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Abstract

The development of techniques to prepare and probe
at single atom resolution strongly interacting

quantum systems of ultracold atoms

Martin David Shotter, Christ Church, Oxford University

DPhil Thesis, Trinity Term 2009

Strongly interacting many-body quantum dynamics are inherently extremely
complex. This makes strongly interacting quantum systems very hard to simulate, pre-
dict or understand. In certain circumstances, strongly interacting quantum dynamics
may be observed in samples of ultracold atoms. Ultracold atomic systems have unique
advantages for the investigation of such dynamics: further to the long coherence times
and extremely low temperatures, there is the potential to have a great deal of control
over the basic quantum processes. This suggests the possibility using systems of ul-
tracold atoms as a quantum simulator, in which the quantum dynamics of one system
is simulated by an experiment on a different system, the quantum simulator. Quantum
simulation is a part of the emerging field of quantum information processing.

Up to the present time, observation of strongly interacting quantum states of ul-
tracold atoms has been almost entirely limited to time-of-flight imaging of many thou-
sands of atoms. Although one can learn much about the overall nature of the quantum
states by this method, detail at the level of individual atoms is lost. My research has
focussed on developing novel experimental techniques to make it possible to measure
these complex states at the single atom level. In particular, I have developed methods
which are capable of making unprecedentedly direct and detailed observation of hun-
dreds or thousands of strongly interacting atoms, at the resolution of single atoms, and
with a spatial resolution capable of reliably resolving atoms in individual wells of an
optical lattice.

In this thesis, I describe work that I have carried out during the period of my
DPhil, primarily concerned with the design and simulation of these techniques. I have
also investigated new methods to prepare the initial quantum states needed for quantum
simulation. In addition, I describe earlier work in which I constructed apparatus for, and
reached, Bose-Einstein Condensation.
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Chapter 1

Introduction and motivation

During the late 1980s and early 1990s remarkable progress was made in the laser cooling

and trapping of neutral atomic gases, resulting in temperatures in the µK range [59],

significantly lower than any previously observed in bulk physical systems. This progress

led, in 1995, to the first observation of Bose-Einstein Condensation (BEC) in atomic

gases [3, 20], in which the a single quantum state is occupied by hundreds of thousands

of bosonic atoms, forming a mesoscopic object with manifestly quantum properties. The

physicists behind laser cooling and Bose-Einstein Condensation were awarded Nobel

Prizes in 1997 and 2001 respectively.

Since 1995 there has been a great profusion of BEC experiments, and BEC re-

lated experiments, around the world. A wide array of techniques has been developed to

manipulate the quantum states of the ultracold atoms, predominantly by the use of laser,

magnetic and radio-frequency fields. There is a major drive to use these techniques to

make and probe strongly interacting many-body quantum systems.

Many-body quantum dynamics are inherently extremely complex. This extra

complexity, compared to many-body classical mechanics, stems from the radical dif-

ference in the size of the state vector in the equations of motion. Broadly speaking,

for N particles in M possible quantum states, the length of the quantum state vector is

proportional to MN (for distinguishable particles1), whereas in the classical case, with

1Symmetry considerations reduce this figure somewhat for indistinguishable particles; nevertheless,
the number of basis states is still extremely large.
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2 Introduction and motivation

N particles in any possible state, the length of the classical state vector is only pro-

portional to N. This complexity leads to properties such as quantum superposition and

entanglement, which have no classical analogues. With both N and M ranging from of

order one to hundreds of thousands in a typical ultracold atom experiment, computing

exact quantum dynamics in strongly interacting systems2 from the equations of motion

quickly becomes intractable for all but the simplest of cases.

By studying the quantum dynamics of systems of ultracold atoms, with great

flexibility available to tailor-make the quantum Hamiltonian, and with long coherence

times, it becomes possible to study quantum dynamics in a new and powerful way; the

experimentalist can, in real-time, actively control many of the aspects of the evolution

of these complex quantum systems.

It is thought that, apart from the pure research interest in the study of these

complex quantum states, the techniques developed will have applications beyond the

immediate field. By designing the correct Hamiltonian it is possible to experimentally

simulate many situations of great interest in condensed matter physics; for example it is

becoming possible to probe the phase diagram of the Bose-Hubbard or Fermi-Hubbard

models in 1, 2 and 3 dimensions [28, 88], or to study quantum dynamics in the analogue

of a high magnetic field [43]. Taking the idea of simulation one step further, it is possible

to design a Hamiltonian to perform universal quantum logical computations, analogous

to the logical computations of an ordinary computer, but using quantum objects, named

qubits, instead of classical bits [41]. The advantage of such a ‘quantum computer’ is

that by cleverly designing the algorithms it is possible to make the great complexity

of quantum many-body systems work for you, instead of against you; certain types of

calculations are expected to be exponentially faster on quantum computers compared to

classical computers [90]. It is worth mentioning that other potential future applications

include sub-shot noise precision interferometric measurements using atomic squeezed

quantum states [5].

