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Abstract

The Tilting Mode and
Two Dimensional Confinement of a

Bose-Einstein Condensed Gas

Nathan Llewellyn Smith, Brasenose College, Oxford
D.Phil thesis, Hilary 2005

This thesis describes experiments carried out on magnetically and optically
trapped Bose-Einstein condensates of 87Rb and the theoretical interpretation of
the results.

The apparatus and procedure used to achieve Bose-Einstein condensation in a
dilute vapour of 87Rb is described briefly, with particular emphasis on the modi-
fications needed to change from the |F = 2,mF = 2〉 state where it was possible
to produce cold condensates with no discernable thermal distribution of 3 × 104

atoms, to the |F = 1,mF = −1〉 state where equivalent condensates of 1.5 × 105

atoms are routinely produced.
The precession frequency of a vortex lattice in a Bose-Einstein condensate of

87Rb atoms was measured. The observed mode corresponds to a collective motion
in which all the vortices in the array are tilted by a small angle with respect to
the z-axis (the symmetry axis of the trapping potential) and synchronously rotate
about this axis. This motion is equivalent to the excitation of a Kelvin wave along
the core of each vortex and we have verified that it has the handedness expected
for such helical waves, i.e. precession in the opposite sense to the rotational flow
around the vortices.

An optical potential was designed and added to a conventional time-averaged
orbiting potential (TOP) trap to create a highly anisotropic hybrid trap for ultra-
cold atoms. Axial confinement is provided by the optical potential; the maximum
frequency currently obtainable in this direction is 2.2 kHz for 87Rb. The radial
confinement is independently controlled by the magnetic trap and can be a factor
of 700 times smaller than in the axial direction. This large anisotropy is more than
sufficient to confine condensates with ∼ 105 atoms in a quasi-2D (Q2D) regime,
and we have verified this by measuring a change in the free expansion of the con-
densate; our results agree with a variational model. This is the first experiment to
enter the Q2D regime by changing the trap anisotropy rather than reducing the
number of trapped atoms. The thermodynamic criterion for observing a Kosterlitz-
Thouless transition, rather than a BEC transition, in a two dimensional Bose gas
is also examined theoretically.
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Chapter 1

Introduction

The field of atomic physics has always searched for greater control over atoms

and light. Initially radio-frequency, visible and x-ray radiation were used to probe

the internal structure of atoms; however, it soon became apparent that the same

radiation could also be used to manipulate the internal state of an atom. In

the case of radio-frequency transitions this development led to nuclear magnetic

resonance [1], with applications in chemistry and medical imaging, and also to the

development of atomic clocks for precision time-keeping. For visible transitions

the ability to create a population inversion produced the laser [2], which allowed

for more applications and even more precise control.

The advent of laser cooling methods [3, 4] allowed control over the velocity of

a sample of neutral atoms. This advance led in turn to the development of the

magneto-optical trap (MOT) which provided spatial as well as inertial confinement

[5], and an excellent method of collecting cold atoms. Atoms initially prepared in

this way can be loaded into magnetic traps and cooled to quantum degeneracy

by radio-frequency evaporation [6, 7]. The first atomic species to reach Bose-

Einstein condensation (BEC) in this manner were 87Rb and 23Na; subsequently

Bose condensation has been achieved in 1H [8], meta-stable He [9, 10], 7Li [11], 41K

[12], 85Rb [13], 133Cs [14] and 174Yb [15]. When Bose-Einstein condensation occurs,

a macroscopic number of atoms occupy the ground state of the trapping potential,

and create a new state of coherent matter. The experiments presented in this

1
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thesis manipulate Bose condensates to better understand their properties, whether

relating to vortices, or the presence of a two dimensional confining potential.

This thesis is structured as follows: a summary of the theory of Bose-Einstein

condensation, which underlies the experiments described later in the thesis, is

presented in chapter two. In chapter three the apparatus used to produce, image

and analyse Bose condensates in a vapour of 87Rb is explained; particular emphasis

is placed on the modifications needed to change from the |F = 2, mF = 2〉 state to

the |F = 1,mF = −1〉 state. This change increased the number of atoms available

in a condensate with no discernable thermal distribution from 3×104 to 1.5×105.

The maintenance of the apparatus is also discussed.

In chapter four the procedure for nucleating vortices and vortex arrays is ex-

plained. The effect of the presence of vortices on the collective modes of the

condensate is examined and experimental results are presented for the case of a

single, centred vortex and a vortex array; measurements of the effect on the ‘scis-

sors mode’ have been published in [16] and [17]. The theory of the tilting mode of

a vortex lattice is summarised, and the procedure used to detect it experimentally

is also discussed in this chapter. The observed mode corresponds to a collective

motion in which all the vortices in the array are tilted by a small angle with respect

to the z-axis (the symmetry axis of the trapping potential) and synchronously ro-

tate about this axis. This motion is equivalent to the excitation of a Kelvin wave

along the core of each vortex and we have verified that it has the handedness ex-

pected for such helical waves. The experimental observation of the tilting mode

was published in [17].

In the second set of experiments presented in this thesis, the focus of a TEM01-

like mode is added to a conventional time-averaged orbiting potential (TOP) trap

to create a highly anisotropic hybrid trap for ultracold atoms. The axial con-

finement is increased by the optical potential; the maximum frequency currently

obtainable in this direction is 2.2 kHz for 87Rb. The radial confinement is inde-

pendently controlled by the magnetic trap and can be a factor of 700 times smaller

than in the axial direction. This large anisotropy is more than sufficient to confine



3

condensates with ∼ 105 atoms in a quasi-2D (Q2D) regime. This is the first experi-

ment to enter the Q2D regime by altering the anisotropy of the trapping potential.

In chapter five the design of the optical potential used to confine condensates in

the Q2D regime is set out, and in chapter six the procedures used to align and

characterise the combined potential are explained.

In chapter seven the properties of Q2D Bose condensates are reviewed, and

the question of when a two dimensional condensate could undergo a Kosterlitz-

Thouless transition rather than a BEC transition is addressed through thermody-

namic arguments. Measurements of the free expansion of the condensate, which

verify that the condensate is confined in the Q2D regime, are presented; our results

are found to agree with a variational model. The design of the optical potential, its

implementation, and the experimental verification that the condensate is confined

in the Q2D regime were published in [18].



Chapter 2

The Theory of Bose-Einstein
Condensation in 3D

2.1 Condensation of an ideal Bose gas

In a three dimensional gas of identical bosons, below a critical temperature, a

phase transition occurs [19, 20]. This is not driven by interactions between the

particles, but by the fact that all the particles are fundamentally indistinguishable.

Bosons differ from fermions in that they preferentially scatter into states that are

already occupied by bosons [21], fermions refuse to occupy the same state. Bose-

Einstein condensation (BEC) is the most extreme demonstration of this effect,

when a significant fraction of the total number of atoms is found in the ground

state of the system.

The number of bosons n(ε) in a given energy level with energy ε and degeneracy

g(ε) is given by the Bose-Einstein distribution

n(ε) = g(ε)

(
exp

(
ε− µ

kBT

)
− 1

)−1

, (2.1)

where µ is the chemical potential, kB is the Boltzmann constant, and T is the

temperature. The total number of atoms N can be found by multiplying Eq. 2.1

by the density of states ρ(ε) and summing over the available energy levels

N = N0 +
∑

ε

n(ε)ρ(ε) . (2.2)

4



2.1. Condensation of an ideal Bose gas 5

In a uniform gas the sum can be replaced by an integral as the energy levels

approach a continuum in the limit as V → ∞, where V is the volume of the gas;

however, in the trapped case an integral can only be justified if the spacing between

the energy levels is much less than kBT

N = N0 +

∫ ∞

0

n(ε)ρ(ε) dε . (2.3)

The number of bosons in the ground state of the system N0 is maintained outside

the integral as ρ(0) = 0.

As the temperature is reduced, the chemical potential increases to hold the

total number of particles constant, however it reaches a limit at zero: further

increase would produce non-physical results for n(ε) in Eq. 2.1. At this critical

temperature Tc the integral part of the expression cannot contain any more atoms,

and with any further reduction in temperature the excess atoms are scattered into

the ground state.

2.1.1 The uniform Bose gas

For a three dimensional, uniform gas the density of states is given by

ρ(k) =
V

(2π)3 d3k . (2.4)

Substituting this result into Eq. 2.3, and using the free particle energy ε(k) =

~2k2/2m, where m is the mass of the boson, gives

n− n0 =
1

2π2

∫ ∞

0

k2

exp
(

ε(k)−µ
kBT

)
− 1

dk , (2.5)

where n = N/V and n0 = N0/V . After integration this equation becomes [22]

n− n0 =
g3/2(z)

λ3
dB

(2.6)

λdB =

√
2π~2

mkBT
, (2.7)
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where λdB is the de-Broglie wavelength associated with the finite extent of each

particle; z = eµ/kBT is the fugacity of the gas; and the function gα(x) =
∑∞

l=1 xl/lα.

When µ approaches zero, z approaches unity and g3/2(1) ≈ 2.612: the condition

for Bose condensation becomes

nλ3
dB > 2.612 . (2.8)

This equation justifies the intuitive notion that BEC occurs when the wavelength

associated with each particle becomes larger than the inter-particle separation. In

fact Eq. 2.8 also defines the transition temperature

Tc =
2π~2

mkB

(
n

g3/2(1)

)2/3

. (2.9)

To determine the way in which the condensate fraction changes below the critical

temperature Tc, Eqs. 2.6 and 2.9 are combined to give

N0

N
= 1−

(
T

Tc

)3/2

. (2.10)

2.1.2 The trapped Bose gas

In all of the experiments in this thesis, the atoms are not held in a uniform potential

but in a harmonic trap. This affects the condensation process by altering the

density of states. To a first approximation the confining potential can be expressed

as

Vext(r) =
1

2
mω2

xx
2 +

1

2
mω2

yy
2 +

1

2
mω2

zz
2 . (2.11)

The quantised energy spectrum of a three dimensional harmonic oscillator is given

by

εnxnynz =

(
nx +

1

2

)
~ωx +

(
ny +

1

2

)
~ωy +

(
nz +

1

2

)
~ωz , (2.12)

which leads to the density of states for three dimensional harmonic confinement

ρ(ε) =
1

2(~ωho)3
ε2 , (2.13)
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where ωho = (ωxωyωz)
1/3 is the geometric mean of the confining frequencies. This

expression can be substituted into Eq. 2.3 and integrated [23] to obtain

N −N0 = ζ(3)

(
kBT

~ωho

)3

, (2.14)

where ζ(x) is the Riemann ζ function. The critical temperature can be found by

requiring that N0 → 0,

Tc =
~ωho

kB

(
N

ζ(3)

)1/3

≈ 0.94
~ωho

kB

N1/3 . (2.15)

Inserting Eq. 2.15 into Eq. 2.14 leads to the condensate fraction as a function of

temperature

N0

N
= 1−

(
T

Tc

)3

. (2.16)

In contrast to the uniform Bose gas, BEC in the harmonically confined case

occurs in both momentum and coordinate space, resulting in a density increase in

the centre of the trap below the transition temperature. A more general analysis

of condensation in trapped geometries is presented in [24], where analytic expres-

sions are derived for the condensation temperature and condensate fraction in an

arbitrary power law potential.

2.2 Condensation with interacting particles

In the absence of interactions, the ground state wavefunction of a harmonically

confined condensate, at zero temperature, would be a three dimensional Gaussian

function

Φ0 =
√

N0

(mωho

π~

)3/4

exp
[
−m

2~
(ωxx

2 + ωyy
2 + ωzz

2)
]

. (2.17)

This treatment, however, is inadequate for condensates with more than a few

hundred atoms (in typical traps). A rigourous treatment of interactions must

start from the many-body Hamiltonian describing N interacting bosons confined
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by an external potential Vext [23], given by

Ĥ =

∫
drΨ̂†(r)

[
− ~

2

2m
∇2 + Vext(r)

]
Ψ̂(r)

+
1

2

∫
drdr′Ψ̂†(r)Ψ̂†(r′)V (r− r′)Ψ̂(r)Ψ̂(r′) ,

(2.18)

where Ψ̂†(r) and Ψ̂(r) are the boson field operators that create and annihilate a

particle at the position r and V (r−r′) is the two-body interatomic potential. In an

ultracold bosonic gas only low energy binary collisions are relevant [25], allowing

the term V (r− r′) to be replaced by an effective interaction of the form

V (r− r′) = gδ(r− r′) , (2.19)

where the coupling constant g is related to the s-wave scattering length as by

g =
4π~2as

m
. (2.20)

The time evolution of the field operator can be found by using the Heisenberg

equation with the many body Hamiltonian in Eq. 2.18:

i~
∂

∂t
Ψ̂(r, t) = [Ψ̂, Ĥ]

=

[
−~

2∇2

2m
+ Vext(r) +

∫
dr′Ψ̂†(r′, t)V (r− r′)Ψ̂(r′, t)

]
Ψ̂(r, t) .

(2.21)

In the case where one level becomes macroscopically occupied the Bogoliubov

mean-field description may be used [26]. The field operator is replaced by

Ψ̂(r, t) = Φ(r, t) + Ψ̂′(r, t) , (2.22)

where Φ(r, t) is a complex function defined as the expectation value of the field

operator and Ψ̂′(r, t) is treated as a small correction. To zeroth order the correction

may be neglected and the resulting equation is known as the Gross-Pitaevskii
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equation (GPE)

[
−~

2∇2

2m
+ Vext(r) + g|Φ|2

]
Φ(r, t) = i~

∂

∂t
Φ(r, t) , (2.23)

where the condensate wavefunction Φ(r, t) is normalised by the condition

N0 =

∫
dr|Φ(r, t)|2 . (2.24)

The GPE provides an excellent description of the condensate dynamics provided

that T ¿ Tc.

2.2.1 The Thomas-Fermi regime

The relative importance of the kinetic energy and interaction terms in the GPE

can be estimated:

Uint

UKE

∼ Nas

aho

. (2.25)

For experiments using 87Rb, as > 0 and in most cases this ratio is much larger than

unity. This allows a further simplification of Eq. 2.23, where the kinetic energy

is neglected. To find the steady-state solution Φ = Φ0e
−iµt/~ is substituted into

Eq. 2.23:

Vext + g|Φ0|2 = µ . (2.26)

This equation can be solved for the density profile of the condensate: in the case

of harmonic confinement the density profile is parabolic

|Φ0|2 =
µ

g

(
1− x2

R2
x

− y2

R2
y

− z2

R2
z

)
, (2.27)

and Ri =
√

2µ/mω2
i is the width of the condensate in the direction i. However,

Φ0 cannot change abruptly at xi = Ri, as this would lead to an infinite value of

the second derivative ∂2Φ0/∂x2
i and an infinite contribution to the kinetic energy.

The length scale at which the change in the kinetic energy becomes comparable to

the interaction energy is called the healing length, and equating the two energies
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leads to the definition of the healing length

ξ =
1√

8πn0as

. (2.28)

The chemical potential is found by normalising Eq. 2.27 subject to Eq. 2.24,

µ =
~ωho

2

(
15Nas

aho

)2/5

, (2.29)

where aho =
√
~/mωho .

2.2.2 The hydrodynamic formulation

An analogy can be drawn between the GP equation and classical hydrodynamics

by making the following substitutions:

ρ(r, t) = |Φ(r, t)|2 , (2.30)

v(r, t) =
~

2imρ
(Φ∗∇Φ− Φ∇Φ∗) . (2.31)

Equation 2.23 can then be rewritten as two coupled equations for the density and

velocity field

∂

∂t
ρ +∇.(ρv) = 0 , (2.32)

m
∂

∂t
v +∇

(
− ~2

2m
√

ρ
∇2√ρ +

1

2
mv2 + Vext + gρ

)
= 0 . (2.33)

Equation 2.32 is a continuity equation which ensures that the density remains

normalised. It should also be noted that the curl of Eq. 2.31 and Eq. 2.33 is zero,

a property of superfluids not classical fluids. The quantum pressure term can be

neglected when the interaction energy is much larger than the kinetic energy, as

quantified by Eq. 2.25. This leads to a simplified form of Eq. 2.33

m

(
∂

∂t
+ v.∇

)
v = −∇ (Vext + gρ) . (2.34)
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Equations 2.32 and 2.34 provide a method of modelling the collective excitations

of the condensate in the Thomas-Fermi regime.

2.2.3 The collective mode structure

The collective modes of the condensate can be found by linearising the GPE using

the Bogoliubov prescription outlined earlier to first order, numerical results have

been obtained in this way [27, 28, 29, 30]. Alternatively, in the hydrodynamic

regime it is possible to find the collective mode frequencies by linearising Eqs. 2.32

and 2.34, and this is the procedure followed here. By expressing the density and

velocity fields as

ρ = ρ0 + δρ, v = 0 + δv , (2.35)

Eq. 2.32 becomes

∂

∂t
(δρ) +∇.(ρ0δv) = 0 , (2.36)

and Eq. 2.34 becomes

m
∂

∂t
(δv) + g∇(δρ) = 0 . (2.37)

Substituting Eq. 2.37 into the time derivative of Eq. 2.36 gives a wave equation

for the density changes

∂2

∂t2
(δρ) = ∇.

(gρ0

m
∇(δρ)

)
. (2.38)

Solutions of the form δρ = δρ0 e−iωt give the normal modes of the condensate

[23, 31].

The dipole modes

In a general harmonic trap solutions of the form δρ0 = x, y, z correspond to centre

of mass modes with frequencies ωx, ωy, ωz respectively; these density variations can

be expressed in terms of superpositions of the spherical harmonics rY mz
1 (θ, φ). The

eigenvalues are the same as in the non-interacting case, as expected for a harmonic
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trap, where it is possible to completely separate the internal motion from the centre

of mass motion.

The scissors modes

For the case of an axisymmetric harmonic potential, explicit solutions of the form

δρ0 = r2Y ±1
2 (θ, φ) satisfy Eq. 2.38. The resulting dispersion law is

ω2(l = 2,mz = ±1) = ω2
⊥ + ω2

z . (2.39)

These modes correspond to the condensate acquiring a small tilt and rotating

around the symmetry axis. In our experiment these two modes are normally excited

in a superposition: this produces a tilting of the condensate around either the x or y

axes, usually referred to as the ‘scissors mode’ [32]. The density variations are then

expressed in terms of δρ0 = xz, yz or equivalently as δρ0 = r2{Y 1
2 (θ, φ)−Y −1

2 (θ, φ)}
and δρ0 = r2{Y 1

2 (θ, φ) + Y −1
2 (θ, φ)}. If the potential is changed so that ωx 6= ωy

then a further xy scissors mode occurs.

The quadrupole modes

In the axisymmetric harmonic case, solutions of the form δρ0 = r2Y ±2
2 (θ, φ) also

satisfy Eq. 2.38. The dispersion relation for this mode is

ω2(l = 2,mz = ±2) = 2ω2
⊥ . (2.40)

The l = 2,mz = 0 mode is coupled to the monopole l = 0,mz = 0 excitation and

the dispersion law of two decoupled modes is given by [33]

ω2(mz = 0) = 2ω2
⊥ +

3

2
ω2

z ∓
1

2

√
9ω4

z − 16ω2
zω

2
⊥ + 16ω4

⊥ . (2.41)

The high frequency mz = 0 mode corresponds to an in-phase breathing mode in

the radial and axial directions. In the case of the low frequency mz = 0 mode the

axial and radial oscillations are out of phase.
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Figure 2.1: A table showing the six independent quadrupole mode operators, their ge-
ometry and the related spherical harmonic modes [34]. The diagrams indicate the equi-
librium distribution of the condensate (solid line) and the distributions at the extreme

points of the oscillation (dotted line).
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2.2.4 The scaling solution

Direct solution of the Thomas-Fermi GPE, Eq. 2.26, cannot be used to calculate the

time response of the condensate to a changing trapping potential as this procedure

would convert potential energy to kinetic energy which could not then be neglected.

Nevertheless, a scaling transformation exists that allows calculation of the time

dependence of modes in the Thomas-Fermi regime [35]. Each of the condensate

widths can be scaled with a time-dependent parameter

Ri(t) = λi(t)Ri(0) , (2.42)

where Ri(0) is the initial Thomas-Fermi width of the condensate, and λi satisfy

λ̈i + ω2
i (t)λ̇ =

ω2
i (0)

λiλxλyλz

. (2.43)

The motion of a condensate in a time-dependent potential, or in free expansion

(ωi(t) = 0), then becomes a matter of numerically solving Eqs. 2.43 subject to the

initial conditions λi = 1 and λ̇i = 0; the value of Ri(0) is found from Eq. 2.27. This

approach is considerably less demanding than solving the full GPE numerically.

