E) =
Γ
2

(Er − E)− iΓ
2

(1.47)

and the corresponding Breit–Wigner partial cross section

σsc,l =
π

k2
(2l + 1)|2ifl|2 =

4π

k2
(2l + 1)

Γ2

4

(Er − E)2 + Γ2

4

. (1.48)

In general,4 for an isolated, narrow resonance, including inelastic 4Nonrelativistic particles without spin
or ignoring spin.channels, this becomes

σij,l =
4π

k2
(2l + 1)

ΓiΓj
4

(Er − E)2 + Γ2

4

, (1.49)

where

• Γi is the partial width of the formation channel i; i is the name of
the reaction creating the resonance, for example the π+n reaction
producing a ∆+ (ignoring spins).

• Γj is the partial width of the decay5 channel j; j is the name of 5Γi of the formation channel i is iden-
tical to Γi of the decay channel i, both
are given by the strength of the cou-
pling of the resonance to the particles
labeled by i.

the decay products of the resonance, for example π0p or π+n for
the ∆+ resonance (ignoring spins).

• Γ is the total width, Γ =
∑
i

Γi; i runs over all possible channels. Γ

is the full width at half maximum of the Breit–Wigner resonance
shape and the resonance lifetime = h̄/Γ.

• Γi/Γ is the branching ratio, the relative probability of the decay
(or production) of the resonance in the channel i.

Fig. 1.2 Breit–Wigner resonance
shape. The height comes from ΓiΓj
and the width from Γ.

The Breit–Wigner resonance is a quantum analogue of the classical
resonance of a driven harmonic oscillator and, in the same way that
the Lorentzian line shape of atomic physics is related to the Fourier
transform of the exponentially decaying light field, the Breit–Wigner
resonance is related to the Fourier transform of the wave function of the
exponentially decaying (in time) resonance. The wave function of such
a decaying state

ψ(t) = ψ(0) exp(−i
Er
h̄
t) exp(−Γt

2h̄
) (1.50)

can be built up as a superposition of states of slightly different ener-
gies:

ψ(t) =

+∞∫
−∞

A(E) exp(−i
E

h̄
t) dE (1.51)

where A(E) is the Breit–Wigner amplitude. For more discussion see
[4] or [5].
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Example 1.5

It is not easy to find a realistic example of a resonance reaction in subnu-
clear physics involving only spin 0 particles (although it is not a problem
in nuclear physics). Probably the best to consider is the ρ− resonance in
the π−π0 → ρ− → π−π0 reaction. Beams of π− mesons for use in fixedFor further reading about the discov-

eries of the π (0−) and ρ (1−) mesons,
follow the references given in [6] and [7].

target6 experiments are available but no π targets exist, as such. There

6The target at rest in the laboratory; in
contrast to experiments with two collid-
ing beams.

are, however, many virtual π mesons in the cloud of virtual particles
surrounding nucleons. One can select a subsample of π−p interaction
events in which protons (in the center of mass system) don’t change their
direction of motion, behaving like spectators. In such events, the inter-
action takes place with π0 mesons if we also require that only π0, π−, in
addition to the proton, are present in the final state. An analysis of such
events is presented in [8]. The Breit–Wigner resonance corresponding
to the ρ− is convincingly established; see Figure 1.3.

Fig. 1.3 Distribution of the π−π0 in-
variant mass. The curve is the result of
fitting a Breit–Wigner, l = 1, p wave
resonance. The extracted mass of the
ρ− is Mr = 760 MeV and the width,
Γ = 160 ± 10 Mev. Different sym-
bols correspond to different beam mo-
menta. In order to present all the mea-
surements on the same plot, the cross
sections were scaled by k2 (see equation
1.49); k being the π− momentum in the
π−π0 center of mass frame. Reprinted
from [8].

The angular distributions of scattered π− in the π−π0 center of mass
frame (ρ− rest frame) for various intervals of the π−π0 center of mass
energies are reprinted in Figure 1.4. In the interval from 750 to 800
MeV, the energies closest to the mass of ρ−, the angular distribution
is symmetric. At smaller energies, the distribution is asymmetric, with
the π− scattered preferentially backwards (large θ angles) with respect
to the incoming π− beam direction. For energies greater than the ρ−

mass, the opposite is true: the π− is scattered mostly at small angles.
Taking into account the short range of strong forces7 (about 1 fm) and

7Although the range of the forces is
a good measure here, in general, it
is better to consider typical transverse
momenta involved or four momenta
squared in the relativistic sense (Q2 in
the jargon); see the chapter on deep in-
elastic scattering.

momenta involved (of the order of a 100 MeV/c), one can approximate
the scattering amplitude given in equation 1.41 by the first two terms in
the sum (the angular momentum is

√
l(l + 1) h̄ ∼ 1 fm 100 MeV/c):

h̄c ≈ 200 MeV fm.

P0(cos θ) = 1, P1(cos θ) = cos θ.

< stands for the real part.

f(θ,E) ≈ 1

k

1∑
l=0

(2l + 1)fl(E)Pl(cos θ) =
1

k
[f0(E) + f1(E) cos θ]. (1.52)

Hence the differential cross section

dσ

dΩ
= |f(θ,E)|2 (1.53)

(1.54)

becomes,

dσ

dΩ
=

1

k2
{|f0(E)|2 + 9|f1(E)|2 cos2 θ +

+3 cos θ[f1(E)f∗0 (E) + f0(E)f∗1 (E)]}

=
1

k2
{|f0(E)|2 + 9|f1(E)|2 cos2 θ + 6 cos θ <[f0(E)f∗1 (E)]}.
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Fig. 1.4 Angular distributions of the

final state π−. The angle θ is mea-
sured with respect to the π− beam
direction in the π−π0 center of mass
system. An interval of π−π0 center of
mass energy is given at the top of each
histogram. Reprinted from [8].