The main focus of the research I have undertaken during my DPhil has concen-

trated on developing methods for direct and detailed observation of these many-atom

2The definition of a strongly interacting system is discussed in Section 2.3.
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quantum states, in periodic potentials, at the resolution of single atoms. Up to the present

time, observation of these states has been almost entirely limited to time-of-flight imag-

ing of the momentum distribution of many thousands atoms, after their release from the

confining potential. Although one can learn a lot about the overall nature of the quan-

tum states by this method, detail at the level of individual atoms is lost. My research has

been focussed on developing novel experimental techniques to probe, and eventually

manipulate, these states at the single atom level.

Furthermore, I have developed new methods aimed at satisfying one of the other

requirements of quantum simulation, that of preparing a simple, reproducible, starting

quantum state for the many-body system. The process of measurement on a quantum

mechanical state acts to destroy that state, so to gain true knowledge of a particular state

many copies need to be produced, to allow repeated measurements to be made; it is only

when these measurements are analysed together may a more complete picture emerge.

This procedure of quantum tomography requires the ability to produce predictable, ide-

ally identical, starting states, upon which the Hamiltonian operator then acts to produce

the dynamics and states of interest. For ultracold atomic systems, this starting state is

usually proposed as a Mott insulator state with a single atom in the ground state of every

site of an optical lattice. Methods which I have designed to improve the purity of such a

starting state will be discussed.

1.1 Structure of the thesis

During my time as a DPhil student I have carried out both experimental and theoretical

(modelling) work. During the first year and a half of my DPhil, I was heavily involved in

practical experimental work, in building a new rubidium BEC experiment; this work is

described in Chapter 3. The object of this experiment was to be the direct observation of

number squeezing of ultracold atoms in a periodic optical potential. Unfortunately I fell

chronically ill in the middle of this work, and was forced to more or less abandon work

on my DPhil for around three years. When I recuperated from this illness enough to

restart work on my DPhil there wasn’t the opportunity for me to continue experimental

research using this apparatus.



4 Introduction and motivation

I therefore turned to theoretical and computational modelling of the experiments

which I had originally planned for that apparatus. I took the original ideas, improved

them, and spent time modelling them, with the object to design the best possible exper-

iment to directly observe a whole class of strongly interacting quantum dynamics (with

the Mott insulator transition being the primary example). This work forms the main

body of my thesis, and is described in Chapters 4 to 7. In addition, the development and

modelling of two other experimental techniques, for use in preparing very low entropy

initial states for quantum simulation, are described in Chapter 8.



Chapter 2

Survey of literature related to
strongly interacting systems of

ultracold atoms and observation of

individual ultracold atoms

This chapter summarises the recent developments in the field of ultracold atomic physics

which are most relevant to the work set out in this thesis. The primary physical system,

ultracold atoms in an optical lattice, is outlined, and the interest in using these types

of systems for probing arbitrary quantum lattice Hamiltonians is discussed. Recent

experiments which have been able to detect signatures of strongly interacting physics in

these systems are surveyed. As the overall aim of this work is to find techniques which

will allow direct observation of these strongly interacting states, a range of experiments

with the capability to count small numbers of ultracold neutral atoms are profiled.

2.1 Ultracold atoms in optical lattices: the Bose-Hubbard model and a quantum
phase transition

As described in Chapter 1, we are interested in systems where N, the number of atoms,

and M, the number of single-atom quantum states, are big enough that the dynamics

may not be easily predicted1.
1In reality, the number of quantum states is unbounded in the direction of positive energy; in practice

we require that only M states contribute to the quantum evolution. This means that the atoms must be at
a very low temperature, effectively at or near Bose-Einstein Condensation temperatures.

5



6 Survey of literature

One well-studied example of ultracold many-body physics is the Bose-Einstein

condensate itself, which typically has N of order 104 to 106, and M of order 1. The wave

function of atoms in the condensate is well approximated by a single condensate wave

function, which is the solution to the non-linear Gross-Pitaevskii equation(
−~

2∇2

2m
+ V(r) + g|ψ(r, t)|2

)
ψ(r, t) = i~

∂

∂t
ψ(r, t) (2.1)

with g = 4π~2as/m, where as is the ultracold s-wave scattering length2. As the con-

densate is well described by a single wave function, the many-body dynamics of Bose-

Einstein Condensates are relatively easy to simulate and understand. Even in the cases

there are deviations from the single-wave-function behaviour, perturbation theory may

be applied, with the condensate wave function as the first term (for example in a Bogoli-

ubov perturbation expansion).

In contrast to the dynamics of the BEC itself, for ultracold atoms in optical lat-

tices, N and M are roughly the same order of magnitude as each other, with N and M

both in the range 10 to 105. This is potentially a more complex system; even at zero

temperature, the ground state can form different phases, dependent on the Hamiltonian

parameters. At some sets of parameters, such as in the vicinity of a transition between

these quantum phases, the structure of the ground state is very complex. These quan-

tum systems are the major motivating examples for the precision probing techniques

developed in this thesis.