The frequencies of the collective modes denoted by l = 2,mz = ±2, 0 and l =

0,mz = 0 can also be obtained by linearising Eqs. 2.43, although this approach

does not produce frequencies for the scissors modes.



Chapter 3

The Experimental Apparatus and
BEC Production

The details of the experimental setup used to achieve Bose-Einstein condensation

are presented in this chapter. This experiment has a double magneto-optical trap

(MOT) configuration: atoms are initially collected in the higher pressure ‘pyrami-

dal’ MOT, before they are transferred into the lower pressure standard six-beam

MOT. From here they are loaded into the magnetic trap, a time-averaged orbiting

potential (TOP) trap, before evaporation to Bose condensation.

During the course of this thesis, the experimental setup has undergone extensive

changes and maintenance: the vacuum system has been baked out, the laser system

has been upgraded, and condensates are now produced in the |F = 1,mF = −1〉
state with over 1.5×105 atoms. Previously it was only possible to make condensates

in the |F = 2,mF = 2〉 state, with approximately 3× 104 atoms.

3.1 The vacuum system

The vacuum system is comprised of two main chambers, between which a pressure

gradient is maintained by two ion pumps and a small bore connecting tube, which

results in differential pumping. The higher pressure side is a ten-way cross (not

all ports are used), where the pyramidal MOT is located; it is maintained at a

pressure of 10−9 mbar by a 25 l/s ion pump (Varian VacIon Plus 25). The rubidium

15
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Figure 3.1: Diagram of vacuum system showing the position of the pyramidal MOT; and
the main MOT, which coincides with the centre of the magnetic trap.

source is located here: a series of three dispensers (SAES RB/NF/7/25/FT 10+10)

connected in series are suspended above the pyramidal mirrors.

The lower pressure side consists of a quartz cell of square cross section (2 ×
2× 6 cm) with good optical access, connected to a 40 l/s ion pump (Varian VacIon

Plus 40). The two chambers are joined with a tube of length 30 cm and internal

diameter 16 mm; this has a conductance of 1.6 l/s, assuming free molecular flow.

The combined effect is to produce a pressure of ∼ 10−11 mbar in the quartz cell.

A titanium sublimation pump (Vacuum Generators ST22), or TSP, is installed

on the high vacuum side, and is used in the initial bakeout procedure: the TSP

releases titanium that sticks to the walls of the vacuum system to adsorb residual

hydrogen and nitrogen.
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3.1.1 Obtaining an ultrahigh vacuum

When the original rubidium dispenser expired it was necessary to bring the whole

vacuum system up to atmospheric pressure to replace it. This procedure is docu-

mented in the following section.

To achieve the ultrahigh vacuum (UHV) required to make a condensate it is

necessary to connect a turbo molecular pump and a membrane roughing pump to

the vacuum system in series; this step can create a vacuum pressure of∼ 10−8 mbar,

with a pressure after the roughing pump of ∼ 10−3 mbar. For any further reduction

in pressure it is necessary to bake the vacuum system at temperatures between 100-

200 ◦C for several days: this allows the stainless steel that the vacuum system is

built from to out-gas more rapidly, and also assists in the removal of contaminants.

A Pirani gauge was used to determine the pressure after the roughing pump, and

an ion gauge was positioned to measure the pressure after the turbopump.

After the vacuum pumps were connected, the turbopump was baked out at

130 ◦C for 24 hours to achieve a pressure of 1.9 × 10−9 mbar; this was to avoid

the vacuum system being contaminated by the turbopump. The quartz cell was

encased in a specially constructed aluminium can and heater strips were used to

raise its temperature evenly, to reduce the risk of fracture. The cell was baked

out under the same conditions as the turbopump; it was hoped that this would

remove any residual rubidium vapour from the cell and avoid it oxidising on the

surface when the system was brought up to atmospheric pressure. When the initial

bakeout was complete, the conflat seal on the vacuum system was opened and

the apparatus was back filled with nitrogen at a slight positive pressure to avoid

contamination. The rubidium dispenser was then replaced with three dispensers

in series: the front window of the ten-way cross was removed to gain access, when

it was replaced the bolts were tightened to 17 Nm with a torque wrench.

The vacuum system was sealed and the turbopump re-engaged; a pressure of

1.2× 10−8 mbar was obtained within a few hours. The entire vacuum system was

then baked out: heating strips were placed around all parts of the system, including

the ion pumps, and controlled by variable voltage supplies; eleven thermistors were
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Figure 3.2: Average temperature and pressure of the vacuum system during the bakeout
process.

strategically placed to monitor the temperature; and the system was encased in

aluminium foil for insulation. The temperature was raised gradually over a period

of 10 hours to 120 ◦C (see Fig. 3.2) and held at this level for 48 hours. The

temperature was then raised again to 130◦ for a further 96 hours, although it can

be seen from Fig. 3.2 that the pressure levels off after 72 hours. Before the system

was cooled it had reached a pressure of 4.2× 10−9 mbar, this reduced rapidly after

cooling. The final pressure reading of 1.0× 10−9 mbar was taken at a temperature

of 75 ◦C when the conflat seal was closed. Extrapolating the cooling ‘trajectory’

it can be inferred that by the time the system reached room temperature, the

pressure was ∼ 1.0 × 10−10 mbar; this would be further reduced over the next

24 hours by the ion pumps to ∼ 10−11 mbar. After the ‘high-vac’ valve was closed

the TSP was fired with a current of 50A for one minute.
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The ion pumps were switched on when the system reached a pressure of 10−8 mbar:

initially this resulted in a sudden increase in pressure, with the ion pumps working

at maximum power. They were turned on and off periodically until this was no

longer the case and then left on for the duration of the bake out. The rubidium

dispensers were degassed during the bakeout at a current of 1.4A for one minute,

as were all three filaments of the TSP at 50A for one minute. After the optics and

magnetic coils had been replaced it was found that the rubidium dispenser needed

a further blast to create enough vapour pressure to load the pyramidal MOT: the

dispenser was run at 4A for 20 seconds, the normal operating current is 1.8 A.

3.2 The laser system

The rubidium atoms are initially cooled and trapped with only the pressure of pho-

tons from a laser beam. If a free atom is exposed to laser light, at the frequency

of one of its atomic transitions, it absorbs photons and re-emits them into random

directions: the atom diffuses away from the source of the laser light and heats up.

However, if an atom is placed between two laser beams travelling in opposite direc-

tions, and these beams are detuned below the transition frequency (red-detuned),

the atom predominantly absorbs light from the beam that it is moving towards; the

light is Doppler shifted closer to resonance with its transition. This arrangement

creates a damping force which always opposes the motion of the atom, leading to

cooling.

Three pairs of laser beams can be arranged on each of the Cartesian axes to

provide cooling in three dimensions, a technique called ‘optical molasses’. The ad-

dition of a quadrupole magnetic field gradient, and suitably polarised laser beams,

creates a spatial dependence of the light scattering force. An atom moving away

from the trap centre is Zeeman shifted into resonance, allowing atoms to be simul-

taneously confined and cooled. This combination of light and magnetic fields is

called a magneto-optical trap (MOT) and was first proposed by J. Dalibard and

demonstrated in 1987 [5]. It is also the first stage of trapping and cooling that

takes place in most experiments with cold atoms, including this one.
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In this apparatus laser light is required to produce two MOTs, for optical pump-

ing, and for resonant imaging of the cooled atomic cloud. All of these processes

require precise control over the frequency and intensity of the laser beams. Laser

beams with the correct frequency and intensity are generated on one side of the

optical table and transmitted by fibre optic cables to where they are required (a

layout of the optical table is shown in Fig. 3.4). This decoupling allows realignment

of the laser control optics without effecting the alignment of the atom trapping and

detection optics.

Cooling and Trapping Laser Light

The cooling transition in 87Rb is the 5 2S1/2|F = 2〉 → 5 2P3/2|F ′ = 3〉 D2 line,

the hyperfine structure for this transition is shown in Fig. 3.3; the laser light is

generated in a master-slave configuration. The master laser is a temperature sta-

bilised external cavity diode laser (ECDL) (TUI DL 100) that can operate in the

wavelength range 780-785 nm, when fitted with an appropriate infrared diode (TUI

LD-0785-0080-1). The frequency of operation can be controlled quickly by modu-

lating the current passing through the laser diode (100 kHz), and more slowly by

changing the angle of the grating in the external cavity with a piezo stack (1 kHz).

The frequency is stabilised by locking the laser to a peak in the rubidium saturated

absorption spectrum: the current in the laser diode is modulated with a small am-

plitude signal at 100 kHz, which in turn produces a modulation in the signal of a

photodiode looking at the saturated absorption signal. The relative phase of the

two signals is used to determine which side of the saturated absorption peak the

laser is currently operating on and a correction is applied to the diode current and

the grating angle. The feedback is controlled by specially built electronics unit

(EW 1225).

The light needs to be red-detuned relative to the |F = 2〉 → |F ′ = 3〉 transition

for cooling and trapping to occur, this can be achieved with an acousto-optic mod-

ulator (AOM); however, each AOM (Crystal Technology, 3110-140) has a minimum

single-pass frequency shift of 82.5MHz which must be taken into account. For this
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Figure 3.3: The hyperfine energy levels of the 5 2S1/2|F = 2〉 → 5 2P3/2|F ′ = 3〉 D2
line in 87Rb. The magnetic sub-levels of the ground state are also shown, as a function
of magnetic field. The excited state values are from [36], and the ground state values
are from [37]. The states that can be magnetically trapped, in the weak field limit, are

highlighted in green.

reason the master laser is locked to the crossover peak of the |F = 2〉 → |F ′ = 1〉
and |F = 2〉 → |F ′ = 3〉 hyperfine transitions, and the frequency is shifted by

211.8 MHz+δ, where δ is the frequency detuning relative to the |F = 2〉 → |F ′ = 3〉
transition. The light from the master laser is used to inject two slave lasers: the

‘pyramid slave’ supplies the trapping light for the pyramidal MOT, and the ‘main

slave’ provides light for the main six-beam MOT (see Fig. 3.4). Each slave laser
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Figure 3.4: Schematic drawing of the laser system optics.
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contains a Sanyo semiconductor diode (DL 7140-201, λ = 785 nm, Pmax = 80mW)

on a temperature stabilised mount. In the case of the pyramid slave, the light

passes through an AOM before injecting the slave laser: on each pass through an

AOM a laser beam is attenuated by at least 20%, in the double pass setup that

we use this loss is increased to 36%. If this loss is sustained by the injection beam

then there is more power available in the slave beam, producing 35mW in total

after the pyramidal MOT fibre. In the case of the ‘main’ slave the configuration

is reversed so the that slave laser is injected and its output then passes through

an AOM; while this leads to some power loss (only 25 mW is available to divide

between the six beams of the main MOT after the main fibre) the AOM can still

provide fast intensity control of the output beam. When an AOM changes the

frequency of a laser beam, it also deflects the beam slightly. This can be a concern

if the AOM is placed in the injection beam as the slave may only be correctly

injected at certain frequencies, the second arrangement avoids this problem.

Repumping Light

The cooling and trapping mechanism requires continuous absorption and emission

of photons, however some off-resonant excitation can put atoms in the |F ′ = 2〉
state from where they can decay into the |F = 1〉 ground state. This process occurs

approximately once in every 700 cycles on the |F = 2〉 → |F ′ = 3〉 transition, and

would quickly lead to all the atoms moving into a dark state. To avoid this problem

the atoms are repumped using a small amount of laser light on the |F = 1〉 →
|F ′ = 2〉 transition. This light is generated by another ECDL (TUI DL 100, LD-

0785-0080-1), which is locked to the |F = 1〉 → |F ′ = 2〉 peak in the rubidium

saturated absorption spectrum. The repumping light is mixed in with the main

trapping beams before it is fibre coupled into each MOT: 800 µW is available in

the pyramidal MOT and 1.2 mW in the main MOT. Alternatively, a switchable

half-waveplate (marked SWP3 in Fig. 3.4) can be used to divert all of the repumper

light into the repumper fibre.
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Optical Pumping and Probing Light

In our current experimental setup we magnetically trap and cool atoms in the

|F = 1,mF = −1〉 state; however, when the laser light is turned off after cooling,

the atoms are distributed evenly over the mF states of the |F = 2〉 manifold. To

transfer atoms into the |F = 1,mF = −1〉 state an optical pumping scheme is

required: the details of this scheme are discussed in section 3.6.3, the production

of the required frequency is briefly noted here. Our choice of scheme uses σ−

polarised light close to resonance with the |F = 2〉 → |F ′ = 2〉 transition. This

frequency is generated by diverting some light with a switchable half-waveplate

(marked SWP2 in Fig. 3.4), from the output of the pyramidal MOT slave laser

and double-passing it through another AOM. The |F = 2〉 → |F ′ = 2〉 light is

then coupled into the probe fibre.

The laser light used to image the atoms is diverted from the main slave laser

with a switchable half-waveplate (marked SWP1 in Fig. 3.4) after the AOM. It is

then coupled into the probe fibre.

3.3 The double MOT system

Two magneto-optical traps are used in this experiment. The pyramidal MOT

is in a region of the vacuum system with a relatively high vapour pressure of

rubidium, to allow rapid loading. The atoms collected in the pyramidal MOT

are magnetically guided into the six-beam MOT where evaporative cooling occurs.

Too high a vapour pressure in this part of the vacuum system would reduce the

lifetime of atoms in the magnetic trap, decreasing the efficiency of evaporation.

A MOT works by optically pumping slowly moving atoms in a linearly homoge-

nous magnetic field. The simple case of a two level system where the ground state

|g〉 has a total angular momentum J = 0 and the excited state |e〉 has J = 1 is

shown in Fig. 3.5. Light of the correct circular polarisation to excite a ∆mF = +1

transition in an atom is denoted σ+ light, while circularly polarised light which

drives a ∆mF = −1 transition is labelled σ−. A beam of light that is σ− on the left
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Figure 3.5: Simplified operation of a magneto-optical trap (MOT). A beam of circularly
polarised light that excites σ− transitions on the left hand side of the diagram will drive

σ+ transitions on the right hand side, as the magnetic field has reversed direction.

side of the diagram becomes σ+ on right side of the diagram, as the magnetic field

reverses its direction. If the laser beams have a red frequency detuning relative

to the atomic transition, an atom at z0 will predominantly absorb radiation from

the σ− beam, as this will be closer to resonance than light from the σ+ beam.

The result is a net force that pushes the atom towards the centre of the trap;

this force reaches a maximum value when the laser frequency coincides with the

frequency of the σ− transition. As the laser frequency is detuned below the tran-

sition frequency the Doppler mechanism cools the atoms at the same time. It is

interesting to note that if the trapping light was blue-detuned and σ+ polarised,

when travelling towards the centre of the magnetic field, the confinement mech-

anism would still operate but the cooling would be replaced by heating, and no

atoms would be trapped. While the energy level structure of rubidium is more

complex than the simple |J = 0〉 → |J ′ = 1〉 transition, the scheme works for any

|J = Jg〉 → |J ′ = Jg + 1〉 transition as the atoms are optically pumped towards

the Me = ±Je states.
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Figure 3.6: The pyramidal magneto-optical trap (MOT). The water-cooled quadrupole
coils are shown, as are the vertical and horizontal offset coils.

3.3.1 The pyramidal MOT

The pyramidal MOT is constructed from a set of four mirrors in the shape of an

inverted pyramid [38, 39] (see Fig. 3.6). The mirror blanks were custom made by

Halbo Optics using BK7 glass; a multilayer dielectric coating was then applied in

the Thin Film Facility at Oxford University, courtesy of Chris Goodwin. The ini-

tial incident beam is σ− circularly polarised, relative to the magnetic field: primary

reflection generates four beams, each σ− polarised relative to the local magnetic

field, to provide transverse confinement; secondary reflection of these beams com-

pletes the six-beams required for a three dimensional MOT. Cooled atoms are

continuously pushed through a small hole in the apex of the pyramid (1× 2 mm)

towards the main MOT.
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Re-alignment

When the rubidium dispenser was replaced the pyramidal MOT was put back

inside the ten-way cross at a slightly different position; however, for the MOT to

operate it is essential that the quadrupole field zero lies close to the centre of the

inverted pyramid. The field zero can be moved in two directions using the vertical

and horizontal offset coils (see Fig. 3.6), but to move the field zero along the axis

of the incoming laser beam it is necessary to either add another pair of coils, or

equivalently, to run different currents through each of the quadrupole coils (the

position of the quadrupole coils relative to the ten-way cross is fixed by design,

and cannot be changed easily). An extra resistance of 12.7Ω was put in parallel

with one of the quadrupole coils to reduce the current flowing in that coil, the

resistor is capable of dissipating several watts of power. The total current in the

circuit is 6.2 A.

3.3.2 The main six-beam MOT

The main MOT is a standard design, with six circularly polarised beams, each

of 0.8 cm waist; all of the beams originate from the output of the same polarisa-

tion preserving fibre (OZ optics LPC-02-780-5/125-P-2.2-11AS-40-3A-3-4), ensur-

ing the relative powers remain constant. The quadrupole field is generated by the

same coils as for the magnetic trap, details of their construction can be found in

section 3.4.2. The optical layout is shown in Fig. 3.7.

Alignment

From time to time it is necessary to remove all of the MOT optics; either during

a bakeout of the vacuum system, or after adjustment of the magnetic trap. The

following section describes the procedure used to re-align the MOT.

Nulling residual magnetic fields

It is essential to cancel any residual magnetic fields for the molasses stage

of the experiment to reach the lowest possible temperatures. This is easily
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Figure 3.7: Schematic diagram of the optics for the ‘main’ six-beam magneto-optical
trap (MOT).

achieved by placing the head of the three-axis gaussmeter (Bartington In-

struments, MAG-03 MC) as close to the quartz cell as possible, measuring

the field, and adjusting the current in each of the nulling coils until it is

cancelled.

Course power balancing and beam alignment

The power in each beam should be checked with a power meter: each hori-

zontal beam should have the same power, and the vertical beams should have

about 20% more. In our main MOT there is a pin-hole which controls the

beam waist of all six beams, this should be closed slightly and each counter

propagating pair of beams made co-linear. It should be remembered, how-
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ever, that this does not mean that the three pairs of beams will intersect.

This stage should provide some atom trapping when the pin-hole is reopened.

Fine adjustment of beam alignment

The pin-hole should now be closed until the MOT is only just working. Each

mirror should be walked to determine the angular range through which the

MOT is still able to operate, the mirror should then be returned to the centre

of the two extremes. This should be repeated on both axes of every mirror;

the pin-hole should then be able to be closed further and the entire process

repeated.

Fine power balancing

In the final stage of alignment the expansion of the atomic cloud is examined

when the quadrupole field is switched off and the lasers are further red-

detuned, equivalent to an optical molasses. For each counter-propagating

pair of beams in the main MOT there is one half-waveplate which can divert

power from one beam to the other. These three waveplates are adjusted to

make the molasses expansion as even and slow as possible. The expansion

must be watched from different angles on two infra-red cameras; a view along

one direction is not sufficient to tell whether a the expansion is truly uniform.

3.4 The magnetic trap

3.4.1 The theory of the TOP trap

A magnetic trap relies on the interaction of the magnetic dipole moment of the

atom with an external magnetic field to provide a confining potential

U = −µ.B , (3.1)

which in the weak field case (B ¿ 4000 G for 87Rb) becomes

U = gF mF µB|B| . (3.2)
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In free space it is only possible to have a minimum of the magnetic field, not a

maximum, and so only states with positive gF mF can be trapped. The simplest

form of magnetic trap is a quadrupole trap; however, this design suffers from

severe atom loss from the centre of the trap where the magnetic field goes to zero.