The main contribution to f0 comes from a diagram8 of the t channel 8This diagram also contributes to am-
plitudes with l > 0.exchange shown in Figure 1.5 (a). The f1 amplitude is dominated by

the s channel resonance diagram shown in Figure 1.5 (b).
At the resonance, the phase shift δ0 is small9 in comparison to δ1 = π

2 , 9This is not a general statement. In
principle, δ0 can take any value; in this
reaction it just happens to be small.

|f0| is small (see equation 1.44), and f0 is almost real (the imaginary part
can be neglected) and weakly dependent upon energy. The amplitude
f1 = i is purely imaginary at the resonance. For these reasons, <(f0f

∗
1 )

vanishes and the cos θ term can be neglected at the resonance energy,
leading to a symmetric angular distribution. The cos θ term can not
be neglected at other energies because the real part of f1 6= 0. The
angular distribution becomes asymmetric, as seen in Figure 1.4, with
the direction of the asymmetry following the changing sign of <(f0f

∗
1 )

as the energy goes through the resonance (because <[f1(E)] changes its
sign and =[f0(E)] still can be neglected).

You might remember that in some experiments, asymmetric angular
distributions are interpreted as results of parity violation. In this ex-
ample, parity is conserved. One should note that here, the initial state
is a mixture of angular momentum, L2 operator eigenstates, and thus
has no definite parity, in contrast to the initial states in experiments on
parity violation.

The phase shifts δl can have contributions from several sources:

δl =
∑
i

δl,i. (1.55)

For example, for a given l, δl,1 can represent strong interactions and
δl,2, electromagnetic interactions or, as in the example above, for l = 1
we have contributions from s channel and t channel exchange (the latter
being neglected at and close to the resonance).

Please note, that for scattering of identical particles, the wave func-
tions have to be symmetric for bosons and antisymmetric for fermions:

usc(r) = [f(θ)± f(π − θ)] exp(ikr)

r
). (1.56)

1.2.2 Modifications Due to Spin

The presence of spin doesn’t affect the expressions for the cross sec-
tions of the continuum theory (where there are no resonances). The
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Fig. 1.5 Quark flow diagrams contributing to π−π0 scattering. (a) The t channel
exchange which dominates the f0 amplitude is the sum of two contributions: (1) π−
emitting and π0 absorbing an exchanged virtual particle (2) the other way around,
π0 emitting and π− absorbing. In the t channel there is a moment in time when
three particles are present. (b) The s channel which dominates the f1 amplitude (ρ
is 1− meson). In the s channel there is a moment in time when both initial particles,
here the π− and π0, form one particle, here the ρ−.

formulae for σsc and σinel are still valid for unpolarized beams10 (pro- 10Averaged over spin directions.

jectile and target). However, the expression 1.49 for the Breit–Wigner
resonance needs a small modification. The orbital angular momentum
factor (2l + 1) is replaced by a factor g which, for unpolarized particles,
is:

g =
2j + 1

(2sp + 1)(2st + 1)
, (1.57)

where the quantum numbers j, sp, st are those of the resonance,
projectile and target spins respectively. There is no dependence on the
orbital angular momentum quantum number l. A very clear derivation of
the expression for g as well as examples and discussion of both polarized
and unpolarized cases can be found in [9].

In the absence of inelastic scattering, Γi = Γj = Γ, and the unitary
limit becomes

σel ≤
4π

k2
g. (1.58)
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Example 1.6

Fig. 1.6 The total cross section
for π+p scattering in the vicinity
of the ∆++(1232) resonance. The
dashed curve shows the unitary limit.
Reprinted from [3].

The discovery of ∆++ ( 3
2

+
) baryon (see references in [6] and [7]) played

an important role in the development of the quark model of hadrons.
This very strong resonance can be produced in π+p → ∆++ → π+p
elastic scattering. For this reaction j = 3

2 , sp = 0, st = 1
2 and therefore

g = 2. Hence the unitary limit becomes:

σel ≤
8π

k2
. (1.59)

As can be seen in Figure 1.6, taken from [3], the cross section for ∆++

production is very large, approaching the unitary limit.
The results of measurements of differential cross sections are published

in [10]. You are encouraged to read this publication,11 paying attention 11Almost all experiments discussed in
this book are collider experiments.
This is an opportunity to learn not
only about the ∆++ resonance but also
about a fixed target experimentation.

to the following:

(1) π beam definition,
(2) proton target design,
(3) identification of scattered pions and protons,
(4) the coincidence technique,
(5) background,
(6) angular distributions for various center of mass energies,12 12Make a sketch of the distributions us-

ing measured values of the cross sec-
tions or, if you are not patient enough,
see Figure 9.6 in [11].

(7) size of the Coulomb, electromagnetic, contribution to the cross sec-
tion in comparison with the major contribution due to the strong
interaction (and its dependence on the scattering angle).

In analogy with the previously discussed example of the ρ− resonance,
the angular distribution is symmetric at the center of mass energy equal
to the ∆++ mass and is asymmetric at lower and higher energies. The
asymmetry comes from the interference between partial waves contribut-
ing to the scattering. For more details, see [11].

The angular distribution, when the center of mass energy equals the
mass of ∆++, is derived in the following chapter on rotations.

The formalism of partial waves, including spin, is derived in [2] and
applied, for the case of the ∆++ resonance, in [12].
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