An optical lattice is formed by the interference of laser light. In one dimension,

the light intensity at a point x due to two interfering laser beams, each at an angle θ to

the x-axis (see Fig. 2.1), wis

I(x) = I0 sin2
(
2π cos θ

λ
x + ϕ

)
. (2.2)

The light induces a time-dependent dipole moment in the atoms. For light which

has a large frequency detuning from atomic resonances, spontaneous scattering pro-

cesses are negligible. The energy of the time-dependent dipole moment in the light field

gives rise to a dipole, or a.c. Stark, potential which for alkali metal atoms is given by

VmF (r) =
πc2Γ

2ω3

(
1 − PgFmF

∆D1

+
2 + PgFmF

∆D2

)
I(r). (2.3)

2The condensate wave function has non-standard normalisation
∫
|ψ(r, t)|2dr = N.
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x

z
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qq

J (tunnelling term)U (interaction term)

V

Wannier functions

Orientation of laser beams

l q\ (2cos )

(a) (b)

Atomic
behaviour:

Figure 2.1: A representation of a one-dimensional optical lattice. (a) The orientation of
the laser beams of Eqn. 2.3. (b) The potential energy of neutral ultracold atoms in the
laser fields; along the x axis, the potential is periodic. The Wannier functions (shown
in green) are the wave functions of atoms localised at single sites (see Section 8.4).
The origin of the two terms of the homogeneous Bose-Hubbard Hamiltonian are shown
pictorially: the inter-well tunnelling (parameter J) and the on-site collisional interaction
(parameter U).

This equation is derived from a sum of the Clebsch-Gordon coefficients of the individual

transitions, in the approximation that the laser frequency detuning from resonance is

much greater than the width of the hyperfine structure [30]. Here mF is the magnetic

quantum number, ∆D1 and ∆D2 are the frequency differences from the two D lines, Γ =

(ΓD1+ΓD2)/2, ω = (ωD1+2ωD2)/3 and P = ±1 or 0 for optical σ± or π polarisation. This

periodic potential can be formed in 1, 2 or 3 dimensions, with various lattice structures

and separations of potential minima (from λ/2 upwards), by changing the configuration

of the laser beams making up the lattice.

The density of atoms in a BEC can be made such that, when the atoms are

adiabatically loaded into a periodic optical potential (which will have wells of volume

(λ/2)3 or greater), each well will be loaded with at least one atom (over the spatial extent

of the BEC). The temperature of the atoms will be such that they remain in the lowest

quantum state of the individual wells, and near the ground state of the multi-well system

(in a delocalised many-well wave function). The ultracold atoms in this system have two

types of behaviour; they may tunnel between nearest-neighbour wells (J of Eqn. 2.4,

equivalent to a kinetic energy term), and they feel s-wave ultracold elastic collisional

interaction with other atoms in the same well (U of Eqn. 2.4, which can be considered
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a type of potential energy term). If the atoms are cool enough, and the lattice potential

high enough, other terms usually can be excluded as they correspond to a significantly

higher energy or have rates much lower than the two dominant terms. Such a system is

described by the Bose-Hubbard Hamiltonian of condensed matter physics [42]

H = −J
∑
⟨i, j⟩

â†i â j +
U
2

∑
i

n̂i(n̂i − 1) +
∑

i

ϵin̂i (2.4)

where J and U are the tunnelling and interaction parameters respectively, ϵi is the energy

offset of site i, â†i is the creation operator for a particle in site i, n̂i = â†i âi, and the

bracket ⟨i,j⟩ denotes a summation over nearest neighbours. This is the more general,

inhomogeneous, version of the Bose-Hubbard Hamiltonian; the homogeneous version

has ϵi = 0 for all i.

This well studied Bose-Hubbard Hamiltonian has a zero-temperature phase tran-

sition (see Fig. 8.1) between a delocalised atomic state, known as the superfluid phase,

and a localised atomic state, known as the Mott insulator phase. A quantum phase tran-

sition such as this can typically occurs only in strongly interacting quantum systems

(in which the interaction terms are around the same order of magnitude as single-atom

terms); the behaviour of such systems cannot simply be described by perturbative ap-

proaches. The Mott insulator phase transition was demonstrated experimentally a few

years ago for ultracold atoms in an optical lattice [28]. The loss of long range phase co-

herence was measured by observing the momentum distribution of atoms released from

the lattice, demonstrating a transition to a localised state; furthermore a gap was found

to open up in the excitation spectrum (see Fig. 2.2).

2.2 Quantum simulation and quantum computation

The observation of the quantum phase transition of the homogeneous Bose-Hubbard

Hamiltonian is only the first example of the strongly interacting quantum dynamics

that can be investigated by these types of experiments. Looking at ultracold atoms

in optical lattices in a more general way, it is possible to simulate a wide variety of

strong interaction Hamiltonians, by exploiting the substantial degree of flexibility and

control characteristic of ultracold atomic systems. The study of these dynamics has been
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given the title of ‘quantum simulation’ to reflect the degree of control possible over the

coherent quantum processes [44]. In this way, it is becoming possible to simulate a

variety of systems of interest in condensed matter physics by constructing a similar

Hamiltonian for ultracold atoms. Prospective systems of interest include: the Bose-

Hubbard and Fermi-Hubbard models in 1, 2 and 3 dimensions, for a wide variety of

lattice geometries [44, 28, 38, 88], quantum dynamics in a high effective magnetic field

[43], and Bose and Anderson glasses in disordered potentials [19].