In this region the mF state of the atom is not well defined: Majorana spin flips

move atoms from trapped to untrapped states, and out of the trap. A solution to

this problem was developed by Eric Cornell [40]: a rotating bias field was added

to the spherical quadrupole field and the rotation frequency kept well above the

oscillation frequency of the atoms. The result is that the atoms always chase the

field zero but cannot move fast enough to reach it. The magnetic field in this case

is

B(t) = B′
q(xx̂ + yŷ − 2zẑ) + Bt(cos ωtx̂ + sin ωtŷ) , (3.3)

where B′
q is the radial quadrupole gradient and Bt is the magnitude of the rotating

bias (or TOP) field. If the frequency of rotation is much greater than the oscillation

frequencies for atoms in the trap, then Eq. 3.3 is time averaged over one field

rotation to find the effective potential. To leading order in cylindrical coordinates

UTOP = gF mF µB
ω

2π

∫ 2π/ω

0

|B(t)|dt

' gF mF µBBt +
gF mF µBB′2

q

4Bt

(r2 + 8z2) + . . . .

(3.4)

The potential in Eq. 3.4 can be rewritten as

UTOP = U0 +
1

2
mω2

⊥r2 +
1

2
mω2

zz
2 , (3.5)

where

ω⊥ =

√
gF mF µBB′2

q

2Bt

, ωz =
√

8ω⊥ . (3.6)

One further requirement on ω is that ~ω ¿ gF mF µBB to avoid exciting tran-

sitions between magnetic substates. In our magnetic trap ω = 7kHz, compared to

oscillation frequencies of ∼ 100Hz and a magnetic sublevel spacing of ∼ 1.4 MHz.
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The effect of gravity

The presence of gravity along the z direction modifies the effective harmonic po-

tential. For an axially symmetric TOP trap the equilibrium position along the z

axis changes to [41]:

zeq = −r0

2

η√
1− η2

, η =
mg

2gF mF µBB′
q

. (3.7)

The trap frequencies are also modified to

ω⊥ = ω0⊥(1− η2)1/4(1 + η2)1/2 , (3.8)

ωz = ω0z(1− η2)3/4 , (3.9)

and the trap anisotropy becomes

λ =
ωz

ω⊥ =

√
8
1− η2

1 + η2
. (3.10)

Ellipticity and rotation

The locus of |B| = 0 describes a circle of radius r0 = Bt/B
′
q when the TOP field

in the x and y directions is the same. If the cylindrical symmetry is broken then

the circle becomes an ellipse, and Eq. 3.3 becomes

B(t) = B′
q(xx̂ + yŷ − 2zẑ) + Bx cos ωtx̂ + By sin ωtŷ . (3.11)

The frequency changes can be calculated numerically by substituting Eq. 3.11 into

Eq. 3.4 and integrating. If E = Bx/By and ε = ωy/ωx then for small deformations

from cylindrical symmetry [34, 42]

dε

dE
' 1

4
. (3.12)

The axes of the ellipse and the time-averaged trapping potential coincide and so

if one can be made to rotate, so must the other. In a frame rotating at frequency
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Figure 3.8: The response of the TOP trap potential to changing the magnetic fields. (a)
The anisotropy in the xy plane as a function of Bx/By. (b) The tilt angle as function of
Bz, where the frequency of the field in the z direction is the same as the xy TOP field.
(c) The vertical anisotropy as a function of Bz, where the frequency of the vertical field

is twice the frequency of the xy TOP field.
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Ω, with axes x′ and y′, the apparent TOP fields would be

(
Bx′

By′

)
=

(
cos Ωt sin Ωt
− sin Ωt cos Ωt

)(
Bx cos ωt
By sin ωt

)
, (3.13)

and so to make the potential rotate in the lab frame the signal to the x and y

TOP coils becomes Bx′ and By′ . The electronics used to generate this signal are

discussed in [34] and also allow the trapping potential to be rotated to a fixed

angle.

The effect of a vertical oscillating field

The addition of a vertical oscillating field in phase with the radial TOP field, and

rotating at the same frequency, allows the trapping potential to be tilted relative

to the xy plane. The total magnetic field becomes

B(t) = B′
q(xx̂ + yŷ − 2zẑ) + Bt(cos ωtx̂ + sin ωtŷ) + Bz cos ωtẑ . (3.14)

The addition of Bz tilts the plane of the locus of |B| = 0 relative to the xy plane

by an angle ξ = tan−1(Bz/Bt); provided that ξ2 ¿ 1, the trapping potential is

tilted by [34, 42]

ϕ =
2

7
tan−1(Bz/Bt) . (3.15)

Tilting the potential also changes the trapping frequencies; this effect can be cal-

culated numerically.

If the vertical field oscillates at twice the frequency of the radial field then

the effect is quite different: the trap does not tilt but as the magnitude of Bz is

increased the anisotropy λ = ωz/ω⊥ decreases to produce a more spherical potential

(see Fig. 3.8).

3.4.2 The TOP trap apparatus

The quadrupole field is generated by passing a current through a pair of anti-

Helmholtz coils, each wound with 450 turns of copper wire on an aluminium former

(see Fig. 3.9). The former is water cooled with de-ionised water to a temperature
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of ∼ 10 ◦C. The large number of turns means that relatively high field gradients

(388G cm−1) can be achieved with the low currents (10A) provided by a standard

power supply (Farnell PSD3510A). The current, and hence the field, is controlled

by computer in real time with an update rate of 10Hz. The current can also be

switched off quickly, in less than 1ms, using a solid state relay (RS 200-2058).

The rotating bias field in the xy plane is provided by two pairs of Helmholtz

coils (2×6.5 cm) with six turns each, referred to as the TOP coils. These coil pairs

can produce fields up to 40 G although the temperature of the coils will quickly

rise above 100 ◦C if left at this setting. The temperature is constantly monitored

with a thermistor bead (RS 256-045) embedded in the TOP coil assembly. The

field rotates at 7 kHz: a sinusoidal signal is programmed into a digital signal gen-

erator (Agilent 33220A), and a corresponding cosinusoidal signal generated with

a quadrature oscillator. Both of these signals pass through electronics which al-

lows the computer to control the amplitude, each signal is then mixed with a slow

sinusoidal oscillation at frequency Ω, also controlled by the computer, to allow

the trap to rotate. The signals are amplified with a commercial audio amplifier

(H&H MX1200) and the output impedance matched with two transformers into

the TOP coils. The vertical oscillating field is generated by a pair of coils wound

on top of the quadrupole coils: the initial signal is generated with a digital sig-

nal generator that is phase locked to the radial signal generator. The signal passes

through electronics that allow the computer to control its amplitude, it is amplified

by a commercial audio amplifier (SoundMaster VF 250) and impedance matched

into the vertical TOP coils with a transformer. A constant vertical field can be

generated by connecting a DC power supply to the coils.

Radio frequency (RF) radiation is applied to the atoms in the trap through

two circular coils each with 5 turns of 5 cm diameter, located above and below the

radial TOP coils. The output of a digital signal generator (Stanford DS 345) that

can sweep from 0-30MHz phase continuously is attached to the coils. The signal

generator is controlled by the computer via an RS-232 serial connection.
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Figure 3.9: The TOP magnetic trap exploded vertically (left), and in its actual config-
uration (right). The quadrupole coils, TOP coils, and radio frequency (RF) coils are

shown in relation to the quartz cell.

3.5 The imaging system

The atomic cloud is imaged by passing a laser beam through it and focusing the

absorption shadow onto a CCD camera (Princeton Instruments TE/CCD-512SB,

ST-138 controller). The CCD array has 512 × 512 pixels each 24µm square and

is cooled to −40 ◦C to reduce the dark noise. An image of the atomic cloud where

the intensity at each pixel is proportional to the number of atoms in front of that

pixel is constructed from three separate images. The first is an image of the probe

laser beam with the atomic cloud; the second, taken about one second later when

the atoms have dissipated, is an image of the probe laser beam; the third is an

image with no light, and is used to measure the dark count of the CCD array. The

intensity Ii of the light falling on pixel i is related to the number of photon counts

Ci by

Ii =
Ci~ω0

αiA
(3.16)
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where ω0 is the frequency of the probe beam, αi is the efficiency of each pixel and

A is the area of the pixel. A beam of light travelling through an absorbing medium

is attenuated according to

I(z) = I(0)e−n
∫

σ(z)dz , (3.17)

where I(0) is the initial intensity, n is the density of absorbing particles and σ(z) is

the absorption cross-section. This equation can be rearranged to give the number

of absorbing particles, assuming an optically thin medium so that σ(z) = σ0,

N = −A

σ0

ln

(
I(z)

I(0)

)
. (3.18)

If the number of photons counted at each pixel during the first, second and

third acquisitions is denoted by C1i,C2i and C3i then the intensity ratio in Eq. 3.18

can be calculated for each pixel

Ii(z)

Ii(0)
=

C1i − C3i

C2i − C3i

(3.19)

and the number of atoms in front of each pixel Ni can be calculated from Eq. 3.18.

If the image is magnified by a factor M then the area A = 24 × 24/M2 µm2. In

this procedure the exact efficiency of each pixel becomes unimportant. The total

number of atoms in the atomic cloud can be calculated from N =
∑

i Ni.

To determine the value of σ0 an absolute intensity measurement of the probe

beam is required; the power in the beam is measured with a power meter and the

beam waist determined by profiling the beam. For a two-level system

σ0 =
~ω0

I(0)

Γ

2

2I(0)/Isat

1 + 2I(0)/Isat + 4δ2/Γ2
, (3.20)

where Isat = 2πhc/3λ3
0τ = 3.14mW/cm2, δ = ω−ω0 and Γ = 1/τ where τ = 31ns

is the lifetime of the probe transition.
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Figure 3.10: Diagram of the horizontal imaging system.

Horizontal Imaging

The atoms are imaged by scattering light out of a σ+ polarised laser beam resonant

with the |F = 2,mF = 2〉 → |F ′ = 3,mF ′ = 3〉 transition in a weak magnetic field

(usually 4 G). This transition is chosen because it is closed and to produce a

clear image each atom is required to scatter many photons. The probe light is

circularly polarised on leaving the probe fibre with a quarter waveplate, the light

is then made σ+ by timing the probe pulse to occur with the correct TOP field

alignment. The probe pulse length is controlled using an AOM (see Fig. 3.4) and

the pulse length set to 30 µs. The optical layout after the probe fibre is shown

in Fig. 3.10; the image is focused by translating the microscope objective along

the optical axis. The exact magnification of the imaging system is determined by

observing an atomic cloud fall under gravity. The time that the cloud is in free

fall before imaging can be accurately controlled; the observed distance is divided

by the expected distance to calculate the magnification.

Vertical Imaging

It is also possible to image the atomic cloud vertically using our apparatus. In this

case the imaging beam is diverted along the same path as the upwards vertical

MOT beam, when it has passed through the atoms the beams are separated and

the probe beam is guided onto the CCD camera. The details of this arrangement
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can be found in [34].

Imaging the |F = 1,mF = −1〉 state

If the atoms are magnetically trapped in the |F = 2,mF = 2〉 state then they

can interact with the probe light; however, if the atoms are trapped in the |F =

1,mF = −1〉 state then they will appear dark. In this case, a short pulse of

unpolarised repumping light resonant with the |F = 1〉 → |F ′ = 2〉 transition is

used to transfer the atoms to the |F = 2〉 state. The atoms are then optically

pumped onto the |F = 2,mF = 2〉 → |F ′ = 3,mF = 3〉 transition by the probe

pulse. The repumping light is diverted through the repumper optical fibre for this

operation. In our experiment it is not possible to use the repumping light in each of

the six MOT beams as this allows some light to leak onto the CCD array through

the vertical imaging system and saturates the image.

The pulse of repumper light starts 170 µs before the probe pulse and finishes

50µs after the probe pulse has ended; the pulse lasts for a total time of 250 µs.

The duration of the pulse is set by a high speed shutter (Unibitz LS2, marked S3

in Fig. 3.4) and the rise and fall times are reduced to 50 µs by focusing the laser

beam through the shutter with a f = 100mm lens and recollimating afterwards.

If the repumper pulse occurs significantly (> 1ms) before the probe pulse, the

atoms have time to move as they recoil from the absorption and the image appears

diffuse; if the pulse occurs too late, or the intensity of the repumper light is not

sufficient, then not all of the atoms present will be imaged.

3.5.1 Fitting and analysis

The raw data from the CCD camera is passed to the imaging computer, via a

Princeton Instruments ST-138 controller, where it is processed in WinView (a

Windows based image analysis package). The three acquired frames are converted

to a single image, according to Eq. 3.19. The processed image can then be fitted

with a variety of functions, parabolic and Gaussian in both one and two dimensions,

to extract the size and orientation of the cloud. This information can be combined
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with the time of flight and the number of atoms, calculated according to Eq. 3.18,

to calculate the temperature and phase space density.

3.6 Condensate production

The manipulation of the magnetic trap and laser light required to produce a Bose

condensate is too complex and time critical to achieve without the use of a com-

puter. We use a Pentium computer with three National Instruments boards that

allow the computer to interface with electronic equipment. We also make use of

the computer’s RS-232 serial interface.

The procedures below are all optimised to produce a condensate in the |F =

1,mF = −1〉 state, unless stated otherwise.

3.6.1 Loading the MOT

The rubidium dispenser is switched on with a current of 1.8A, after several minutes

the background pressure of rubidium in the pyramidal MOT reaches a usable level.

The trapping laser light in the pyramidal MOT has a red frequency detuning of

13.5MHz. Low energy thermal atoms from the rubidium vapour are trapped and

cooled in the pyramidal MOT, and these atoms are pushed and magnetically guided

towards the main MOT. The axial quadrupole gradient in the main MOT is set at

13G cm−1 and the trapping light has a red frequency detuning of 15MHz; it takes

approximately two minutes for the main MOT to capture enough atoms ∼ 109 to

produce a Bose condensate. The loading time can be decreased if the current in

the dispenser is increased further, although this adversely effects the vacuum in

the main MOT and after a few hours noticeably decreases the lifetime of atoms in

the magnetic trap. The loading rate is increased by the presence of a small radial

TOP field (2 G), which makes the trapped atom cloud more diffuse.

3.6.2 Molasses

The small TOP field is ramped off in 0.5ms and simultaneously the quadrupole

gradient is reduced to 10 G cm−1. The combined effect is to keep the density of the
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trapped atoms approximately constant. The detuning of the cooling light is also

ramped to -25 MHz during this period. The quadrupole gradient is then suddenly

switched off (∼ 600 µs) and any residual field is cancelled by the nulling coils;

the sub-Doppler cooling mechanisms that operate in the molasses stage require

degeneracy of the magnetic sub-levels to operate effectively. The detuning of the

cooling light is further increased to -30MHz and the atoms are held in the optical

molasses for 5 ms. This time is determined experimentally to produced the largest

increase in phase space density: when the atoms have been cooled in the molasses

they are still diffusing outwards, if this stage is too long any increase in phase

space density from cooling the atoms will be offset by a decrease in density. The

sub-Doppler mechanisms operating in the molasses are discussed in more detail

in [43]. The final temperature of the atomic cloud is ∼ 10 µK, much lower than

the Doppler cooling limit TD = ~Γ/2 = 120 µK, but larger than the recoil limit

Tr = ~2k2/2m = 180 nK.

3.6.3 Optical pumping

At the start of the optical pumping sequence the cooling light is switched off

(< 5 µs) and the atoms begin to fall under gravity. The radial TOP field is then

switched on to define a quantisation axis for the magnetic sub-levels. The atoms

are distributed evenly over the mF states of the |F = 2〉 manifold; however, in

our experiments we select only one of the states in 87Rb that can be magnetically

trapped (see Fig. 3.3).

Selecting the |F = 1, mF = −1〉 state

There are several possible schemes for transferring atoms into the |F = 1, mF =

−1〉 state; we decided to apply σ− light resonant with the |F = 2〉 → |F ′ = 2〉
transition. The light that leaves the probe optical fibre is circularly polarised

with a quarter-wave plate: light that drives σ+ or σ− transitions can be chosen

by synchronising the TOP field with the light pulse, so that the field is pointing

towards or away from the direction of propagation.
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In this scheme the repumper light is switched off slightly after the trapping

light. The radial TOP field is set to 3.5 G and a series of nine σ− pulses is applied

to the atoms; each pulse is 40 µs long, during which the field rotates through an

angle of 101 ◦. The comparatively long pulse length drives some π transitions, this

has been found to increase the transfer efficiency to the |F = 1,mF = −1〉 state,

probably by moving atoms out of the |F = 2, mF = −2〉 state and giving them

another chance fall into the |F = 1,mF = −1〉 state.

Selecting the |F = 2, mF = 2〉 state

To transfer atoms into the |F = 2,mF = 2〉 state σ+ polarised light is applied on

the |F = 2〉 → |F ′ = 3〉 transition. The radial TOP field is set to 30G and a series

of five pulses is applied to the atoms, each pulse is 10 µs long. This optical pumping

scheme does not end with the atoms in a dark state, unlike the |F = 1,mF = −1〉
scheme, and so heating effects become important if the atoms unnecessarily cycle

on the mF = 2 → mF ′ = 3 transition. The heating effect is decreased by using

a large field in the case where gF 6= gF ′ . The optical pumping light can be made

resonant with the mF = −2 → mF ′ = −1 transition, which is frequency detuned

from the mF = 2 → mF ′ = 3 transition, to avoid multiple cycles on the stretched

transition when the optical pumping is complete. The intensity of the light must

also be carefully controlled.

3.6.4 Evaporation

When the optical pumping is complete the magnetic trap is quickly switched on at

its initial value (Bt = 14.1G, B′
q = 44Gcm−1). These values are chosen to mode-

match the spherical cloud as closely as possible into the pancake-shaped magnetic

potential. The exact values are determined experimentally to maximise the phase

space density and number of atoms in the magnetic trap.

Evaporation is the final stage of cooling and allows the atoms to reach quantum

degeneracy. For a dilute gas in a harmonic potential, where the oscillation period

in the magnetic trap is less than the mean time between collisions, the hottest
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Ramp Description Time B′
q Bt ω⊥/2π

(s) (G cm−1) (G) (Hz)

load magnetic trap 44.0 14.1 7.45
1 compression 4.00 194.0 31.0 22.16
2 |B| = 0 evaporation 14.00 194.0 19.0 28.30

RF on 0.20 194.0 19.0 28.30
3 |B| = 0 evaporation 18.00 194.0 4.0 61.69
4 RF evaporation 12.00 194.0 4.0 61.69
5 RF evaporation 4.00 194.0 4.0 61.69

RF off 0.05 194.0 4.0 61.69

Ramp r0 rRF /r0 νRF

(mm) (MHz)

3.20
1 1.60
2 0.98

0.98 2.00 26.61
3 0.21 1.40 6.84
4 0.21 0.44 4.11
5 0.21 0.24 3.53

0.21

Table 3.1: The parameters of the optimised evaporation sequence that produces a con-
densate in the |F = 1,mF = −1〉 state.

atoms move further away from the centre of the potential. This allows the hottest

atoms to be selectively removed; when the remaining atoms rethermalise they do

so at a lower temperature. The rate at which evaporation can proceed is limited by

the rethermalisation time, which in turn depends on the collision rate. In a TOP

trap two methods of evaporation are possible: the first moves the locus of |B| = 0

in towards the atomic cloud to remove atoms from the edge by reducing the radial

TOP field, this has the advantage of increasing the trap stiffness and hence the

collision rate at the same time; the second method applies RF radiation to the

atoms, atoms nearer the edge of the atomic cloud are in a higher/lower magnetic

field than those near the centre and can be selectively removed with higher/lower

frequency radiation. Both methods are used in this experiment.

The first ramp compresses the cloud by increasing the quadrupole gradient

from 44G cm−1 to 194G cm−1, the TOP field must also increase to keep the locus

of |B| = 0 away from the atoms in the centre of the trap (see Table 3.1); this
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increases the collision rate and decreases the rethermalisation time. The second

and third ramps evaporate atoms using the quadrupole field zero, and the fourth

and fifth ramps use RF radiation. The evaporation process takes a total time of

52.25 s.

3.6.5 Bose-Einstein condensation

The onset of Bose-Einstein condensation is detected by a marked increase in the

central density of the atomic cloud below the transition temperature which is

clearly visible with our imaging system (see Fig. 3.12). The evaporation trajectory

is shown in Fig. 3.13 for the current optimised |F = 1, mF = −1〉 evaporation

ramps, along side the optimised ramps for evaporation in the |F = 2,mF = 2〉
state, and the original unoptimised |F = 2,mF = 2〉 ramps. Evaporation in the

|F = 1,mF = −1〉 state produces larger condensates, probably due to a reduced

two body loss rate in the lower hyperfine ground state. It is also likely that the

removal of atoms by RF radiation is more effective for the |F = 1,mF = −1〉 level

since only one mF state is trapped, whereas for the |F = 2,mF = 2〉 state two

transitions are required to reach an untrapped state. Previous experiments with

overlapping Bose condensates in the |F = 2,mF = 2〉 and |F = 1,mF = −1〉 states

have shown an increased heating rate for the condensate in the upper hyperfine

level, and a reduced lifetime [44].

Comparison of the two trajectories for the |F = 2,mF = 2〉 state shows that

as a result of increasing the number of atoms after optimisation, the slope of the

trajectory in the number versus phase space density plot was reduced; hence the

efficiency of evaporation was reduced, and it is implied that density dependent

losses were increased. The optimised |F = 1,mF = −1〉 evaporation operates at

similar numbers of atoms but remains much more efficient; although, the density is

lower due to an increased TOP field (4 G as opposed to 2G for the |F = 2,mF = 2〉
state), and a reduced interaction with the magnetic fields (gF=1 = gF=2/2). The

combined effect is to increase the width of the |F = 1,mF = −1〉 cloud by a factor

of two relative to the |F = 2,mF = 2〉 cloud, which decreases the density by a
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factor of eight.
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Figure 3.11: Temperature, atom number and phase space density as a function of the
RF radiation frequency during the final evaporation ramps. Bose-Einstein condensation

occurs at νRF ≈ 4MHz.
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Figure 3.12: This sequence of images shows the onset of Bose-Einstein condensation in
a cloud of evaporatively cooled atoms in a magnetic trap. Each image was taken after
time of flight expansion. The cloud changes its size and shape as it undergoes a phase
transition; (left) a thermal cloud just above the critical temperature Tc has a spherical
shape (isotropic expansion); (middle) a cloud of atoms at 0.9 Tc has a Bose condensed
fraction in the centre surrounded by a halo of thermal atoms; and (right) well below the

critical temperature (<0.5 Tc) most of the atoms are in the condensate.

Figure 3.13: A comparison of the evaporation trajectories for the current optimised
|F = 1,mF = −1〉 ramps, the optimised |F = 2,mF = 2〉 ramps, and the original

unoptimised |F = 2,mF = 2〉 ramps.



Chapter 4

Vortices and the Tilting Mode

4.1 Introduction

Since a vortex was first nucleated in a dilute Bose condensed gas [45], there has been

a considerable effort to understand the dynamical behaviour of individual vortices

and vortex arrays. This research has, in part, been driven by the parallels between

dilute gas systems and more complex superfluids such as 4He; however, with the

Bose condensed gases it has proved to be straightforward to obtain images of

vortices and to measure the properties of a single vortex. The precession of a single

vortex has been investigated theoretically [46, 47] and studied experimentally in a

nearly spherical Bose condensate [48]. It is also possible to nucleate many vortices

in a Bose condensed gas and these form a regular Abrikosov lattice [49, 50, 51].

The work presented here can be described in two complementary ways: (a) as an

extension of the previous work on the precession of a single vortex to the case of an

array of vortices in an anisotropic trap where the collective motion of the vortices

is relatively rapid, or (b) as the excitation of the lowest-energy Kelvin wave of a

vortex lattice. This second viewpoint is described in more detail below.

Vortices break the degeneracy of certain modes in the normal Bogoliubov ex-

citation spectrum for a trapped condensate. This splitting has been observed for

both the |mz| = 2 quadrupole mode [52] and also for the scissors mode [16]; in

the latter case the precession that arises when the condensate has some angular

47
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momentum leads to a ‘superfluid gyroscopic’ motion [53]. More recently excitation

of a single vortex in the form of a high-order helical Kelvin wave has been detected

[54]; collective oscillations of a vortex lattice called Tkachenko modes have been

observed and their frequency measured [55]. In a recent theoretical paper Chevy

and Stringari [56] have extended the hydrodynamic theory of a Bose condensed

gas to describe an array of vortices and they predict that an array precesses in a

similar way to a single vortex, i.e. all the vortices simultaneously undergo a mo-

tion equivalent to the lowest-energy Kelvin wave of a single vortex. (In these waves

the orientation of the vortex core changes and, unlike the Tkachenko modes, the

Kelvin waves do not arise in a two dimensional system.) In this chapter measure-

ments are presented of the frequency of this ‘collective tilting’ mode of the vortex

array by an experimental method similar to that used to study the scissors mode

of the condensate [32]. The experimental results for a single vortex presented in

this chapter are published in [16]; the work on the ‘collective tilting’ mode of a

vortex array is published in [17].

4.2 Vortex nucleation

4.2.1 The hydrodynamic formulation in a rotating frame

The hydrodynamic equations discussed in section 2.2.2 are modified in a frame of

reference rotating with angular frequency Ω [57]:

∂

∂t
ρ +∇.(ρ(v −Ω ∧ r)) = 0 , (4.1)

m
∂

∂t
v +∇

(
1

2
mv2 + Vext + gρ−mv.(Ω ∧ r)

)
= 0 . (4.2)

The stationary solutions in the rotating frame are found by imposing the conditions

∂ρ/∂t = 0 and ∂v/∂t = 0. A superfluid does not support rigid body rotation, as

∇∧v must be zero in the absence of vortices (irrotational flow), and so quadrupole
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solutions for the velocity field are sought [42, 57]

v = α∇(xy) , (4.3)

where α is a parameter that will be determined later. In all of our experiments

there is only rotation around the z axis and so Ω = Ωk̂. For a harmonic exter-

nal potential, substitution of Eq. 4.3 into Eq. 4.2 gives the equilibrium density

distribution in the rotating frame

ρ(r) =
1

g

(
µ̃− 1

2
mω̃2

xx
2 − 1

2
mω̃2

yy
2 − 1

2
mω2

zz
2

)
, (4.4)

where

ω̃2
x = ω2

x + α2 − 2αΩ , ω̃2
y = ω2

y + α2 + 2αΩ . (4.5)

Wherever the density distribution given by Eq. 4.4 becomes negative, ρ(r) = 0.

Substitution of Eq. 4.3 into the continuity equation, Eq. 4.1, produces

α = Ω

(
ω̃2

x − ω̃2
y

ω̃2
x + ω̃2

y

)
. (4.6)

Substitution of Eqs. 4.5 into Eq. 4.6 leads to the following third-order equation for

ᾱ [42, 57]:

ᾱ3 + ᾱ
(
1− 2Ω̄2

)
+ εΩ̄ = 0 , (4.7)

where ᾱ = α/ω⊥,Ω̄ = Ω/ω⊥, and it is useful to define

ε =
ω2

x − ω2
y

ω2
x + ω2

y

, ω⊥ =
ω2

x + ω2
y

2
. (4.8)

For solutions of the cubic equation to be physical they must also satisfy the

additional requirements that they are not complex, and that ω̃x, ω̃y > 0. A cubic

equation can have a maximum of three solutions, however, the above constraints

reduce the number of physical solutions in different regions of the Ω̄ε plane, as

shown in Fig. 4.1. Each physical solution corresponds to a rotating density distri-
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Figure 4.1: The Ω̄ε plane can be subdivided into regions depending on the number of
physical solutions that exist for Eq. 4.7 in each region.

bution with a different aspect ratio

Rx

Ry

=
ω̃y

ω̃x

=

√
Ω + α

Ω− α
. (4.9)

4.2.2 The pathway to vortex nucleation

To nucleate vortices in our experiment the trap is set rotating at a frequency Ω and

the ellipticity ε is adiabatically increased from zero to some final value [34, 42, 57].

For the case of Ω̄ = 0.8 the trajectory in the Ω̄ε plane is shown in Fig. 4.2. The

condensate initially follows the rotating mode which has the nearest anisotropy to

the non-rotating case, denoted α2 in Fig. 4.2(a); the wavefunction associated with
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Figure 4.2: (a) The aspect ratios of the physical solutions of Eq. 4.7 as a function of ε for
Ω̄ = 0.8. As the ellipticity is increased, the condensate initially follows the ‘overcritical
mode’. (b) Experimentally determined boundary for vortex nucleation • Ω̄ > 0.71, 4
Ω̄ < 0.71; data from [58]. The solid line is the boundary of stability for the ‘overcritical

mode’, given by Eq. 4.10.
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this mode has the greatest overlap with the stationary condensate. This rotating

mode has Rx > Ry even though ε > 1 and so ωx > ωy; the condensate shape

deformation is opposite to the deformation of the trapping potential, this is called

an ‘overcritical mode’. The condensate can only follow this mode up to ε = 0.07,

after which the mode becomes unstable; the only stable mode has Rx < Ry, where

the condensate deformation is the same direction as the trapping potential. This

is a ‘normal mode’, denoted α3 in Fig. 4.2(a). As the condensate twists to follow

the only stable mode, vortices are nucleated. This has been shown to be the

vortex nucleation mechanism in our experiment for Ω̄ > 0.71, as the appearance

of vortices [58] coincides with the boundary of the region that supports three

physical solutions of α, with the region that allows only one physical solution (see

Fig. 4.2(b)). The equation for the boundary is [42, 57]

ε =
2

Ω̄

(
2Ω̄2 − 1

3

)3/2

. (4.10)

The mechanism for vortex nucleation when Ω̄ < 0.71 remained elusive for some

time, as the experimental boundary for vortex nucleation does not coincide with a

quadrupole mode instability. The nucleation mechanism was eventually found to

be due to a change in the nature of the quadrupole mode in this region, which can

facilitate mixing into a number of surface modes [59].

Nucleating a single, centred vortex

A condensate of about 3 × 104 atoms is formed; this experiment was originally

performed in the |F = 2,mF = 2〉 state where this was the maximum num-

ber available. The trapping potential is set to rotate at a frequency Ω = 44 Hz

(Ω̄=0.71) around the z axis and the ellipticity adiabatically increased from zero,

corresponding to a circular potential, to ωx/ωy = 1.04 in 200ms. After holding

the condensate in the spinning trap for a further 1 s, the rotation of the trapping

potential was stopped by ramping both the trap rotation rate and the trap eccen-

tricity to zero over 0.4 s. Using the vertical imaging system that looks along the

axis of rotation (z axis), we were able to check that 90% of the runs started with
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a single, clearly visible vortex positioned within a third of the condensate radius

from the centre [16]. During the whole vortex excitation process, the RF field used

for evaporative cooling was maintained at a constant frequency and power; this

ensured the rapid removal from the trap of energetic thermal atoms which are an

undesirable byproduct of the spinning up procedure.

Nucleating a vortex array

For a homogenous superfluid, the vortex lines are distributed with a uniform area

density nv = 2Ωm/h [42, 60]. While our trapped condensate is far from uniform,

if it is approximated by a circular disk then an estimate of the maximum number

of vortices that it can contain is given by

Nv =
2πmΩ〈r2〉

h
, (4.11)

where 〈r2〉 can be evaluated in the Thomas-Fermi limit. The maximum number

of vortices increases with 〈r2〉 and so, for a given trap frequency, the number of

vortices will be greater in a condensate with a larger number of atoms. The size

of the condensate in the |F = 2,mF = 2〉 state was limited to around 1.9 ×
104 atoms after the vortex formation procedure, which in turn limited the total

number of vortices to about seven. When the experiment was modified to produce

condensates in the |F = 1,mF = −1〉 state, the number of atoms in a condensate

with no visible thermal cloud was increased to 1.5 × 105 and it became possible

to nucleate stable vortex arrays with more than 20 vortices. The experimental

procedure used to nucleate vortex arrays in this chapter is as follows: after a

condensate has been formed, the trapping potential is rotated around the z axis

at a frequency of 46.5 Hz (Ω̄ = 0.76), and adiabatically changed from a cylindrical

trapping potential to a rotating elliptical potential over a period of 200 ms. The

potential is rotated for 700ms at a final ellipticity where wx/wy = 0.95, before

it is ramped back to an axially-symmetric (circular) potential. This procedure

produces a stable vortex array in the condensate (see Fig. 4.3).
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Figure 4.3: Absorption image of a vortex array taken along the z axis.

4.3 The effect of vortices on collective modes

The presence of vortices alters the behaviour of the l = 2,mz = ±2 quadrupole

modes and the l = 2,mz = ±1 scissors modes. The frequency of the mz = +l

mode is split from that of the mz = −l mode by an amount that can be calculated

from a sum rule approach [61, 53], or a hydrodynamic approach that assumes there

is diffused vorticity throughout the condensate [56]. Both methods yield the same

results as the amount of angular momentum in the system tends to zero.

The second approach based on diffused vorticity is summarised here; the ap-

proach was developed by Chevy and Stringari [56]. They assumed that the charac-

teristic wavelength of excitations is large enough so that all the physical quantities

can be averaged over domains containing several vortices. In this case the average

velocity field v̄ is no longer curl free; each vortex carries a flux h/m and the average

vorticity of the flow becomes

Ω̄ =
∇× v̄

2
= nv

h

2m
û , (4.12)

where nv is the number of vortices per unit area and the unit vector û is in the

direction of the vortex lines. In the presence of vortex lines the hydrodynamic

equations used to describe the condensate must be modified to include rotational

terms:

∂ρ̄

∂t
+∇ · (ρ̄v̄) = 0 , (4.13)
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m
∂v̄

∂t
+∇

(
Vext + gρ̄ + m

v̄2

2

)
= mv̄ × (∇× v̄) . (4.14)

A stationary solution to Eq. 4.13 and Eq. 4.14 is given by

v̄0 = Ω0 × r , (4.15)

gρ̄0 = µ− 1

2
m

(
ω2
⊥ − Ω2

0

) (
x2 + y2

)− 1

2
mω2

zz
2 , (4.16)

where Ω0 = Ω0ẑ. The stationary velocity field is equivalent to that of a rigid body

rotating at angular frequency Ω0, while the density is described by a Thomas-Fermi

profile modified by a centrifugal potential. The rotating hydrodynamic equations

can be linearised about the steady-state solution,

ρ̄ = ρ̄0 + δρ, v̄ = Ω0 × r + δv , (4.17)

in this case δv is to be interpreted in the rotating frame. In a frame rotating at

angular frequency Ω0, the rotational hydrodynamic equations are linearised to

∂(δρ)

∂t
= −∇′ · (ρ̄0δv) , (4.18)

∂(δv)

∂t
= −∇′ gδρ

m
− 2Ω0 × δv , (4.19)

where ∇′ denotes the differentiation is with respect to the rotating reference frame.

These equations are strictly identical to the usual linearised hydrodynamic equa-

tions except for the 2Ω0× δv term which arises from the Coriolis force [56]. Solu-

tions of the form δρ = δρ0 e−iωt have been found for Eqs. 4.18 and 4.19 in [56].

4.3.1 The surface modes

Surface modes are characterised by a solution of the form δρ0 = (x± iy)l and have

angular momentum mz = ±l. This ansatz gives the following equation for the

eigenfrequencies ω′±l in the rotating frame [56]:

ω′2 ± 2Ω0ω
′ − l

(
ω2
⊥ − Ω2

0

)
= 0 . (4.20)
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The frequency in the non-rotating frame is obtained from ω = ω′ + mzΩ0; the

solution of Eq. 4.20 then becomes

ω±l =
√

lω2
⊥ − (l − 1)Ω2

0 ± (l − 1)Ω0 , (4.21)

in the non-rotating frame and the frequency splitting is

∆ωl = ω+l − ω−l = 2(l − 1)Ω0 . (4.22)

In the case of the dipole modes (l = 1) there is no frequency splitting; however,

the frequencies of the l = 2,mz = ±2 collective modes are split by

∆ω±2 = 2Ω0 . (4.23)

Since the unperturbed velocity field is rigid-like, substitution of 〈lz〉 = m〈r2〉Ω0,

where 〈lz〉 is the average angular momentum per particle, recovers the result of the

sum rule approach [61]. The frequency of the mz = +2 mode is split from that of

the mz = −2 mode by

ω+2 − ω−2 =
〈lz〉

m〈x2〉 , (4.24)

where the average square radii can be evaluated in the Thomas-Fermi limit: 〈x2〉 =

〈y2〉 = (2/7)µ/mω2
⊥ and 〈z2〉 = (2/7)µ/mω2

z .

4.3.2 The scissors modes

The scissors modes are associated with a density fluctuation δρ0 = (x± iy)z, with

angular momentum mz = ±1. This ansatz results in a cubic equation for the mode

frequencies in the rotating frame [56]

ω′3 ± 2Ω0ω
′2 − ω′

(
ω2

z + ω2
⊥ − Ω2

0

)∓ 2Ω0ωz2 = 0 . (4.25)

Two of the solutions of this equation can be identified with the mz = ±1 scissors

modes. The third solution corresponds to an anomalous mode, and will be dis-

cussed later. The splitting between the two scissors modes can be calculated when
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Ω0 → 0, in the non-rotating frame

ω+1 − ω−1 =
2Ω0ω

2
z

ω2
z + ω2

⊥
, (4.26)

which is equivalent to the sum rule result of [53],

ω+1 − ω−1 =
〈lz〉

m〈x2 + z2〉 . (4.27)

In the case of a single vortex, 〈x2 + z2〉 does not depart significantly from the

stationary Thomas-Fermi solution; the scissors mode splitting is then related to

the angular momentum by

∆ω±1 = 7ωsc
〈lz〉
~

λ5/3

(1 + λ2)3/2

(
15N

a

aho

)−2/5

. (4.28)

4.3.3 The precession of modes

For modes of excitation that can be represented as an equal superposition of l =

2,mz ± i modes where i = {1, 2}, such as the xz or yz scissors modes (|mz| = 1)

and the quadrupole mode (|mz| = 2), the frequency splitting between the mz = +l

and mz = −l modes leads to a precession of the vortex-free oscillation around the

z axis as shown in Fig. 4.4. The frequency of the precession is

Ωp =
ω+l − ω−l

2|mz| . (4.29)

The precession can be clearly viewed in the xy plane for the |mz| = 2 mode using

the vertical imaging system in our experiment. A measurement of the change in

the precession angle in a certain time, combined with a measurement of the size of

the condensate, can be used to determine 〈lz〉; this method was first used in [52].

Observation of the precession of the |mz| = 1 mode is complicated by its

projection onto the imaging plane: if the scissors mode is initially excited in the

xz plane, in which it is imaged, then it soon rotates into the yz plane and is no

longer visible; however, after a further time τ1/4 = π/2Ωp the oscillation reappears

as it returns to the xz plane. In the imaging plane the observed angle of the
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Figure 4.4: (a) The evolution of the |mz| = 2 mode in the absence of vortices. (b) In the
presence of vortices the mode precesses around the z axis at frequency Ωp in addition
to its vortex free oscillation. (c) The evolution of the |mz| = 1 mode in the absence of
vortices. (d) If vortices are present the scissors oscillation continues, however the plane

of oscillation precesses around the z axis at frequency Ωp.

condensate varies as

θ = θ0e
−γt cos (Ωpt + φ0) sin (ωst) , (4.30)

where θ0 is the initial amplitude of the oscillation, ωs is the scissors mode frequency,

and φ0 = 0 if the scissors oscillation is started in the xz (imaging) plane and π/2

if started in the yz plane.
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4.4 Measurement of the angular momentum

4.4.1 Measurement for a single, centred vortex

Immediately after making a single vortex, the TOP trap was suddenly tilted by

the addition of a rotating bias field in the z direction to excite either the xz or

yz scissors mode. The amplitude of this field was 0.55G, which combined with

a 2G radial bias field tilts the trap by 4.4 ◦. The sudden tilt initially excites a

scissors oscillation about the new tilted equilibrium position. After allowing the

oscillation to evolve for a variable time in the trap {ω⊥, ωz} = 2π × {62, 175}Hz,

we release and destructively image it in the xz plane after 12ms of free expansion.

By fitting a tilted parabolic density distribution to the image, we extracted the

angle of the cloud and thus gradually built up a plot of the scissors oscillation as a

function of time, as shown in Fig. 4.5. The fast scissors oscillation is clearly visible

and the fitted value of 179Hz agrees reasonably well with the theoretical value of

177 Hz. A fitted value of Ωp/2π = 8.3 ± 0.7Hz is obtained from Fig. 4.5(a) and

Ωp/2π = 7.2 ± 0.6Hz from Fig. 4.5(b). Combining these results gives an average

precession frequency of Ωp/2π = 7.7±0.5Hz. This result is in reasonable agreement

with the detailed calculations in [62], which predict a precession frequency of 6.5 Hz

by numerical solution of the Gross-Pitaevskii equation for the conditions of our

experiment. To calculate the angular momentum per particle associated with

the vortex, we use Eq. 4.28 which is applicable in the hydrodynamic regime and

find an angular momentum per particle of 〈lz〉 = 1.07 ± 0.13~. The uncertainty

in this quantity is mainly due to the uncertainty in the number of atoms (N =

19000±4000). This result is in excellent agreement with the value of ~ per particle

predicted by quantum mechanics.