By using the high degree of control and long coherence times of systems of ul-

tracold atoms, it is possible to investigate the properties of Hamiltonians that cannot be

easily, or accurately, investigated any other way; quantum simulation potentially pro-

vides an intermediate step between theoretical studies and the reality of complex phys-

ical systems. Theoretical and computational work is limited by the massive size and

complexity of the state vector needed to compute strongly interacting many-body quan-

tum dynamics, has been discussed in Section 1; therefore theoretical modelling work

has severe limitations when applied to certain phenomena in condensed matter physics.

It is thought that the understanding of such systems will be increased by using ultracold

atoms to simulate these interesting Hamiltonians. For example, probing the phase dia-

gram of the two-dimensional Fermi-Hubbard model with ultracold atoms may shed light

on the mechanism of high temperature superconductivity [10]. From a quantum infor-

mation perspective, simulating these Hamiltonians using a quantum mechanical system

is much more efficient than a simulation using ‘classical’ computer modelling.

The quantum simulation process can be subdivided into the operations of prepa-

ration, propagation, and observation. Preparation involves making a quantum starting

state for the simulation; this can be thought of as the initialisation of the quantum data

array. The starting state must be a predictable and reproducible , in order that it is al-

most identical for each run of the simulation. The propagation involves simulating the

required Hamiltonian by the action of optical, magnetic and radio-frequency fields. The

observation concerns the readout of the information contained within the final state of

the system.

The preparation of the quantum starting state has been the aspect of quantum
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simulation that has been most successfully demonstrated in experiments to date. A

suitable starting state is typically taken to be a state in which there is precisely one atom

at each site within a certain region of an optical lattice. This can be formed by going

through the Mott insulator phase transition with an atomic sample of a certain density;

however, the purity, or uniformity, of the starting state in current experiments [28] may

not be as high as is desired for a quantum simulator [65, 80]. Novel methods which I

have developed to increase the purity of these starting states will be discussed in Chapter

8.

The action of the required Hamiltonian for propagation of the wave function is

the next aspect that must be addressed. To perform arbitrary quantum manipulations,

one must control the atoms at each site separately. This is not easily achieved in a cur-

rent optical lattice experiments as the wells are too close to resolve (this is discussed

below and in Section 4.3.1). Nevertheless, many Hamiltonians of interest can be simu-

lated without individual site addressability [44]. For example, it is possible to address a

certain subset of sites in the optical lattice by using a superposition of standing waves to

make atoms in certain planes feel a different interaction from atoms in other regions of

the lattice. Recently such manipulations were used to probe the dynamics of a lattice of

double wells [2].

Observation, or readout, of the atomic states is the last stage of the simulation.

In typical optical lattice experiments the separation between potential minima is around

300-400 nm (λ/2 for the alkali D lines)3. Longer period lattices are formed when the

laser beams intersect at an angle less than 180◦ (or use longer wavelengths, e.g. CO2

lasers at 10 µm), however if the wavelength of the lattice is larger than around 500-

1000 nm (the exact value would vary depending on the experiment), coherent quantum

dynamics across the lattice tend to break down, because effects due to loss of coherence

would dominate the slow coherent inter-well tunnelling processes. Thus the observation

of strongly interacting quantum states at a resolution of single wells and single atoms is

difficult; the atoms will be typically separated by less than the Rayleigh limit at the D

3This could be decreased in the future by the use of a powerful laser at a shorter wavelength e.g. at
532 nm so λ/2= 266 nm.
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resonances, even for lenses of very high numerical aperture (>0.5). In current experi-

ments only the overall properties of the quantum states are measured, typically by using

the technique of time-of-flight imaging to determine the momentum distribution of the

atoms (for example, see Fig. 2.2).

Taking the idea of simulation one step further, it is possible to perform arbi-

trary calculations using the quantum mechanical analogue of classical bits called qubits.

There are a few ways that one can imagine implementing a qubit for neutral atoms in

optical potentials: one way would be to have the qubit as two internal (e.g. hyperfine

or magnetic) states of a single atom in a single well; another way would be to have an

atom delocalised between two wells. It has been proven that an arbitrary quantum trans-

formation on a qubit array can be decomposed into a succession of 1-qubit and 2-qubit

manipulations [72]. A single qubit manipulation can be thought of as a site-specific

internal rotation for the first scheme, or a tunnelling operation for the second scheme.