The revived amplitude is smaller than the initial amplitude due to Landau

damping, which occurs at a rate of γ = 23 ± 7 s−1 from the exponential decay

term in Eq. 4.30 fitted to the data in Fig. 4.5(a). The damping also occurred at a

similar rate of γ = 25 ± 5 s−1 in a control run, without the presence of a vortex.

The average damping rate of approximately γ = 24 ± 1 s−1 at a temperature of
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0.5Tc agrees well with the data on the temperature dependence of the scissors mode

published in [63].

4.4.2 Measurement for a vortex array

A sudden tilt of the trapping potential is used to excite a scissors mode in the

presence of a vortex array; the scissors mode is initially excited in the xz plane

and the resulting motion is shown in Fig. 4.6. In this case the effective rotation

frequency of the condensate is much greater than for a single vortex. A fit to these

data with Eq. 4.30 gives Ωp/2π = 27.7± 1.1Hz and ωs/2π = 184.0± 0.9Hz. The

frequencies of the upper and the lower scissors modes can also be determined using

Eq. 4.29 and are found to be fu = 211.8±2.0Hz and fl = 156.3±2.0Hz respectively.

The trap frequencies were measured to be {ω⊥, ωz} = 2π × {61, 172.5}Hz.

The effective rotation Ω0 of the condensate can be calculated from Eq. 4.26.

This approach gives Ω0 = 0.511, which is only strictly valid as Ω0 → 0. A full

numerical solution of Eq. 4.25 gives a value of Ω0 = 0.495±0.019 from the scissors

mode splitting. Determination of the effective rotation allows the 〈x2 + z2〉 term

in Eq. 4.27 to be evaluated in the Thomas-Fermi limit, allowing for the centrifugal

correction to the width. The angular momentum is found from Eq. 4.27; this

corresponds to an average angular momentum per particle of 〈lz〉 = 8.4± 0.4~ for

a total number of atoms N = 75000.

A vortex at the trap centre contributes ~ of angular momentum per particle

but off-centre vortices have a smaller contribution [34]

〈lz〉 = N~
(

1− d2

R2
⊥

)5/2

, (4.31)

where d is the distance of the vortex from the centre of the condensate. In this

way we found a total angular momentum per particle of 8.5 ± 1.0~ for the image

in Fig. 4.3, which is in good agreement with the value calculated from the scissors

mode frequency.



4.4. Measurement of the angular momentum 61

Figure 4.5: The angle of the condensate projected on the xz plane when the scissors
mode is excited in the presence of a single, centred vortex. (a) The scissors mode is
initially excited in the xz plane. (b) The scissors mode is initially excited in the yz
plane. Each data point is the mean of 5 runs with the standard error on each point

shown.
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Figure 4.6: The angle of the condensate projected onto the xz plane when the scissors
mode is excited in the presence of a vortex array. The scissors mode is initially excited

in the xz plane.
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4.5 The tilting mode

We now look in more detail at the solutions of Eq. 4.25. Denoting the angular

frequencies of the upper and lower scissors modes as ω+1 and ω−1 respectively, we

identify the third root with the frequency of the tilting mode ωt. These frequencies

are calculated in the non-rotating, laboratory reference frame. The three solutions

of Eq. 4.25 in a potential with ωz =
√

8ω⊥ are shown in Fig. 4.7(a). This shows

that when Ω0 → 0 the scissors mode frequency is 3 times the radial trap frequency

and that the splitting between the upper and the lower scissors modes is about

2Ω0 ' 2ωt. Fig. 4.7(b) shows a plot of the three quantities ω+1/ω⊥−3, 3−ω−1/ω⊥,

ωt/ω⊥ and also the ratio (ω+1 − ω−1)/2ωt. This shows that the frequencies of all

the modes vary approximately linearly with Ω0; in particular, ω+1 is very close to

linear over the entire range but both the lower scissors mode and the tilting mode

show a noticeable deviation. The given ratio has a value within 15% of unity

throughout the range. Note that the frequency of the tilting mode tends to zero

as Ω0 tends to zero, indicating that this is a mode of the vortices themselves; in

contrast, the normal scissors modes are modes of the condensate whose frequencies

are perturbed by the presence of vortices. A sign analysis shows that the frequency

ωt of this anomalous mode is positive for mz = −1; just like the kelvons, this new

scissor mode can only exist with negative helicity [56].

4.5.1 Measuring the tilting of the vortex lines

To excite the tilting mode of the vortex array, the tilt angle of the trapping potential

relative to the z axis was driven at a frequency of 61Hz for two complete cycles of

oscillation with an amplitude of 0.07 radians. After excitation, the condensate was

held in the trap for a variable amount of time during which the tilting mode evolved

at its natural frequency; the condensate was then released and allowed to expand

freely for 19 ms before a laser beam was flashed on to image the cloud destructively.

When no vortices were present in the condensate, the response to the driving was

an excitation of the normal scissors mode with a small amplitude, as in Fig. 4.8,
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Figure 4.7: Calculation of the mode frequencies predicted by Eq. 4.25 for a trapping
potential with ωz =

√
8ω⊥. (a) ω+1 (dot-dashed line), ω−1 (dotted line), ωt (solid line).

(b) ω+1/ω⊥−3 (dot-dashed line), 3−ω−1/ω⊥ (dotted line), ωt/ω⊥ (solid line). The plot
also shows the ratio (ω+1 − ω−1)/2ωt (dashed line).
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because this mode is far from resonance. For a condensate containing vortices,

however, there was near-resonant driving of the tilting mode, which resulted in

large amplitude oscillations of this mode. The tilting of the vortex array leads to

a change in angle of the condensate and the projection of this motion onto the

imaging direction gives a signal similar to that of the normal scissors mode but at

a much lower frequency. In a random sample of the absorption images the vortex

cores line up with the imaging beam; in these images it is possible to see that

the vortices are indeed tilting in unison when the mode is excited (see Fig. 4.9).

The tilting mode was excited both along the direction of the imaging beam and

in a direction perpendicular to it (Fig. 4.10). This allowed us to determine the

direction of rotation of the tilting mode and to verify that it rotates in the opposite

direction to the initial rotation that creates the vortices (the initial rotation has

the same direction as the flow around the vortices). In a Kelvin wave the vortex

core has the form of a helix of a particular handedness with respect to the direction

of rotation of the vortex; this property also applies to the collective tilting of the

vortex array. A sinusoidal fit to the data gives a frequency of 57.7± 1.3Hz for the

tilting mode.

The number and position of the vortices varies from shot to shot, resulting

in slightly different frequencies of the tilting mode so that after a few cycles the

observations have more fluctuations (i.e., this method of recording the data has a

dephasing analogous to the transverse relaxation in magnetic resonance techniques,

and we have not measured the damping of this mode equivalent to longitudinal

relaxation time). The uncertainty produced by variations in the initial conditions

could be reduced by taking more data for each evolution time and averaging, as in

previous work on the superfluid gyroscope [16].

4.5.2 Comparison with theory

Using the measured values of f+1, f−1, and ft, we find the ratio (f+1− f−1)/2ft =

27.7/57.7 = 0.48 ± 0.03 is not consistent with predictions of the hydrodynamic

theory, shown in Fig. 4.7. From these measured frequencies and Eq. 4.25, an
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Figure 4.8: ◦ Off-resonant excitation of the scissors mode when no vortices are present.
• Resonant driving of the ‘tilting mode’ in the presence of a vortex array.

Figure 4.9: Absorption images of the vortex lattice, viewed in a radial direction, after
the tilting mode has been excited.



4.5. The tilting mode 67

Figure 4.10: ◦ Anomalous mode initially excited perpendicular to probe beam. • Anoma-
lous mode initially excited parallel to probe beam.
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effective rotation of Ω0 = 0.495 ± 0.019 can be deduced, which implies a tilting

mode frequency ft = 23.5 ± 0.9Hz according to the hydrodynamic theory. If we

assume that the scissors modes have the correct frequencies, then the measured

value for the tilting frequency is about 2.5 times the hydrodynamic prediction.

We should emphasise, however, that we cannot determine from the frequency

measurements whether the scissors modes are more accurately described by the

theory than the tilting mode. One way of checking this is to estimate the contri-

butions to the angular momentum from the number of observed vortices and their

position within the cloud and compare this with the value obtained from the scis-

sors mode splitting. In this way we found a total angular momentum per particle

of 8.5± 1.0~ for the image in Fig. 4.3, which is in good agreement with the value

calculated from the scissors mode frequency.

If the prediction of the scissors mode frequency is correct, then we need to

explain the difference between the predicted and measured values of the tilting

mode frequency. First, to eliminate the possibility that we were exciting a higher-

order Kelvin mode, the tilt angle of the trapping potential was driven at 25Hz

after a vortex array had been nucleated. This driving frequency is close to the

hydrodynamic prediction, but no response from the condensate was observed. If

we are definitely driving the lowest order mode, the case for which is supported by

the straightness of the vortex cores in Fig. 4.9, then the difference is most likely

explained by considering the range of applicability of the hydrodynamic theory;

indeed, the theory relies on the fact that it is possible to average physical quantities

over domains containing several vortices [56]. For a single vortex a full numerical

simulation is currently possible, as shown in Fig. 4.11 for our experimental condi-

tions. The tilting mode frequency is calculated to be ωt = 0.27ωz, where ωz is the

axial trapping frequency; the splitting between the scissors modes is calculated to

be 0.049ωz; thus, for a single vortex (f+1 − f−1)/2ft = 0.09. This deviates even

further from the hydrodynamic prediction that the frequency ratio is about unity

than the results for our small vortex array. The hydrodynamic theory gives an

accurate description only for arrays that contain a large number of vortices; the
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vortex arrays in this experiment do not contain a sufficient number of vortices to

be in the regime where it is possible to average over domains of vortices and apply

the hydrodynamic theory, increasing the value of experiment in the intermediate

region. The hydrodynamic theory should, however, be a better approximation for

larger vortex arrays as in [50, 51].

In conclusion, this experimental measurement of the frequency and direction

of rotation of the collective tilting mode of the vortex array qualitatively supports

the predictions made by Chevy and Stringari [56]. The cause of the discrepancy

between our measurements and the hydrodynamic predictions could be investi-

gated experimentally with a larger condensate that can contain a higher number

of vortices or theoretically by a numerical simulation as in [62]. The experimental

method for direct excitation of a vortex (or vortex array) can also be used to study

higher-order Kelvin waves.
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Figure 4.11: The lowest energy Kelvin wave of a single vortex corresponds to a rotation
of the tilted vortex line in the opposite direction to the rotation of the condensate. The
plots show one complete rotation of the vortex going from top left, top right, bottom
left, bottom right. In the tilting mode of a vortex array excited in this experiment, each
vortex synchronously undergoes a similar motion. The plots show surfaces of constant
density |Ψ|2 = 9 × 10−4 of a condensate cloud (wavefunction normalised to one) from
a numerical simulation using the Gross-Pitaevskii equation. The initial state is a single
centred vortex (aligned along the vertical axis); this is excited by resonant driving for
two vortex precession periods by tilting the confining potential about an axis in the
horizontal plane, as in the experiments, with an amplitude of 4◦. In this simulation N

= 75 000, f⊥ = 61Hz, fz = 172.5 Hz. Courtesy of Jan Max Krueger [17].



Chapter 5

The Design of the Dipole Trap

5.1 Introduction

Two dimensional systems are of great interest in condensed matter physics in

general and they have some special properties [64, 65]. A two dimensional Bose

gas confined in a uniform potential does not undergo Bose-Einstein condensation

(BEC); instead there is a Berezinskii-Kosterlitz-Thouless (KT) transition: a topo-

logical phase transition mediated by the spontaneous formation of vortex pairs,

which leads to a system that does not have long-range order but which is nev-

ertheless superfluid. Many features of the KT transition have been observed in

experiments with films of superfluid 4He on surfaces [66, 67] (see [68] for some

recent results). In experiments with a thin layer of spin-polarised atomic hydro-

gen gas on a liquid helium surface [69], evidence was found for the existence of a

quasi-condensate, a system that only possesses local phase coherence, in contrast

to a pure condensate that has a global phase.

The recent advent of laser cooling and subsequent Bose condensation of the

alkali metal atoms [6] has opened up a new avenue of investigation; while these

bosonic gases are initially cooled to quantum degeneracy as three dimensional

clouds, the addition of novel dipole force potentials can make these systems two

dimensional to varying degrees. A condensate can be called quasi-two dimensional

(Q2D) when the energy level spacing in one dimension exceeds the interaction

71
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energy between the atoms. In this case the particles obey 2D statistics but interact

in the same way as in a three dimensional system.

The first Q2D condensate was made with sodium atoms that were condensed

in a magnetic trap and then loaded into an attractive optical dipole trap [70]. The

dipole trap was made by tightly focusing a laser beam along one direction with a

cylindrical lens to achieve a trap anisotropy of ωz/ω⊥ = 79. In this experiment

the number of atoms, and hence the interaction energy, was reduced to enter the

Q2D regime. A Q2D condensate of two thousand caesium atoms has also been

made in a surface wave trap with an anisotropy of 50 [71]. In our experiment

we use two sheets of blue-detuned light to increase the axial confinement of our

magnetic trap; this approach allows anisotropies in excess of 700 to be achieved

as the radial confinement is provided independently by the magnetic trap, which

in turn allows more atoms to be loaded into the Q2D regime. The combination

of our magnetic time-averaged orbiting potential (TOP) trap and dipole potential

creates a flexible system with the ability to rotate the condensate so that vortex

nucleation can also be studied. In this chapter the design of the optical trap

and calculations concerning the optical potential are presented, some of the work

presented is published in [18].

5.2 The optical potential

The TOP trap has a maximum aspect ratio of ωz/ωx =
√

8; while this can be

reduced by the application of further magnetic fields, or by weakening the trap with

respect to gravity, it cannot be increased magnetically. To increase the anisotropy

and to produce strong axial confinement, an additional optical potential is required;

in this case, the atoms are trapped in the nodal plane at the focus of a Hermite-

Gaussian TEM01-like mode. To produce this light field the output from a laser at

wavelength λd = 532 nm (Coherent Verdi V-8 ) is passed through a phase-plate,

which imprints the top half of the beam with a π phase shift relative to the bottom

half. The phase-plate was manufactured in house and coated in such a way as to

have equal reflective losses from the upper and lower surfaces. After focusing with
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z

y

Figure 5.1: TEM01-like intensity distribution at the focus of the final cylindrical lens.
Axis convention is shown: z is in the vertical direction, y is horizontal across the beam
and x is along the direction of beam propagation, out of the page. The y and z directions
are not to scale. The optical potential creates relatively little confinement in the xy plane,

which we call the radial direction.

a cylindrical lens of focal length f = 160 mm in the z direction, the intensity

pattern at the focus resembles a TEM01 mode to a first approximation.

5.2.1 The intensity distribution in the focal plane

The axis convention used in this chapter is explained in Fig. 5.1. The coordinate

axes are denoted by capital letters for the input plane (at the position of the

cylindrical lens) and small letters in the focal plane, where the atoms are trapped.

The intensity distribution of the initial beam is given by

Iinit(Y, Z) =
2P

σyσzπ
exp

(
−2Y 2

σ2
y

)
exp

(
−2Z2

σ2
z

)
, (5.1)

where σy, σz are the beam waists in Y and Z direction, respectively, and P is the

power in the laser beam. The amplitude function φ̃(y, z) in the focal plane is [18]

φ̃(y, z) =
1√
λdf

∫ ∞

−∞
exp

(
ik̃Z

)
φ(y, Z)dZ , (5.2)

where φ(y, Z) = φ(Y, Z) =
√

Iinit(Y, Z) Θ(Z − Z0) is the amplitude function in

the input plane. The function Θ(Z − Z0) = 1 for Z < Z0 and Θ(Z − Z0) = −1

for Z > Z0. It represents the action of the phase-plate, which is assumed in the
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following to be aligned with the centre of the Gaussian beam for Z = Z0. The

cylindrical lens performs a 1D Fourier transform and k̃ = kz/f , k = 2π/λd. The

intensity in the focal plane is

Ifoc(y, z) =
∣∣∣φ̃(y, z)

∣∣∣
2

=
2P

λdf

σy

σz

erfi

(
kσzz

2f

)2

exp

(
−k2σ2

zz
2

2f 2

)
exp

(
−2y2

σ2
y

)
,

where the imaginary error-function erfi(z) is defined in terms of the conventional er-

ror function erf(z) evaluated for a purely imaginary argument: erfi(z) = −i erf(iz).

Calculation of the trap frequency

To first order erfi(z) ≈ (2/
√

π)z + O(z3). Inserting this approximation to erfi into

the above equation and expanding it up to second order in z we obtain

Ifoc(z) =
8πPσ3

z

λ3
df

3σy

z2 + O(z4) . (5.3)

Provided that ∆ À ∆FS [72], where ∆ is the detuning of the dipole trap from

resonance with the atomic transition and ∆FS is the fine structure splitting of the

transition, the potential energy of an atom in the dipole trap is related to the

intensity of the light field by

Udip(r) =
3πc2

2ω3
0

Γ

∆
I(r) , (5.4)

where c is the speed of light in vacuo, Γ and ω0 are the linewidth and frequency

of the atomic transition, and I(r) is the intensity of the dipole trapping beam. In

our experiment the atomic transition is the 2S1/2 →2 P1/2,3/2 in atomic 87Rb which

has a wavelength of 780 nm. From Eq. 5.3 and Eq. 5.4 we obtain for the axial trap

frequency Ω for an atom of mass m,

Ω2 =
24π2Pσ3

zc
2Γ

λ3
df

3σyω3
0m∆

. (5.5)

Going back to Eq. 5.3 we shall define the beam waists in the focal plane as wy = σy

and wz = 2f/(kσz). The latter relation is exactly that between the input and the
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output waists of a Gaussian beam. A Gaussian beam of any order transforms into

a different sized Gaussian beam of the same order through the action of a lens.

In our case the phase jump introduced by the phase-plate causes a zeroth order

Gaussian to transform into something closely resembling a first order Gaussian

beam (TEM01) rather than a zeroth order. Using the expressions for the beam

waists in the focal plane the intensity profile Eq. 5.3 can be written as

Ifoc(y, z) =
2P

πwywz

erfi

(
z

wz

)2

exp

(
−2z2

w2
z

)
exp

(
−2y2

w2
y

)
. (5.6)

The axial trap frequency Ω can then be expressed in terms of these waists as

Ω2 =
24c2ΓP

πmω3
0w

3
zwy∆

. (5.7)

In order to determine the trap frequency Ω for our experimental parameters,

we can measure the TEM00 profile in the input plane and then use Eq. 5.5 to

calculate the resulting trap frequencies of the optical potential in the focal plane.

Alternatively, we can measure the distance dz between the two intensity peaks in

the focal plane and use the relation dz = 1.8483 wz to determine Ω from Eq. 5.7.

The beam intensity profile, given by Eq. 5.3, differs somewhat from that of a

perfect TEM01, which is given by

ITEM01(y, z) =
8P

πw3
zwy

z2 exp

(
−2z2

w2
z

)
exp

(
−2y2

w2
y

)
. (5.8)

Substituting erfi(z) ≈ 2/(
√

π)z into Eq. 5.6, we obtain Eq. 5.8 with the initial

multiplying constant smaller by a factor of π. This approximation is only valid for

small z but it indicates that in the central region, where we want to confine the

atoms, the intensity of the focused beam is reduced by a factor of π with respect

to that of a pure TEM01 beam of the same power P . The reason is that much

power is lost in the very broad wings of the focused beam, which are much larger

than those of a pure TEM01 (see Fig. 5.2). The initial amplitude distribution has

a sudden jump in the middle where the amplitude goes from negative to positive.

The focusing lens performs a Fourier transform and in order to resolve the sudden
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Figure 5.2: The intensity distribution in the focal plane for the actual experimental setup
(solid line) and for the ideal TEM01 profile (dotted line) of the same total power.
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change in amplitude many higher spatial frequencies, represented by the wings of

the intensity profile in the focus, are needed.

To achieve a beam focus of 7.2 µm with a final lens of focal length f = 160mm,

the beam waist in the z direction before focusing must be 3.8mm. The beam waist

in the y direction is chosen to be 410 µm. From Eq. 5.5, the resulting axial trap

frequency is ≈ 2.7 kHz for P = 4.5W.

5.2.2 The effects of misalignment

The potential height and frequencies are decreased by misaligning the phase-plate

with respect to the incoming Gaussian beam. Two types of misalignment can

occur. The first one is displacement of the phase step on the phase-plate from the

centre of the Gaussian beam. In this case Z0, defined below Eq. 5.2, is not equal

to zero. As a result the intensity dip in the central region fills up for large values of

the displacement parameter ξ = Z0/σz. Fig. 5.3 shows a series of potential plots for

various values of ξ. The central dip has completely disappeared for ξ = 1.5. The

resulting change in trap frequencies is shown in Fig. 5.4 (solid line), which plots

Ω normalised by its value when ξ = 0. The dotted line plots the potential height

normalised by its value for ξ = 0: ∆pot = (Imax(ξ)− Imin(ξ))/(Imax(0)− Imin(0)).

The effect of rotational misalignments between the input beam, the phase-plate

and the final cylindrical lens have been calculated numerically for our experimental

parameters (see Fig. 5.5). The results show that the optical potential at the beam

focus is relatively insensitive to the precise rotational alignment of the phase-plate;

however, the angle that the elongated input beam makes with the cylindrical lens is

much more critical, as misalignment decreases the axial confinement and introduces

some confinement along the y direction. In our experiment we aim to minimise

the y confinement and maximise the axial confinement provided by the optical

potential.
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Figure 5.3: The actual potential is plotted for various values of the displacement param-
eter: ξ = 0 (solid line), ξ = 0.3 (dashed line), ξ = 1.0 (dot-dashed line), ξ = 1.5 (dotted

line).

Figure 5.4: The oscillation frequency for rubidium atoms in the potential normalised by
its value for ξ = 0 (Ω/Ωmax) is plotted against the phase-plate displacement parameter

ξ (solid line). The potential height ∆pot decreases with increasing ξ (dotted line).
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c)

Figure 5.5: The effect of angular misalignment between the input beam and the final
lens calculated for wz=7.2µm and P = 4.5 W. (a) Plot shows decrease in axial trapping
frequency as a function of angular misalignment. (b) Plot shows the confinement in the
y direction as a function of angular misalignment. (c) Intensity distributions at the focus
of the cylindrical lens for 2, 5 and 10 degrees of input beam misalignment (left to right;

the y and z axes are not the same scale).



5.2. The optical potential 80

5.2.3 The intensity distribution out of the focal plane

The intensity distribution in the focal plane of the final cylindrical lens can be

related to the field distribution after the phase-plate with a 1D Fourier transform,

as shown in section 5.2.1; however, it is more difficult to calculate the intensity

distribution out of the focal plane. The method adopted here is to expand the

field distribution, after the phase-plate, in a Hermite-Gaussian (HG) basis. Each

of the HG modes propagates through a lens system without changing its normalised

shape; only the relative phase of each mode changes. The individual modes can

be propagated using standard Gaussian beam methods and recombined, with the

correct relative phases, to produce the intensity distribution in an arbitrary plane.

A complete set of properly normalised, higher-order HG mode functions for a

beam propagating in free space are given, in one transverse dimension, by [73]

φn(x, z) =

(
2

π

)1/4 (
1

2nn!σz(x)

)1/2

exp [−i(n + 1/2)ψ(x)]× . . .

Hn

( √
2z

σz(x)

)
exp

(
−i

kz2

2q(x)

)
,

(5.9)

where Hn is a Hermite polynomial of order n, σz(x) is the beam width in the z

direction, ψ(x) can be identified with the Guoy phase shift, and the complex beam

parameter q(x) is defined in the standard way

q(x) = q(0) + x, q(0) = i
πσ2

z(0)

λd

. (5.10)

An arbitrary amplitude distribution f(0, z) can be expressed in the form,

f(x, z) =
Nmax∑
n=0

cnφn(x, z) , (5.11)

where f(0, z) =
√

Iinit(Y, Z) Θ(Z −Z0), the step function defined in section 5.2.1.

The orthonormality of the φn basis allows the coefficients cn to be determined by

cn =

∫ ∞

−∞
f(0, z)φ∗n(0, z)dz . (5.12)



5.2. The optical potential 81

The choice of beam waist used in the expansion is a free parameter, as is the

number of HG modes used. The maximum number Nmax is limited to 64 in our

implementation, above this number numerical rounding errors become significant;

the expansion beam waist was chosen to provide the best least squares fit to f(0, z)

with Nmax modes. For the purpose of this analysis, the phase-plate is located at

x = 0, and the final cylindrical lens L4 is at x = xL4 with focal length f4. In this

case the Guoy phase shift term evaluates to

ψ(x) = tan−1

(
x

xR1

)
: x < xL4

ψ(x) = tan−1

(
xL4

xR1

)
+ tan−1

(
x− f4 − xL4

xR2

)
+

π

2
: x ≥ xL4 ,

(5.13)

and the complex beam parameter is

q(x) = q(0) + x : x < xL4

q(x) =

(
1

q(0) + xL4

− 1

f4

)−1

+ x− xL4 : x ≥ xL4 .
(5.14)

These expressions can be further simplified in the case of our experiment as xL4 ¿
xR1 = πσz(0)2/λd ' 85m,

ψ(x) = 0 : x < xL4

ψ(x) = tan−1

(
x− f4 − xL4

xR2

)
+

π

2
: x ≥ xL4 ,

(5.15)

q(x) = q(0) : x < xL4

q(x) =
f4q(0)

q(0)− f4

+ x− xL4 : x ≥ xL4 .
(5.16)

In this limit the expression for the beam width is also simplified,

σz(x) = σz(0) : x < xL4

σz(x) =
f4λd

πσz(0)

√
1 +

(
x− xL4 − f4

xR2

)2

: x ≥ xL4 .
(5.17)

When the coefficients cn have been determined in an initial plane, φn(x) can

be calculated for an arbitrary plane x with the use of Eqs. 5.15, 5.16 and 5.17; the
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total intensity distribution |f(x, z)|2 is reconstructed from Eq. 5.11 and converted

to the optical potential with Eq. 5.4.

To determine the behaviour of the optical potential out of the focal plane, a

Gaussian beam with initial widths σz = 3.8mm, σy = 410 µm and P = 4.5W,

with a π phase discontinuity at z = 0, was propagated though a cylindrical lens

(f4 = 160mm at xL4 = 160 mm) using the above method. The results showed that

the oscillation frequency of the potential in the z direction decreases rapidly with

distance from the focal plane of L4, halving its peak value 0.6mm away from the

focus. However, the peak to peak distance of the central dip in the potential was

still equal to approximately 110% of the Gaussian width of the distribution at a

distance of 40mm; in the focal plane the peak to peak distance of the central dip

is 185% of the Gaussian width.

5.3 Asymmetric beam expansion

A schematic diagram of the experimental setup is shown in Fig. 5.6. To achieve

a high axial confinement frequency, a tight focus is required in the z direction, as

such the beam is expanded in this direction prior to focusing. A suitable choice of

beam width is also required in the y direction to determine the area in the xy plane

throughout which tight confinement can be realised. The y and z beam widths are

not the same and so some method of asymmetric beam expansion is required; for

this experiment two orthogonal, cylindrical telescopes are used. A telescope made

up of two lenses does not allow arbitrary magnification and recollimation of the

incident beam, only one or the other is possible. The telescopes used here each

have three lens elements to allow for both arbitrary magnification and collimation.

Using the ABCD ray matrix method [74], the magnification of the telescope can

be calculated

M =

(
1− x1

f1

)(
1− x2

f2

)
− x2

f1

, (5.18)

where fi is the focal length of the ith lens, x1 is the distance between the first

and second lens, and x2 is the distance between the second and third lens. The
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Figure 5.6: Schematic drawing of the optical layout showing the cylindrical telescopes,
the π phase-plate and the final cylindrical lens. Shaded arrows indicate the location of

sub-micron actuators for positional control over the focus.

requirement that the light emerges from the telescope in a collimated beam is then

satisfied by applying the following restriction:

x2 =
x1 (f2 + f3)− F

x1 − f1 − f2

, F = f1f2 + f1f3 + f2f3 . (5.19)

5.3.1 The telescope for focusing in the z direction

To achieve a beam focus of 7.2 µm with a final lens of focal length f = 160 mm, the

beam waist in the z direction before focusing must be 3.8 mm. The initial width of

the beam output from the Coherent Verdi V8 laser was measured to be 1.152mm

and so a magnification in the z direction of Mz = 3.3 is required.

The telescope was designed to produce magnifications in the range 2− 5 with

sensible spacings between the lens elements. A series of designs, which satisfied

this requirement, were analysed to determine which lens system would have the
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Figure 5.7: Actual layout of the cylindrical telescopes and the intensity control system.

smallest effect on the focus of the final cylindrical lens (f4 = 160mm) one metre

after the telescope, if each component was translated axially by a small amount.

The optimal system was found to be a telescope comprised of a converging lens

(f1 = 100 mm), a diverging lens (f2 = −63mm) and a converging lens (f3 =

160mm).

Lens L ∆wf/∆xL (µm/mm) ∆xf/∆xL

1 0.01 0.236
2 0.31 0.766
3 0.29 1.001

Table 5.1: Variation of focus width and position after the final cylindrical lens L4 (f4 =
160mm) with the position of each lens in the z cylindrical telescope.

It can be seen from Table 5.1 that there is little variation of the beam waist at

the focus of L4; however, translation of the final lens in the telescope L3, relative

to L1 and L2, has an almost one to one effect on the position of the focus. To

improve the stability of the system, and hold the lenses firmly fixed relative to

each other, the telescope was fixed to a rail system (Comar 01 RR 300/450) and

then firmly attached to the optical bench. To achieve the desired magnification for



5.3. Asymmetric beam expansion 85

this set of lenses, solution of Eq. 5.18 and Eq. 5.19 fixes the spacing x1 = 16.8 cm

and x2 = 12.7 cm.

5.3.2 The telescope for focusing in the y direction

The choice of the beam width in the y direction determines the area in the xy plane

throughout which tight confinement can be realised. If the optical confinement in

the z direction is to be radially symmetric in the xy plane, a sensible choice is to

make the beam width in the y direction the same as the Raleigh range of the focus

in the z direction. This gives a value of wy = πw2
z/λd = 306µm. A more rigourous

approach which equates the curvatures in the y and x directions, gives a value of

wy = 2πw2
z/
√

3λd = 353 µm. The initial beam width output from the Coherent

Verdi V8 laser was measured to be 1.152mm, and so a magnification My = 0.31

is required. A telescope that provides magnification in the range 0.25 − 0.75,

again with sensible spacings between the lens elements, was constructed from a

converging lens (f1 = 160mm), a diverging lens (f2 = −63mm) and a converging

lens (f3 = 160mm).

There is no other lens after the telescope in the y direction, and so the beam

waist that leaves the telescope is approximately that which coincides with the focus

in the z direction. This is slightly complicated by the Raleigh range for a beam

of width 353 µm, ∆xy = πw2
y/λd = 73.6 cm, being comparable to the distance

between the telescope and the z focus; the divergence of the beam travelling this

distance cannot be ignored. The solution is to adjust the telescope, not to collimate

the light beam, but to focus the beam 60 cm beyond its third lens, to coincide with

the z focus (see Fig. 5.8). If the divergence was not a problem then solution of

Eq. 5.18 and Eq. 5.19 would fix the spacing x1 = 11.7 cm and x2 = 30.0 cm;

however, in order to obtain a beam width of wy = 341µm at a point 60 cm after

the third lens, x1 = 11.9 cm and x2 = 29.0 cm. This adjustment is very sensitive

to the position of the lenses; the beam width that coincides with the z focus was

measured to be 410 µm.
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Figure 5.8: The beam width in the y (solid line) and z (dashed line) directions as a
function of distance along the optical axis. (a) Overview showing changes in telescopes
and at the position of the atoms. (b) Zoom of y width in y telescope. (c) Zoom of z

width in z telescope.
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5.4 Optics and control

5.4.1 Phase-plate manufacture

The π phase-plate was created by coating a thin, flat etalon plate made of silica (1′′

diameter); the process was carried out at the Oxford Thin Film Facility, courtesy

of Chris Goodwin. The first coating was a two layer Al2O3/MgF2 anti-reflection

coating for λd = 532 nm over the entire substrate. The optical path of the light

travelling through the one half of the phase-plate must be λd/2 further than for

light travelling through the other half. This can be expressed as

(nc − nair)d =
λd

2
, (5.20)

where d is the thickness of the coating on one half of the phase-plate, nc is the

refractive index of the coating, and nair is the refractive index of air. A mask

was used to cover up half of one face and a 192 nm layer of MgF2 (nMgF2
= 1.38)

applied, which amounted to an optical path difference of 0.137λd. This was not

what was actually required, due to a misunderstanding, and so the phase-plate

was returned for another 508 nm layer of MgF2, which would have increased the

path difference to λd/2. However, it was realised that by changing the material of

the new layer, the reflection loss on the coated side could also be reduced. A layer

of material of the correct thickness to achieve a path difference of λd/2, but with a

refractive index of 1.60, would produce negligible reflection at 532 nm when placed

on top of the layers already present. For this reason a 322 nm layer of LaF3, with

a refractive index of 1.58, was deposited on top of the layer of MgF2 to give the

required phase difference.

5.4.2 Intensity control

The intensity of the dipole trapping beam needs to be controlled precisely in order

to load and release atoms from the hybrid trap. Although the intensity of the

Coherent Verdi V8 laser can be controlled remotely, via a serial port connection,

the rise and fall times are too slow (140ms/W) and the intensity changes not
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Figure 5.9: Photograph of the π phase-plate in a mount.

sufficiently smooth for this to be the primary control mechanism.

An electro-optic modulator (EOM), with its crystal axis at 45◦ to the beam

polarisation, was inserted between two polarising beam-splitting cubes, to act as

a fast control over the intensity (see Fig. 5.7). The first cube ensures that the

light entering the EOM is linearly polarised; the light exits the EOM crystal with

a phase difference between the ordinary and the extra-ordinary directions which

is linearly proportional to the applied electric field: a relative π phase shift is

required to rotate the polarisation around the optical axis by π/2, so that complete

transmission at the second cube becomes complete reflection. A quarter-wave

plate was inserted before the EOM, with its axes also at 45◦ to the initial beam

polarisation, to reduce the voltage requirement as the required phase shift becomes

±π/2.

The EOM is a dry, single crystal, longitudinal cell (Leysop EM508) with anti-

reflection coatings on the windows, and a single layer MgF anti-reflection coating

applied directly to the crystal. The dry cell was chosen to avoid convection currents

developing within the cell, which could lead to beam pointing instability at higher

powers. The cell requires ±2.5 kV to introduce the necessary phase shifts; the high

voltage is supplied with an amplifier (Leysop 5000 series) that is in turn controlled

with a low voltage analogue output from the computer. To avoid noise on this

output line being transmitted onto the light signal, a switchable low-pass filter was



5.4. Optics and control 89

designed and added to the line. The filter can be digitally switched between two

time constants τ = {2 µs, 6 ms}, the shorter value is only used briefly to suddenly

switch off the beam. The EOM system allows the light to be completely switched

on or off within a few microseconds.

The intensity transmitted by the second polarising cube varies as

Itrans = I0 [1− sin (αEOMV )] , (5.21)

where I0 is the initial intensity, V is the control voltage in volts (proportionate

to the actual voltage), and αEOM was measured to be 0.94V−1. The real system

departs from the ideal system in that only 80% of the incident light passes through

the EOM; however, for the light that does pass though, the maximum transmission

obtained is 98% and the minimum transmission is 2%. In order to achieve complete

attenuation of the laser beam, a shutter with a 6mm aperture (Uniblitz LS6Z2)

was added after the second polarising cube. The shutter was fitted with high power

density blades, although it is only used to block light at the 2% level that the EOM

cannot attenuate; the shutter closes in less than a millisecond when driven with

the commercial driver.

5.4.3 Positional control

Sub-micron actuators give independent control over the focus of the optical po-

tential in three dimensions; stability and a high degree of control are essential to

align the focus of the dipole beam with the atoms in the magnetic trap. The x and

z position of the focus can be controlled by moving the final cylindrical lens: the

lens is mounted on an high stability xz translation stage (New Focus 9064M-XZ),

each axis can be moved independently by sub-micron actuators (New Focus Pico-

motor 8302) with 28mm of travel. The Picomotors use a friction drive mechanism

to slowly turn a micrometer screw; this has several advantages, most notably a

relatively large range of travel, no movement at all when the Picomotor is turned

off, and small step sizes (∼ 30 nm). The y position of the focused beam is changed

by moving the position of a mirror which deflects the beam through 90 degrees
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(see Fig. 5.6); this mirror is supported on a high stability translation stage (New

Focus 9064M-X) and a Picomotor is again used to control the motion.

The Picomotors are connected to a drive unit (New Focus 8753), capable of

driving a maximum of three devices (although individual drive units can be linked

together). The drive unit in turn is connected to an ethernet controller (New

Focus 8752) which allows the Picomotors to be controlled by computer via a serial

connection.



Chapter 6

Alignment and Calibration of the
Dipole Trap

6.1 Loading and releasing atoms

When the magnetic is combined with the optical potential the central position of

the combined potential, in the axial z direction, is given by

zc(t) = zl

(
1 +

ω2
m

ω2
l (t)

)−1

, (6.1)

where zc is the position of the combined potential relative to the centre of the

magnetic trap, zl is the position of the centre of the optical potential, and ωl and

ωm are the angular frequencies of the optical and magnetic potentials respectively.

After a condensate of ∼ 105 atoms has been formed in the |F = 1,mF = −1〉
state, it is adiabatically loaded into the combined potential: the intensity of the

dipole force laser beam is ramped from zero to its maximum value in 100-300 ms

(depending on the strength of the optical potential). This ensures that no dipole

modes, or internal modes of the condensate, are excited during the loading phase.

This was confirmed by an exact numerical simulation of the hydrodynamic scaling

equations, outlined in section 2.2.4. The combined central position changes most

rapidly when the frequencies of the potentials are comparable (see Eq. 6.1) at the

beginning of the ramp. For the highest frequency dipole traps this means that the

ramp needs to be extended to give the condensate a smooth transition and avoid

91
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Figure 6.1: The decay of the quadrupole gradient when the current is suddenly switched
off. Each curve shows the decay of the field from a different initial value.

unnecessary heating. The initial stage of the ramp also occurs more slowly than

the final stage.

The dipole trap can be switched off by the EOM in a few microseconds, however

the magnetic trap requires almost 600 µs before the current in the quadrupole coils

decays (see Fig. 6.1). This can create a problem when looking at the expansion

of condensates that are tightly confined by the optical potential; simulations show

that when suddenly released, the expansion of the condensate can be slowed or even

temporarily reversed by the residual magnetic fields. The solution is to introduce

a delay of 600 µs after the magnetic field begins to decay, before switching off the

optical potential.

6.2 Alignment

6.2.1 Ionisation of atoms in a MOT

The size and depth of the optical potential are too small to provide any noticeable

change to the Magneto-Optical Trap (MOT) used in the first stage of our experi-



6.2. Alignment 93

ment, and so initial alignment was carried out by making the beam from a 397 nm

semiconductor diode laser co-linear with the dipole trapping beam: the beams were

combined on a dichroic mirror (Comar 475 BK 25). Photons at this frequency are

sufficiently energetic to ionise 87Rb atoms and deplete the MOT, providing a clear

signature for alignment. It is possible to estimate the photoionisation rate from

[75]

R5l = σ5lβIb
λb

hc
, (6.2)

where l = (S1/2, P3/2), σ5l is the one photon ionisation cross-section, and Ib and λb

are the intensity and wavelength of the blue diode laser beam. The geometrical

correction coefficient β is defined as [75]

β =

[
1 +

(
rMOT

wb

)2
]−1

, (6.3)

where rMOT ' 2mm is the Gaussian width of the MOT, and wb ' 600 µm is

the Gaussian width of the blue laser beam. The ionisation cross-sections have

previously been measured to be σ5P3/2
= 1.34 × 10−17 cm2, σ5P3/2

= 71σ5S1/2
[75].