Two qubit gates tend to be more complex, especially if the two qubits are distant from

one another; one proposed scheme involves physically bringing the qubits together so

that the atoms collide to accumulate a phase, conditional to their state, forming a ‘colli-

sional gate’ [41]; other two qubit gate schemes rely on the coupling of dipole moments

of atoms in excited Rydberg states [82], or coupling two atoms via single-photon inter-

actions in optical cavities [13].

To achieve arbitrary quantum computation with ultracold atoms, there must be

the ability to perform site-specific manipulations of individual potential wells, some-

thing that has not yet been achieved in optical lattice experiments.
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2.3 Detecting signatures of strongly interacting quantum systems of ultracold atoms

2.3.1 Number squeezing and the Mott insulator transition

There have been a number of experiments that have looked into aspects of strongly

interacting systems of ultracold atoms in optical potentials. All of these experiments

used time-of-flight imaging of many thousands of atoms to extract the signature of the

strongly interacting quantum dynamics.

Before describing these experiments it is worth considering what a strongly in-

teracting system is, and how this can apply to an ultracold atomic system. The definition

of a strongly interacting quantum system is that in which the energy of the interaction

term or terms of the Hamiltonian (terms depending on relative co-ordinates) are larger

than the single particle energy terms of the Hamiltonian (terms depending on single par-

ticle co-ordinates). One may think that it is strange that an ultracold gaseous atomic

system can be strongly interacting at all; after all, in general, interactions between ul-

tracold atoms must be kept weak to keep the ultracold gas from condensing into its true

ground state, which is the solid metal. A resolution to this contradiction can be found

by making the kinetic energy, and single particle potential energy terms, of the Hamil-

tonian very small. In an optical lattice, the kinetic terms are made small by inhibiting

tunnelling between the wells; with a large energy gap to the first excited band and a

cold atomic sample, the single particle dynamics is dominated by the low energy states

of the narrow, flat ground state band4. In these circumstances, the collisional terms can

dominate over the single particle terms, without the density of the gas becoming great

enough that the interatomic binding processes (to first order, these are three-body recom-

bination processes) can act to condense the gas within the time scale of the experiment.

To summarise, it is possible to have a strongly interacting system with ultracold atoms

as long as there is a separation of time scales τ3-body > texp > h/⟨Ek⟩> h/⟨Eint⟩, with the

terms relating to the three-body losses, the time of the experiment, and the kinetic and

interaction energies respectively.

4The single-particle potential energy terms can be made small by making sure the energy offset of
each site is small; in experiments this is typically done by combining a weak magnetic potential trap with
a broad envelope optical trap.



Detecting strongly interacting ultracold quantum systems 13

The superfluid to Mott insulator transition of the Bose-Hubbard model (Eqn. 2.4)

has been the most studied system. The original observation was made by Greiner and co-

workers [28], who found loss of long range atomic coherence as the lattice intensity was

increased, and furthermore, evidence of low energy gaps in the excitation spectrum, in-

dicative of a strongly interacting state (see Fig. 2.2). Another experiment by Orzel et al.

[74] also probed an atomic state described by the Bose-Hubbard Hamiltonian and found

evidence for number squeezed states of ultracold atoms i.e. a sub-Poissonian distribu-

tion of atoms in each well of the lattice which is caused by interatomic interactions.

However they were not able to observe the Mott insulator transition itself as the number

of atoms per well was much greater than one (see Section 8.2 for further details).

Following the initial observation of the Mott insulator transition in the three-

dimensional optical lattice, a comparative study was done on the transition in one, two

and three dimensions [53]. This was accomplished by using a three-dimensional optical

lattice, while inhibiting tunnelling in the ‘unwanted’ directions by substantially increas-

ing the lattice depth along those directions. The transition was probed by examining the

excitation spectrum of the atomic sample; features dependent on the dimensionality of

the dynamics were found.

2.3.2 Measurements of Mott insulator structure

The Mott insulator state in a lattice overlaid with a wide, weak harmonic potential has

a characteristic shell structure [42]. The shell structure arise from competition between

the interatomic repulsion and the weak harmonic potential; the atom number per site,

rather than smoothly following the shape of the potential as in the superfluid, contains

plateaus corresponding to specific Fock states ⟨n⟩= 1, 2 etc.

Four experiments have been able to measure this feature in the number distri-

bution of atoms across a harmonically confined lattice. Three of these used the shift in

energy per atom (n−1)U/2 when n> 1 atoms are present at a lattice site (Eqns. 2.4 and