The blue diode (Toptica LD-0405-0005-2) used for this experiment was mounted

and temperature stabilised; its maximum power output was 5mW. The MOT

excited fraction is estimated to be 17%; combining this result with Eq. 6.2 leads

to an estimated MOT lifetime of 5 s against photoionisation.

A shutter was placed in the ionising beam. When the shutter was opened the

MOT fluorescence was captured by a photodiode and recorded on a digital scope.

The fluorescence signal was fitted with an exponential decay function to determine

a lifetime for the MOT. The position of the ionising beam was scanned in the

y and z directions and a lifetime measured for each position (see Fig. 6.2). The

lifetime shows a clear minimum in both directions allowing the ionising beam, and

the dipole beam, to be aligned with the centre of the MOT to within 200 µm. For

this alignment procedure the narrow band mirrors along the optical path of the

dipole beam had to be replaced with broadband visible mirrors (Comar 25 MF 02,
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Figure 6.2: The lifetime of the MOT against photoionisation for different positions of
the ionising beam, which is co-linear with the dipole beam, in the y and z directions.
The minima in the plots show when the beam is aligned with the centre of the MOT.

Visible 99) that could reflect both frequencies of light.

Subsequent coarse alignment was carried out by lining up the MOT with the

entry and exit reflections of the trapping beam on the quartz cell, viewed through

a video camera. Both of these procedures allow the beam to be aligned to within

a similar distance of the magnetic trap centre in the y and z directions.

6.2.2 Supporting the atoms

For the next stage of alignment the atoms were supported against gravity on top

of the laser beam. The power in the trapping beam was then reduced, until the

atoms were only just supported, and the beam moved in the xy plane: as the beam

focus is moved closer to the atoms, less power is required to stop the atoms from

falling. This is an iterative process, which is accurate to ∼ 30 µm in x and y.
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6.2.3 Deflecting the atoms

The most critical direction for alignment in our experiment is the z direction,

which needs to be aligned to within a few microns to load atoms from the magnetic

trapping potential into the dipole trap. Alignment in this direction exploits a delay

that is required between the switch off of the magnetic and optical potentials, see

section 6.1 for details. After the magnetic field begins to decay there is a delay

of 600 µs before the optical potential is switched off. The equilibrium position

of the atoms in the combined potential is not quite the same as the equilibrium

position in the purely optical potential; the result is that the atoms move in the

optical potential during the delay. The velocity they acquire during this period is

sufficient after 15 ms of free expansion to allow the start position relative to the

potential to be calculated and is accurate to ∼ 1 µm.

In Fig. 6.3 the position of the dipole trap beam is scanned in the z direction

while the magnetic trap, which defines the initial position of the atoms, remains

fixed. The dipole trap intensity is then ramped on and the position of the atoms

observed after free expansion. Fig. 6.3(a) shows the pattern observed and expected

for a TEM01 potential, shown in Fig. 6.3(b). The magnetic and dipole traps are

only aligned in the central region of the plot in Fig. 6.3(a), this coincides with a

sharp increase in the axial expansion of the condensate. The beam waist can be

accurately measured from the width of the central region. This method can also

be used to profile the beam at various points along its optical axis and to partially

reconstruct the intensity profile. Fig. 6.3(c) shows a scan further away from the

beam focus, and Fig. 6.3(d) is an intensity pattern that produces the observed

deflection. The extra maxima in the potential in (d) are caused by the phase-plate

departing from the ideal 0 to π step-function, however, the optical potential at the

focus is unaffected.
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Figure 6.3: The position of the dipole trap beam is scanned in the z direction while the
magnetic trap, which defines the initial position of the atoms, remains fixed. The dipole
trap intensity is ramped on and the position of the atoms observed after 15ms of free
expansion. (a) shows a scan close to the focus while (c) shows a scan further away from
the focus of the trapping beam. The white circles are experimental points and the solid
lines are the deflections expected for the potentials in (b)/(d), which are potentials that
agree with the observed deflection. The extra maxima in the potential in (d) are caused
by the phase-plate departing from the ideal 0 to π step-function, however, the optical

potential at the focus is unaffected.
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6.3 Calibration

6.3.1 Measuring the axial confinement

Dipole frequency measurements in the radial and axial directions are used to char-

acterise the trap. For the highest frequency traps, the measurement is complicated

because the TOP frequency (7 kHz) is comparable to the dipole frequency in the

axial direction. Efforts to observe the dipole oscillation with the TOP field on

were unsuccessful for this reason. It is therefore necessary to move the quadrupole

centre above the optical potential and turn off the TOP field to avoid atom loss

through Majorana spin flips. In this geometry it is necessary to suddenly change

the quadrupole gradient to excite the dipole mode. We have measured an axial

frequency of 2.2 kHz, as shown in Fig. 6.4 for a beam waist of 7.2 µm, determined

from the deflection of atoms as previously explained. This agrees roughly with the

expected value of 2.7 kHz for an ideal phase-plate profile, calculated using Eq. 5.5,

when the rotational misalignment between the phase-plate and the final cylindrical

lens is taken into account. A rotation by only 4 ± 1 degrees effectively changes

the axial frequency to 1.94∓ 0.27 kHz. From the frequency measurement it is also

possible to estimate the axial beam drift to be approximately 18 µm/hr, as the

time between collecting each data point is approximately three minutes; the beam

drift explains the gradient of the data in Fig. 6.4.

We also measured the axial size of the condensate as a function of trapping

beam power. The condensate expanded for 15ms before it was imaged. The

results are shown in Fig. 6.5 and are in good agreement with the hydrodynamic

theory and the assumption that Ω ∝ √
P , as would be expected for a harmonic

dipole trap (see Eq. 5.5). These measurements were made at a radial frequency of

61Hz and so the hydrodynamic expansion theory applies.

6.3.2 Measuring the radial confinement

The radial trap frequencies have also been measured by exciting dipole modes and

by measuring the aspect ratio of the condensate (defined as σy/σx, where σ is
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Figure 6.4: Axial frequency measurement with TOP field turned off. • are experimental
points, the solid line is a sinusoidal fit to the data used to extract the frequency.

Figure 6.5: Axial condensate size, after 15 ms of free expansion, as a function of power.
The axial/radial trap frequency is 960Hz/61 Hz when the laser power is 4.5 W at the
position of the atoms. • are the experimental data, the solid line is the hydrodynamic
prediction provided that fz ∝

√
P , as is expected for a harmonic potential. While the

in-trap axial condensate size is reduced with increasing laser power, the measured size
after free expansion increases; the reversal of the aspect ratio is typical of hydrodynamic

free expansion.
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the width of the condensate extracted from a Gaussian fit) in the xy plane after

free expansion. At high values of radial confinement from the magnetic trap, the

dipole frequencies were as expected for a purely magnetic potential; however, as

the magnetic confinement was reduced it was observed that the cloud elongated

along the beam direction (see Fig. 6.6), and when the dipole mode was excited

it oscillated only along the propagation direction of the trapping beam. In this

direction the dipole oscillation frequency agrees with the expected value for a

purely magnetic potential, but across the beam there is some extra confinement

provided by the optical potential. The expected aspect ratio was calculated using

the variational model described in section 7.4.2 and the optical frequency along

the y direction was used as a fitting parameter for the data in Fig. 6.6. For a fixed

optical frequency a curve was calculated for all the various magnetic frequencies

and the resulting curve compared to the data points. This procedure was repeated

to find the least squares minimum value for the optical potential. This was found

to be equivalent to 26Hz for an axial trapping frequency of 1990Hz and is caused

by the rotational misalignment described above. Indeed subsequently we have

measured the tilt of the input beam relative to the final cylindrical lens and found

a value of 4 ± 1 degrees; from Fig. 5.5 it can be seen that this range of angles

should theoretically give oscillation frequencies between 19 and 23Hz.
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Figure 6.6: Aspect ratio of the condensate, defined as σy/σx, after 20ms free expansion.
◦ and • are the measured aspect ratios of a cloud released from a hybrid trap with
fz=960Hz and fz = 1990 Hz respectively. The solid line and dashed line are fits to the
data using the variational method; this allows the frequency of the optical potential along
y to be determined. For the data given, fy=12.0Hz and fy=26.0Hz from the optical
potential alone. As expected, there is more confinement in the trap with the higher axial

frequency.



Chapter 7

Bose-Einstein Condensation in 2D

7.1 Introduction

Quasi-2D (Q2D) condensates have many interesting properties that are not present

in 3D: the effect of phase fluctuations has been examined theoretically in [76]; the

possibility of vortex production as a mechanism for the decay of a quadrupole

mode is examined in [77]. Indeed, while it has been shown that in a harmonically

trapped non-interacting gas Bose-Einstein condensation can occur [78], there is

still a question of when an interacting 2D system supports a Kosterlitz-Thouless

(KT) rather than a BEC transition. In this chapter the behaviour of a Bose gas

in two dimensions is contrasted with the three dimensional case. The thermody-

namic criterion for the KT transition is examined in some detail and compared to

the requirement on the phase coherence length. The possibility of observing the

spontaneous formation of closely spaced vortex anti-vortex pairs in a Q2D confined

condensate is also examined. Measurements of the free expansion of the conden-

sate are used to confirm that the condensate is confined in the Q2D regime; these

measurements were published in [18].
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7.2 Condensation of an ideal Bose gas

7.2.1 The uniform Bose gas

For a two dimensional uniform gas the density of states is given by

ρ(k) =
A

(2π)2 d2k , (7.1)

where A is the area occupied by the gas. Substituting this result into Eq. 2.3, and

using the free particle energy ε(k) = ~2k2/2m, where m is the mass of the boson,

gives

n− n0 =
1

2π

∫ ∞

0

k

exp
(

ε(k)−µ
kBT

)
− 1

dk , (7.2)

where n = N/A and n0 = N0/A. At the condensation temperature the chemical

potential vanishes and the momentum distribution exhibits an infrared divergence

proportional to 1/k2. In the thermodynamic limit, this yields a divergent contri-

bution to the integral in Eq. 7.2 and violates the normalisation condition: conden-

sation is not possible, and there is no macroscopic occupation of the ground state

for T > 0.

7.2.2 The trapped Bose gas

For a two dimensional harmonically confined gas the confining potential is

Vext(r) =
1

2
mω2

⊥r2 +
1

2
mω2

zz
2 , (7.3)

where the axial confinement can be ignored, as all of the particles are assumed to

be in the axial ground state. The quantised energy spectrum of a two dimensional

harmonic oscillator is given by

εnxny =

(
nx +

1

2

)
~ωx +

(
ny +

1

2

)
~ωy , (7.4)
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which leads to the density of states [78]

ρ(ε) =
ε

(~ω⊥)2
. (7.5)

This expression can be substituted into Eq. 2.3, as kBT À ~ω⊥, and the chemical

potential set equal to zero; a further substitution x = ε/kBT gives

N −N0 =

(
kBT

~ω⊥

)2 ∫ ∞

0

x

ex − 1
dx , (7.6)

where the integral evaluates to π2/6. At the critical temperature N0 is set to zero

so

Tc =

√
6N

π2

~ω⊥
kB

. (7.7)

In the harmonically trapped case it is possible to achieve condensation in an ideal

gas in two dimensions: an extended analysis has shown that condensation is in

fact possible for any power law potential [78]. Substitution of Eq. 7.7 into Eq. 7.6

leads to an expression for the condensate fraction as a function of temperature,

N0

N
= 1−

(
T

Tc

)2

. (7.8)

This result applies for a large number of atoms; however, for atom numbers N <

1000 there is some broadening of the transition region, an analysis of this effect

can be found in [79].

In our experiment, when the optical potential has been turned on, the chemical

potential µ and the temperature T of the gas are still functions of the radial

magnetic confinement frequency ω⊥. If the radial potential is relaxed so that µ <

~ωz and kBT > ~ωz, then the condensate enters the Q2D regime, but the thermal

cloud does not and a cubic power law dependence of the condensate fraction with

temperature will still be expected. It is only when ω⊥ is reduced further to make

kBT < ~ωz that the quadratic dependence of Eq. 7.8 will be observed.
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7.3 The interacting Bose gas

7.3.1 The uniform Bose gas

Bose-Einstein condensation in a uniform gas is associated with a global phase

relationship. Kane and Kadanoff [80] investigated the effect of phase fluctuations

on a condensed Bose system in one, two and three dimensions: their results indicate

that at non-zero temperatures, long range order only appears in three dimensions.

Investigations by Hohenberg [81] also ruled out the existence of long range order

in Bose and Fermi systems for one and two dimensions at finite temperature;

confirming the absence of a true condensate for T > 0 in two dimensions. However,

rather than ruling out the occurrence of a superfluid phase transition altogether,

Kane and Kadanoff noted that ‘if the phase transition exists in two dimensions, it

will have a different character than in three dimensions’ [80].

In 1978, Bishop and Reppy [66] characterised the superfluid transition for a two

dimensional film of 4He adsorbed onto a Mylar substrate. The superfluid transi-

tion exhibited marked differences from the three dimensional case; most notable

was the sudden onset of superfluidity at the transition temperature, in contrast

to the power law dependence which is characteristic of Bose condensation. Their

measurements confirmed that the transition was associated with the formation of

bound vortex pairs just below the transition temperature, as predicted by Koster-

litz and Thouless [67]. It is now thought that below the Kosterlitz-Thouless (KT)

transition temperature the Bose gas is characterised by the presence of a quasi-

condensate, a condensate with fluctuating phase. In this case the system can be

divided into blocks with a characteristic size greatly exceeding the healing length

but smaller than the radius of phase fluctuations [79]. There is a true condensate

in each block but the phases of different blocks do not have any correlation with

each other. Evidence for the existence of a quasi-condensate in a two dimensional

film of dilute atomic hydrogen has recently been found [69].
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7.3.2 The Kosterlitz-Thouless transition

Calculation of the Kosterlitz-Thouless (KT) temperature is equivalent to calculat-

ing the point at which it becomes energetically favourable to nucleate free vortices

as the ground state of the system. In a canonical ensemble, the ground state is

found by minimising the free energy of the system, thus it is necessary to consider

both the energy and entropy changes of adding a single vortex to the system.

The velocity field around a singly charged vortex in a condensate is given by

v =
~

mr
θ̂ , (7.9)

so the rotational energy of a vortex, neglecting any changes to the condensate

density profile is

U =

∫
n′0

~2

2mr2
r drdθdz =

πn′0~2

m

∫ r⊥

ξ

dr

r
dz . (7.10)

Making the approximation that dz ' √
πaz, where az =

√
~/mωz is the harmonic

oscillator length in the z direction,

U =
π3/2n′0~2az

m
ln

(
r⊥
ξ

)
. (7.11)

The entropy is related by Boltzmann’s formula to the number of identical sites

available to a vortex,

S = kB ln

(
r⊥
ξ

)2

= 2kB ln

(
r⊥
ξ

)
, (7.12)

where r⊥ is the size of the two dimensional system. The KT transition occurs

when the free energy for a single vortex becomes negative F = U − TS < 0, the

free energy calculated from Eq. 7.11 and Eq. 7.12 is

F =
πρs~2

m2
ln

(
r⊥
ξ

)
− 2kBTKT ln

(
r⊥
ξ

)
, (7.13)
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which leads to the well known result

ρs = 8πkB

(m

h

)2

TKT , (7.14)

where the two dimensional superfluid density ρs = mn′0
√

πaz. This relationship

was experimentally verified for the case of a two dimensional film of 4He [66].

7.3.3 The harmonically trapped Bose gas

Several authors have shown that the presence of the trapping potential stabilises

the condensate against long wavelength fluctuations [82]. The trapping potential

introduces a finite size to the sample, which sets a lower bound for the momentum

of excitations and reduces phase fluctuations [76]; for a quasi-2D harmonically

trapped condensate Petrov [76] has calculated the expected magnitude of the phase

fluctuations across the condensate to be

〈(δφ(rTF ))2〉 ≈ 3

(
T

Tc

)(
mg′

2π~2

)1/2
ln N√

2
, (7.15)

where g′ will be defined later, and is related to the three dimensional coupling

constant. For our experimental parameters: T/Tc = 0.5, (mg′/2π~2)1/2 = 0.1

and ln N = 10.81, this gives 〈(δφ(rTF ))2〉 ≈ 1.14. The phase coherence length

(defined as the value of r for which 〈(δφ(r))2〉 ≈ 1) is less than the radius of the

condensate, and so a phase fluctuating condensate would be expected to occur;

in future experiments it may be possible to measure the magnitude of the phase

fluctuations as proposed in [83]. However, provided the temperature remains less

than T/Tc = 0.2 the phase coherence length will be larger than twice the length

of the condensate, and the Gross-Pitaevskii equation can be used as a reasonable

model. Ignoring the radial kinetic energy term leads to

−~2

2m

∂2Ψ

∂z2
+

1

2
mω2

zz
2Ψ +

1

2
mω2

rr
2Ψ + gN0|Ψ|2Ψ = µΨ . (7.16)

It is assumed that the wavefunction for a single atom can be factorised as follows:

Ψ = Z(z)R(r) , (7.17)
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where the axial part is the ground state harmonic oscillator wavefunction

Z(z) =
(mωz

π~

)1/4

exp

(
−mωzz

2

2~

)
. (7.18)

Substituting into Eq. 7.16, multiplying by Z∗(z), and integrating over z, leads to

a two dimensional equation for the radial wavefunction [84]:

1

2
mω2

rr
2 + g′N0|R(r)|2 = µ′ , (7.19)

where the non-linear coupling constant in the quasi-2D regime is given by

g′ =
(mωz

2π~

)1/2

g . (7.20)

This holds provided that the scattering remains three dimensional az À as; this

condition differentiates between quasi-2D and pure 2D regimes. The effective chem-

ical potential in the quasi-2D regime is

µ′ = µ− ~ωz

2
. (7.21)

The radial probability density distribution is then

|R(r)|2 =
µ′

g′N0

(
1− r2

r2
⊥

)
, (7.22)

r2
⊥ =

2µ′

mω2
r

, (7.23)

and the complete density distribution is given by

N0|Ψ|2 =

√
2µ′

g

(
1− r2

r2
⊥

)
exp

(
−mωzz

2

~

)
. (7.24)

The condensate has a Gaussian shape in the direction of tight confinement, but has

a Thomas-Fermi parabolic shape in the radial direction. The density distribution

can be normalised |Ψ|2 = 1 to find the chemical potential:

µ′2 =
gN0mω2

r

π

√
mωz

2π~
, (7.25)
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µ =

√
gN0mω2

r

π

(mωz

2π~

)1/4

+
~ωz

2
. (7.26)

The length scale at which the change in the kinetic energy becomes comparable to

the interaction energy is called the healing length, and equating the two energies

leads to the definition of the healing length in two dimesions:

ξ2 =

√
2

8πn′0as

. (7.27)

7.3.4 The Kosterlitz-Thouless transition in a trapped gas

It is interesting to ask whether a transition similar to the Kosterlitz-Thouless tran-

sition in a uniform gas, could occur in a trapped, non-uniform system of particles.