8.2) to distinguish the different occupancies. One experiment [23] used spin changing

collisions, controlled using on- and off-resonant microwave transitions, to selectively

transfer atoms in double occupancy wells to different magnetic spin states, which then
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Figure 2.2: The observation of the transition from superfluid to a Mott insulator in a
sample of ultracold atoms, from Greiner et al. [28]. Figures (a) to (h) show images
of the interference pattern of atoms released from the optical lattice, with increasing
lattice depth, from V0 = 0 in (a) to V0 = 20Er in (h). As the pictures are taken in time-
of-flight, these effectively show the momentum distribution of the atoms in the lattice.
The momentum wave functions are the Fourier transform of the spatial wave functions;
therefore the side peaks in the momentum distribution are indicative of atomic wave
functions delocalised over many lattice sites. These side peaks first appear as the weak
lattice alters the wave function of the Bose-condensed atoms, but then disappear with
further increases in lattice depth, indicating a transition to a regime where the atoms are
localised in individual wells. Further evidence of the Mott insulator transition, demon-
strating the role of collisional interactions, is given by the excitation spectrum in the
Mott insulator state, which is given in Figs. (i) to (l), with the lattice depth increasing
from V0 = 10Er in (i) to V0 = 20Er in (l). The excitation spectrum changes form, from a
broad distribution at lower lattice depth, indicative of transitions within the lowest band
of the superfluid regime, to a peaked distribution at higher lattice depth, indicative of the
low energy gap structure due to collisional interactions in the Mott insulator spectrum.
From Greiner et al. [28].
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were separated by a magnetic field gradient using time-of-flight imaging. A different

experiment [7] used resonant microwave transitions to transfer atoms from a specified

Fock state into a different hyperfine level, which could be imaged separately. A third ex-

periment [9] performed similar manipulations in a double well lattice (see Sect. 2.3.4).

A fourth experiment was able to directly measure the flat-top density profile in a two di-

mensional Mott insulator state by absorption imaging [25]. The number and distribution

of the wells of different occupancies broadly agreed with theoretical predictions.

All four of these experiments, although measuring properties of the number

distribution, can only measure the distribution with a spatial resolution of a few mi-

crometres, and are statistically averaged over many sites (thousands for the 3D lattices

[23, 7, 9], and around 50 for the 2D lattice [25]).

2.3.3 Direct measurement of sub-Poissonian statistics

Sub-Poissonian number statistics imply that collisional interactions are a factor in the

number occupancy of a well or wells. Sub-Poissonian number statistics can be consid-

ered a weaker form of a Mott insulator; they are not necessarily a result of strongly dom-

inating collisional dynamics, as in a Mott insulator, but of weaker collisional dynamics,

such as is present in a BEC. After the first and somewhat ambiguous indirect observation

of number squeezing in a lattice [74], a couple of experiments have demonstrated direct

observation of sub-Poissonian statistics, for wells containing 100-200 atoms [11, 40].

However it becomes harder to achieve the phase transition to the Mott insulator state as

the number of atoms per well increases (Eqn. 8.4).

2.3.4 A lattice of double wells

In a recent experiment [58] a lattice with a double-well basis was set up in such a way

that each double well could be merged into a single well. Atoms in each sublattice have

the property that their internal state can be manipulated separately from the internal state

of atoms on the other sublattice by different potential offsets. With a single atom in each

well of both sublattices, the atoms in the two sublattices are transferred to different in-

ternal states, and then brought together into different vibrational levels of the combined
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well. Controlled spin-exchange collisions, which caused the internal state of the atoms

to oscillate, were observed by an analysis of the momentum distribution of the atoms.

Such spin-exchange collisions can be used to implement quantum information protocols

[35] for quantum simulation or quantum computation.

2.3.5 Strong interactions at low density in one dimensional systems

Another experiment in which the signature of a strongly interacting quantum system

was observed [76] was, in contrast to the experiments described above, conducted in

the regime where the average number of atoms per site was much less than one. In

the Tonks-Girardeau regime of a one-dimensional gas, the atoms can freely tunnel to

an empty well, but encounter an energy barrier U for tunnelling to an already occupied

site. When this energy barrier is large compared to the kinetic energy of the atoms J

the system enters the Tonks-Girardeau regime, in which atoms cannot occupy the same

well, and so cannot pass each other along the string of coupled wells. This causes

the bosonic particles to have quasi-fermionic properties; the increased localisation was

measured in the momentum distribution of the released atoms. This situation is unique

to one-dimensional systems, as similar localisation is not possible in higher dimensional

systems.

2.4 The observation of low numbers of ultracold atoms using fluorescent imaging

This section and the next summarise recent published experimental work concerned with

probing of atomic samples at the level of single atoms5.

Two experiments have particular relevance to the work set out in this thesis.

2.4.1 Fluorescent imaging in a three-dimensional optical lattice of period 5 mi-
crons

The team of Weiss at Pennsylvania State University [71] imaged individual atoms in

a three-dimensional array, with lattice sites spaced by around 5 µm (as shown in Fig.

2.3). They used polarisation gradient cooling to suppress the recoil heating of the atoms

5There are other groups moving in this direction; however only pre-prints placed on the arXiv up to
September 2009 can be covered.
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during the imaging process. The hopping rate of atoms between wells was less than

0.01 s−1, which is slow enough for each atom to scatter many photons, resulting in a

good signal for each atom. Individual planes of the lattice (separated by 5 µm) were

distinguished by using a high numerical aperture objective lens with a short Rayleigh

length so that atoms in the other planes of the lattice were not in focus.

Theses images do not show the initial distribution of atoms in the lattice, which

was a thermal population of around 6 atoms per lattice site. Only one atom (or no

atoms) could be detected at each lattice site because of strong light-assisted collisional

loss processes (see Section 4.3.3), which significantly change the atomic distribution.

The lattice period of 5 µm is around an order of magnitude greater than what would be

needed to observe strongly interacting quantum dynamics (see Sections 4.3.1 and 8.4).

My own proposal, described in Chapters 4 to 7, shares the feature of using polarisation

gradient cooling of atoms trapped in a lattice to increase the signal-to-noise ratio of the

fluorescent signal from individual atoms.

A similar experiment has been carried out with a 1D lattice [48] with a site

separation of 430 nm. The dimensionality of the lattice and the rather diffuse sample

(average number of per well much less than 1) meant that it was possible, with some

finite probability, to infer atomic separations which were under the diffraction limit of

the imaging system.

2.4.2 Fluorescent imaging in a two-dimensional optical lattice of period 640 nanome-
tres

The results of a second relevant experiment [4] have emerged as a pre-print as this

thesis was being written (August 2009). The team of Greiner at Harvard have carried

out a similar experiment to that of the group of Weiss at Penn State [71], but with a

much smaller lattice period. The significance of this new work is that it has the potential

to see strongly interacting quantum physics in ultracold systems at the level of single

atoms, although this has not yet been observed. Despite the excellent progress that has

been made by this research, the technique I propose has significant advantages for the

study of strongly interacting physics in optical lattices; a detailed comparison of the two
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Figure 2.3: These pictures show single atoms imaged in a 5 µm period optical lattice.
The large period of the lattice allows each site to be resolved. Atoms in other layers
of the lattice (displaced along the z axis) are out of focus due to the short depth of
field of the imaging lens. The three images show different layers of the lattice, taken
by translating the lens along the z-axis. Polarisation gradient cooling was used to cool
the atoms during the measurement process to allow a good signal-to-noise ratio in the
images. The atomic distribution in this lattice initially had many atoms in each well of
the lattice. Upon measurement, light-assisted collisional processes quickly reduced the
number of atoms per well to one (for an odd number of initial atoms) or zero (for an even
number of initial atoms); due to this process the images are not an accurate reflection of
the initial atomic distribution in the lattice. From Nelson et al. [71].

methods is given in Section 7.5.

The major design feature of the experiment at Harvard which enabled spatially

resolved measurements of sites of the 640 nm period lattice is the use of a very high

numerical aperture lens system (NA∼ 0.8), giving a resolution of around 600 nm (Eqn.

4.1). The lens system has elements both inside and outside the vacuum. The atoms

are confined to a 2D sheet positioned 1.5 - 3 µm from the ultra-flat surface of the lens

mounted within the vacuum—the close proximity of a high refractive index material

gives a large solid angle for collection of fluorescent light that can be captured is in-

creased, thus increasing the overall numerical aperture of the lens system.

They created a 2D optical lattice using a diffractive optical element to split in-

coming laser light into beams which are recombined at the position of the atoms (equiv-

alent to projecting a filtered image of the phase grating onto the atoms). The same high

numerical aperture lens as is used to view the atoms as to produce the optical lattice,
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Figure 2.4: Single atoms imaged in a two-dimensional optical lattice. The lattice period
is 640 nm, and the resolution of the microscope objective around 600 nm. The observed
distribution is the parity of the true occupancy at each site, as light-assisted collisions
remove atoms pairwise. From Bakr et al. [4].

which is of 640 nm period. A key feature of this method of making an optical lattice is

the ability to form a lattice with the same period and phase for different wavelengths of

incoming light. This allows the atoms to be transferred smoothly between off-resonant

and near-resonant lattices, appropriate for quantum dynamics and probing respectively.

The atoms are cooled by polarisation gradient cooling while they are being im-

aged. However, in contrast to Reference [71], the atoms are confined to a region much

smaller than an optical wavelength, which changes the polarisation gradient cooling

dynamics (this is discussed in Sections 5.1 and 5.2).

The result is that atoms can be resolved at individual sites of the optical lat-

tice (Fig. 2.4). There are various issues which are still present in this experiment; the

technique I propose should overcome these.

• As with Reference [71], the effect of light-assisted collisions still dominate the

observed atomic distribution; as acknowledged in the paper, it is the parity of

the atom distribution distribution which is measured, rather than the true atomic

distribution.
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• The lattice period of 640 nm is not the optimal λ/2, which for example is around

380 nm for rubidium. The strength of the interaction, with the lattice depth set so

that the atoms can still tunnel between the wells, increases markedly as the lattice

period is decreased. The strongly interacting quantum phenomena of interest will

become easier to observe, and purer, if the lattice period can be decreased; see

Sections 4.3.1 and 8.4.

• The technique as described is only appropriate for 1D and 2D physics, as it is

reliant on having only a single layer of atoms.

The technique described in later chapters overcomes all of these limitations. However,

with the holographic lattice generation it is easy to change the lattice geometry and site

connectivity, whereas changing the lattice geometry is possible in my method but not as

straightforward.