Increasing the axial confinement further would certainly decrease the phase co-

herence length to less than the radius of the condensate, as shown by Eq. 7.15;

the question is whether this also leads to a regime of spontaneous unbound vortex

pair formation. To answer this question the free energy of a vortex in the conden-

sate needs to be calculated. In a non-rotating frame, the energy functional of the

system is

U(Ψ) =

∫
N0

(
~2

2m
|∇Ψ|2 + Vtrap|Ψ|2 +

g

2
|Ψ|4

)
dV . (7.28)

In the Thomas-Fermi limit, which still applies in the radial direction, the vortex-

induced change in the condensate density is negligible. The main contribution to

the change in the energy of the system due to a vortex arises from the conden-

sate’s superfluid motion, so we can take |Ψ|2 in Eq. 7.28 to be the density of the

condensate without a vortex. From Eq. 7.9, |∇Ψ|2 due to a vortex can be found:

|∇Ψ|2 =
|Ψ|2
r2

. (7.29)

Substituting Eq. 7.24 and Eq. 7.29 into the first term of Eq. 7.28, and integrating

to logarithmic accuracy,

U =
π3/2n′0~2az

m
ln

(
r⊥
ξ

)(
1− r2

r2
⊥

)
. (7.30)
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The entropy can be found in a similar way as for the uniform case; however, the

identical sites available to a vortex are now found on concentric circles radiating

out from the centre of the condensate. The entropy calculated in this way is given

by

S = kB ln

(
π(r + ξ)2 − πr2

πξ2

)
= kB ln

(
1 +

2r

ξ

)
. (7.31)

Again, when the free energy of a single vortex becomes negative a KT-like transi-

tion could occur:

F =
π3/2n′0~2az

m
ln

(
r⊥
ξ

)(
1− r2

r2
⊥

)
− kBTKT ln

(
1 +

2r

ξ

)
= 0 , (7.32)

TKT =
π3/2n′0~2az ln

(
r⊥
ξ

)(
1− r2

r2
⊥

)

mkB ln
(
1 + 2r

ξ

) . (7.33)

The value for TKT derived here needs to be considered in relation to the two

dimensional condensation temperature Tc, derived in Eq. 7.7. If TKT < Tc it could

be that temperature at which superfluidity occurs is lowered, as the presence of

free vortices would destroy the superfluid above TKT . This picture would certainly

be consistent with Eq. 7.15 where the phase fluctuations are maximal at Tc and

then diminish as the temperature is reduced.

Unlike the uniform case, TKT in Eq. 7.33 is a function of the radial coordinate.

For a given temperature T there will be a region towards the centre of the con-

densate where T < TKT and no vortices would be expected, but there will also be

a region where T > TKT and vortices could be energetically expected to form. To

avoid this complication TKT can be evaluated at r = r⊥/2, if vortex pairs were to

be present at this point then they would cover three quarters of the condensate.

A simplified form of Eq. 7.33 divided by Eq. 7.7 is

TKT

Tc

=

√
3π

8

(
2π~2

mg′

)1/2
√

N0

N
. (7.34)

This formula seems to indicate that TKT is itself a function of temperature as
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N0/N depends on temperature. TKT as defined above depends on the superfluid

density, which is vanishingly small at Tc but then increases as the temperature is

reduced, increasing the value of TKT . As the temperature is reduced further TKT

increases, as the superfluid density increases, and eventually becomes larger than

T ; however, while TKT < T the superfluid fraction is still in a state where it is

energetically favourable to nucleate vortices. In this case, TKT can be redefined

as the temperature at which it is no longer energetically possible to form vortices,

while taking into account the variable superfluid fraction; this new temperature

will be denoted T ′
KT . Assuming that N0/N as a function of temperature is given

by Eq. 7.8 then T ′
KT can be found from

T ′
KT

Tc

= β

√
1−

(
T ′

KT

Tc

)2

, β =

√
3π

8

(
2π~2

mg′

)1/2

. (7.35)

The solution to this equation is

T ′
KT

Tc

=
β√

1 + β2
. (7.36)

It can be seen that T ′
KT ' Tc, unless β2 ∼ 1; the free parameter in this expression

is the same as the small parameter that was found in Eq. 7.15, the expression

for the phase fluctuations. In our experiment the maximum axial confinement

frequency currently obtainable is 2.2 kHz; this gives (mg′/2π~2)1/2 = 0.1 and so

T ′
KT = 0.97 Tc: the KT temperature is only marginally below Tc and no effect

will be seen. However, increasing the axial confinement further will increase the

value of the parameter (mg′/2π~2)1/2 and decrease the value of β. The depen-

dence of g′, as given by Eq. 7.20, is only valid when the harmonic oscillator length

az À as, where as is the atomic scattering length; as the collisions become more

two dimensional calculating g′ becomes more complex. The exact dependence of

(mg′/2π~2)1/2 on the axial confinement frequency for an atomic cloud of 87Rb

with a central density of 108 cm−2 has been calculated in [76]. The quantity

(mg′/2π~2)1/2 approaches a maximum value of 0.45; taking a value slightly be-

low the maximum (mg′/2π~2)1/2 = 0.39 <
√

3π/8 gives a corresponding minimum
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value for βmin = 1.75. This requires an axial confinement frequency of 450 kHz,

considerably larger than the 2.2 kHz currently available from our optical potential,

and even then T ′
KT = 0.86 Tc.

For the KT transition to be observable in a trapped, dilute gas it must occur at

a temperature considerably below Tc, so that the superfluid fraction of the Bose gas

is clearly visible. This condition, as expressed by β ≤ 1, is similar to requiring that

the phase coherence length be larger than the condensate size. The requirement

on β is

0.68

(
2π~2

mg′

)1/2

≤ 1 , (7.37)

and the condition for 〈(δφ(RTF ))2〉 ≥ 1 from Eq. 7.15, again assuming that T/Tc =

0.5 and ln N = 10.81, is

11.5

(
mg′

2π~2

)1/2

≥ 1 . (7.38)

This analysis suggests that as the axial confinement is increased the superfluid

transition temperature would be reduced below Tc by the appearance of free vor-

tices. When considering vortex formation in three dimensions it was established

that thermodynamical stability alone was not sufficient to observe vortices, a nu-

cleation mechanism was also required: in this case the nucleation mechanism would

be the phase fluctuations.

7.3.5 The stability of a vortex anti-vortex pair

It has recently been suggested that a regime exists in a two dimensional Bose-

Einstein condensate where closely spaced vortex anti-vortex pairs become thermo-

dynamically stable [85]. In the original prediction the energy of the vortex pair was

calculated numerically, although it is shown here that that an analytic calculation is

possible. For the purpose of this analysis, if the temperature of the Bose-condensed

system is high enough to make vortex anti-vortex pairs thermodynamically stable

the condensate will be said to be in a Berezinski-Kosterlitz-Thouless (BKT) phase;

if the temperature is too low then the condensate will be said to be in a pure BEC

phase.
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The method of calculating the transition temperature between the BKT and

pure BEC phases is the same used previously to determine TKT . The free energy F

for nucleating a vortex pair is calculated from the energy and entropy change of the

system on formation of a vortex pair; the temperature at which F = Upair−TSpair

becomes less than zero is the temperature of the phase transition and will be called

T2.

The rotational energy of a pair of vortices is given by [86]

Upair = −2πρs~2

m2
n1n2 ln

R12

ξ
, (7.39)

where R12 is the separation of the vortices, n1,2 = ±1 is the charge of each vortex

and ρs in the two dimensional superfluid density, related to the the volumetric

number density n′0 by

ρs = mn′0
√

πaz . (7.40)

The lowest energy that a closely spaced vortex pair can have is found by assuming

that the vortices are separated by a distance R12 = 2ξ:

Upair =
2π3/2n′0~2az

m
ln 2 . (7.41)

There is also energy associated with the sudden change of the wavefunction at the

vortex core which can be estimated by

Ucore ' ~2

2mξ2
= µ′ . (7.42)

The ratio Upair/2Ucore is considered to examine whether the core energy is a signifi-

cant fraction of the rotational energy, in the limit where az À as dividing Eq. 7.41

by Eq. 7.42 gives

Upair

2Ucore

=

√
2π

4

az

as

ln 2 . (7.43)

For our current experimental conditions {ω⊥, ωz} = 2π×{3, 2200}Hz, az/as = 39.4

and the ratio Upair/2Ucore = 17.11; the energy associated with the vortex core is
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only a small correction to the rotational energy.

To calculate the entropy of a pair of vortices it is assumed that the first vortex

can be placed anywhere inside the condensate. The number of distinct ways this

can be done is Ω = πr2
⊥/πξ2, where r⊥ is the radius of the condensate. The second

vortex is placed 2ξ away from the first vortex, this can be achieved in ∼ 2πξ/ξ

ways and so the total number of ways of placing two vortices anywhere in the

condensate is Ω = 2πr2
⊥/ξ2. From Boltzmann’s formula, the entropy of the vortex

pair is

Spair = kB ln

(
2πr2

⊥
ξ2

)
. (7.44)

The assumption that the vortices can be placed anywhere in the condensate with

the same energy is only possible for a pair of vortices as the separation of the two

vortex cores can be altered to compensate for the local density changes [85].

By requiring that the free energy be zero at the transition temperature

T2 =
Upair

Spair

=
2π3/2n′0~2az

mkB ln
(

2πr2
⊥

ξ2

) ln 2 . (7.45)

Equation 7.7 is used to scale Eq. 7.45 to give

T2

Tc

=
2π5/2n′0~az√

6Nω⊥m

ln 2

ln
(

2πr2
⊥

ξ2

) . (7.46)

To simplify the algebra, the quantity n′0az is expressed as

n′0az =

√
N0m

g′
ω⊥
π

. (7.47)

Substitution of Eq. 7.47 into Eq. 7.46 and rearranging gives

T2

Tc

=
π√
3

(
2π~2

mg′

)1/2
ln 2

ln
(

2πr2
⊥

ξ2

)
√

N0

N
. (7.48)

The value of N0 in Eq. 7.48 is dependent on the temperature and so T2 itself is a

function of temperature. As previously, T2 can be redefined as the temperature at
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which it is no longer energetically possible to form vortex pairs, while taking into

account the variable superfluid fraction; this new temperature will be denoted T ′
2.

If the superfluid fraction is assumed to vary as in Eq. 7.8, the value of T ′
2/Tc can

be found from

T ′
2

Tc

=
β2√

1 + β2
2

, (7.49)

where

β2 =
π√
3

(
2π~2

mg′

)1/2
ln 2

ln
(

2πr2
⊥

ξ2

) . (7.50)

If the effect of the small correction due to the vortex core energy is included then

from Eq. 7.43 the expression for β2 is modified to

β2 =
π√
3

(
2π~2

mg′

)1/2
ln 2

ln
(

2πr2
⊥

ξ2

)
[
1 +

2

ln 2

(
mg′

2π~2

)]
. (7.51)

The value of r⊥ and ξ can be found using the Thomas-Fermi approach and the

BEC-BKT boundary can then be found. The temperature dependence of the

entropy has been neglected in this treatment although there will only be small

variations when a significant fraction of the atoms are in the condensate as a

natural logarithm is taken.

For our experimental parameters {ω⊥, ωz} = 2π × {3, 2200}Hz the BEC-BKT

boundary is shown in Fig. 7.1. N must be larger than a few hundred atoms for the

Thomas-Fermi limit to apply and less than ∼ 400, 000 atoms for the thermal cloud

to be confined in the Q2D regime; the calculation of the transition temperature

is otherwise independent of the radial trapping frequency. In our experiments

N ∼ 105, at which T ′
2/Tc = 0.63; the significant superfluid fraction available

at this temperature N0/N = 0.60 should allow us to detect any changes to the

condensate behaviour caused by the spontaneous formation of closely bound vortex

anti-vortex pairs. This can be contrasted with a value calculated for our normal

three dimensional TOP trap {ω⊥, ωz} = 2π × {61, 172.5}Hz of T ′
2/Tc = 0.997;

clearly no effect is expected or observed in this case.

The nucleation of the vortices is again thought to be driven by the phase
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Figure 7.1: The BEC-BKT boundary calculated analytically for our experimental pa-
rameters {ω⊥, ωz} = 2π × {3, 2200}Hz, including the energy of the vortex cores.

fluctuations present in a two dimensional system. It is interesting to note that

the decrease in the transition temperature with increasing N , at a given axial

confinement frequency, is entirely due to the increase of the entropy of a vortex pair

with the total number of atoms in the system, as can be seen from the expression

for β2 where everything else is constant.

7.4 Modelling the free expansion of the conden-

sate

The change in the free expansion of the condensate from the three dimensional

to the two dimensional regime can be used to calculate the release energy of the

condensate, if the number of atoms in the condensate and the trapping potential is
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known. The release energy can then be compared to ~ωz to determine the regime

that the condensate is in.

7.4.1 The two and three dimensional limits

For a three dimensional condensate in the Thomas-Fermi regime, the expansion

in well described by the hydrodynamic formulism [35], outlined in section 2.2.4;

this expansion is dominated by the mean field interaction energy. In contrast, a

purely two dimensional system expands like an ideal gas along the direction of

tight confinement. In this direction, the condensate is described by a Gaussian

wavefunction of width ∆z, which is equal to the harmonic oscillator length az =
√
~/mωz. Heisenberg’s uncertainty relation gives the momentum uncertainty

∆pz =
~

∆z
=

√
m~ωz , (7.52)

so that after a period of free expansion t, the extent of the wavefunction in the z

direction is

∆z(t) =

√
~ωz

m
t . (7.53)

7.4.2 The variational approach

Between these two limits a different approach is required, this was developed in-

dependently for the axisymmetric case [87], and the triaxial case [88]; the second

approach is outlined here. The overall trapping potential for the condensate can

be written as

Vext =
m

2
ω2

0

∑
i

λ2
i x

2
i , (7.54)

where the λi(t) denote the trap anisotropies and can in general be dependent on

time. In the case of our quasi-2D trap, λz À λx,y. The best description in terms of

simple analytic functions, as shown in section 7.3.3, is to describe the condensate

wavefunction as a hybrid of a parabola and a Gaussian. The trial wavefunction
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for the variational ansatz, as first used in [89], is given by

ψ = An

√
1− x2

l2x
− y2

l2y
exp

{−z2

2l2z
+ i

(
βxx

2 + βyy
2 + βzz

2
)}

, (7.55)

where the normalisation constant An is

A2
n =

2

lxlylzπ3/2
. (7.56)

The condensate width li(t) and phase βi(t) are functions of time, and their time

evolution completely describes that of the condensate. The condensate density pro-

file is at all times restricted to a parabolic shape in the radial plane and a Gaussian

shape along the highly compressed axial direction. The Lagrangian density for the

nonlinear Schrödinger equation is given by

L ≡ 1

2
i~

(
∂ψ∗

∂t
ψ − ψ∗

∂ψ

∂t

)
+
~2

2m
|∇ψ|2

+ Vext (r, t) |ψ|2 +
1

2
gN0 |ψ|4 .

(7.57)

After inserting the trial wavefunction Eq. 7.55 into Eq. 7.57 the corresponding

Lagrangian can be found through integration L =
∫ L d3x and we obtain for the

four terms of Eq. 7.57

L =L1 + L2 + L3 + L4 =

~
2

(
β̇xl

2
x

3
+

β̇yl
2
y

3
+ β̇zl

2
z

)
+

~2

m

(
β2

xl
2
x

3
+

β2
y l

2
y

3
+ β2

z l
2
z +

1

4l2z

)
+

m

4

(
ω2

xl
2
x

3
+

ω2
yl

2
y

3
+ ω2

z l
2
z

)
+

√
2gN0

3lxlylzπ3/2
,

(7.58)

where the ‘quantum pressure’ term has been omitted [33] for the hydrodynamic x

and y directions but retained for the z direction, where it is crucial in describing the

dynamics. L2 is the kinetic term, L3 is the potential term and L4 is the interaction
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term. The total energy per particle Etot and the chemical potential µ can be found

from the last three terms of the Lagrangian

Etot = L2 + L3 + L4 , µ = L2 + L3 + 2L4 . (7.59)

The Euler-Lagrange equations

d

dt

∂L

∂l̇i
=

∂L

∂li
,

d

dt

∂L

∂β̇i

=
∂L

∂βi

, (7.60)

yield the dynamic equations for the condensate phases βi and widths li; the equa-

tions for the widths li are

l̇i =
2~
m

βili . (7.61)

After differentiating the equations for li once more w.r.t. time one can express the

resulting second order equation in terms of the li alone,

l̈i = −ω2
i (t)li +

(
2

π

) 3
2 gN

m

1

lilxlylz

(
1− 2

3
δiz

)
+
~2

m2

1

l3i
δiz , (7.62)

where δiz = 1 for i = z and 0 otherwise. In contrast to the hydrodynamic equations,

the ground state in the intermediate regime cannot be found analytically, but a

solution can be found numerically.1 The size of the condensate in free expansion

can then be calculated from Eq. 7.62.

7.5 Measurement of the free expansion

In our experiments we observed the condensate expansion in various regimes and

the smooth transition from the hydrodynamic expansion characteristics [35] to

those of a quasi-2D gas, which expands like an ideal non-interacting gas in the di-

rection of tight confinement. The results are shown in Fig. 7.2(a), where the open

circles and filled circles are the data for traps with ωz/2π = 1990 Hz and 960Hz

respectively. The expansion time is constant at 15ms and the radial trap frequency

1A routine in the C programming language was written by Gerald Hechenblaikner: the ground
state was found by propagating a trial wavefunction in imaginary time.
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is varied to explore the transition to Q2D. These curves demonstrate clearly the

ideal-gas like behaviour for the axial expansion in this limit. We compared our

findings to those of theoretical predictions which were derived from variational

models [89] and found good agreement to our data. The prediction of the hybrid

variational model [88], which is indistinguishable from that of the Gaussian vari-

ational model, is given by the solid line. The horizontal dashed lines indicate the

expansion of the ideal gas, and the dotted lines the expansion of the hydrodynamic

gas. The ‘ideal gas’ and hydrodynamic models yield straight lines on the logarith-

mic plot. In contrast, the curve for the hybrid model follows the hydrodynamic

asymptote down to ωx/2π ≈ 20 Hz, corresponding to µ ≈ ~ωz, where it bends

and follows the ‘ideal gas’ line towards zero radial frequency. The two noticeably

do not coincide at ωx ≈ 0 because of the residual optical anisotropy in the radial

plane (as discussed before in the text describing Fig. 6.6), which was taken into

account in our variational model and is in good agreement with the experimental

data. This transition from the hydrodynamic to the ‘ideal gas’ asymptote gives

conclusive evidence of the gas entering the Q2D regime.

The release energy of the condensate can be calculated from its axial size after

expansion. In free expansion there is obviously no potential energy (L3 = 0), and

after 15ms there is virtually no interaction energy (L4 = 0), which leaves only the

kinetic energy L2. The terms in x and y can be omitted from Eq. 7.58 in the Q2D

regime to give

L2 ≈ ~2

m

(
β2

z l
2
z +

1

4l2z

)
. (7.63)

After a relatively long free expansion the size lz(t) ≈ l̇zt and βz can be substituted

from Eq. 7.61 so

L2 ≈ mlz(t)
2

4t2
+
~ωz

4
. (7.64)

The release energy, calculated in this way, is shown in Fig. 7.2(b): the value

tends towards the ideal gas limit of ~ωz/4 as ωx is reduced. This is the vertical

kinetic zero-point energy; all that is available if the confining potential is suddenly
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Figure 7.2: (a) The axial expansion of the condensate after 15ms of free expansion for
various trap geometries and atom numbers. Solid lines indicate theoretical variational
predictions, dashed lines indicate the ideal gas limit and dotted lines the hydrodynamic
limit. The data are taken for traps with ωz/2π = 1990Hz (open circles) and 960 Hz
(filled circles). The atom numbers are 8×104 and 1.1×105 respectively. (b) The release
energy of the condensate derived from the expansion measurements in (a). The energy

tends towards the vertical zero-point kinetic energy as ωx is reduced.
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switched off.

7.6 Conclusion and outlook

The addition of an anisotropic optical potential to a conventional time-averaged

orbiting potential (TOP) trap has been shown to be an effective method for con-

fining a Bose condensed gas in the Q2D regime. The large anisotropy produced

in our experiment is more than sufficient to confine condensates with ∼ 105 atoms

in the Q2D regime, and we have verified this by measuring a change in the free

expansion of the condensate; our results agree with the variational model described

in section 7.4.2. This is the first experiment to enter the Q2D regime by changing

the trap anisotropy rather than reducing the number of trapped atoms.

The apparatus designed and constructed during the course of this thesis can

now be used to explore the properties of ultracold Bose gases in the Q2D regime.

A thermodynamic argument suggests that the crossover from a BEC transition

to a KT-like transition requires an axial confinement frequency of order 450 kHz,

which is currently inaccessible with our apparatus; however, we are able to confine

a Bose condensate in a regime where closely spaced vortex anti-vortex pairs are

expected to spontaneously form. The significant superfluid fraction available at

the BEC-BKT transition temperature in our system should allow us to detect any

changes to the condensate behaviour.

A method of measuring the phase fluctuations of a Bose condensed gas confined

in Q2D has been proposed in [83], the possibility of vortex production as a mecha-

nism for the decay of a quadrupole mode is examined in [77], and the behaviour of

vortices nucleated by conventional means can also be studied. The current optical

potential could even be used to load the condensate into a single well of a vertical

standing wave, to achieve much higher confinement frequencies and explore the

pure 2D regime.
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