2.4.3 Fluorescent imaging of a single dipole trap immersed in a MOT

Another set of experiments use a different approach to look at single atoms. Rather

than loading many thousands of cold atoms into an optical lattice, they use one or more

very deep, highly focussed, dipole traps to load a few atoms directly from a magneto-

optical trap [87, 101, 56]. If there are no interatomic interactions, the number of atoms

in the trap would be expected to conform to Poissonian statistics. However a ‘collisional

blockade’ mechanism gives sub-Poissonian loading statistics: when two or more atoms

are in a trap, there is a large 2-body light-assisted collisional loss rate which quickly

gets rid of atoms in a pairwise process (see Section 4.3.3). To deterministically prepare

a single atom per trap, however, a real-time feedback and control process must be imple-

mented, due to the statistical nature of the atom capture process. Such control has been

demonstrated to prepare a string of trapped single atoms [68]. With these types of exper-

iments, the atoms are in highly excited vibrational states in the traps and would need to

be cooled before strong coherent collisional interactions can be obtained6. Furthermore,

6Certain types of coherent quantum interatomic interactions are possible with a less stringent cooling
requirement, for example by using Rydberg states or an optical cavity.
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due to the statistical nature of the preparation process, these experiments are limited to a

few atoms at a time, and are not suitable for filling an extended optical lattice potential.

2.5 Other techniques used to observe low numbers of ultracold atoms

Optical cavity detection

Single atoms can be detected as they traverse a mode of a high-finesse cavity. The

resonance properties of the cavity change as the atom traverses due to the difference

in permittivity between vacuum and the atom, which is most pronounced near optical

resonances. This has been used in an experiment [95] to detect correlations between

atoms of a coherent matter beam sourced from a BEC. This method is most applicable

to one-dimensional distributions in time-of-flight imaging.

Metastable helium incident on a microchannel plate

Correlations of atoms within a BEC of metastable helium (He∗) were measured by

letting the atoms fall onto a microchannel plate detector (i.e. time-of-flight imaging)

[85, 46]. Upon contact with the plate, around 20 eV of energy was released from each

atom; the signal from each atom could be detected with a horizontal positional sensitiv-

ity of around 250 µm.

Electron beam ionisation and ion detection

A recent experiment [26] uses an electron microscope to image atoms within a one-

dimensional optical lattice. Electrons can have a much smaller de Broigle wavelength

than optical photons, so the resolution of such images is under the optical resolution

limit, at around 100-150 nm. The electrons ionise the ultracold atoms in-situ; the ions

are subsequently collected and focussed, using ion optics, then detected. Individual sites

of the optical lattice could be seen in summed images from a set of runs.
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Photoionisation and ion detection

In a similar way to electron beam ionisation, atoms may be photoionised via multiphoton

processes, and the ions produced are subsequently detected [92, 54]; however the optical

mode of ionisation limits the resolution.

2.6 Summary

Although the research described in this section has demonstrated the preparation and

probing of atomic samples at the resolution of single atoms, strongly interacting many-

body quantum dynamics are yet to be observed at this level of detail. Whilst a recent

experiment is described which is potentially capable of carrying out such investigations,

the design of this experiment still has limitations, in particular in the inability to measure

the true atomic distribution in the lattice.

The research I have carried out during my DPhil aims to combine the capabil-

ities that the above experiments have demonstrated: to observe atoms individually, but

within the quantum states of a strongly interacting, many-body system. It is surely in

the combination of these capabilities that the future of quantum simulation, and perhaps

even quantum computation, lies.



Chapter 3

Constructing apparatus for
Bose-Einstein Condensation and
reaching quantum degeneracy

The work which is described in this section is somewhat independent of the rest of the

work in this thesis, for the reasons outlined in Section 1.1. The work described in this

chapter was performed in collaboration with the DPhil student Andrian Harsono (and

later with Ben Fletcher). They were able to continue this work in my absence; both have

now submitted their theses. The majority of their theses described how the apparatus

was built and optimised. As this material has already been written up in detail, this

chapter will only outline the work we performed together; for the details I refer the

interested reader to the theses of my co-workers.

3.1 Cooling requirements for quantum degeneracy

A Bose-Einstein Condensate is the low-temperature limit of the Bose-Einstein distribu-

tion of number-conserved bosons

n(ϵ) =
1

e
ϵ−µ
kBT − 1

. (3.1)

The chemical potential µ is the Lagrange multiplier which ensures number conservation.

At a given temperature, the addition of more particles will force µ to increase. However

µ can never be larger than the energy of the ground state ϵ0 (otherwise the occupancy

23
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of the ground state becomes negative and so unphysical). Depending on the form of the

confining potential, and at very low temperatures, the sum over the excited state occu-

pancies may approach a fixed value for µ→ ϵ0. In this situation, the only possible place

for extra atoms is in the ground state, which therefore can have a very large occupancy

of order the number of atoms in the distribution. This macroscopic occupation of the

ground state is called a Bose-Einstein Condensate.

The temperature needed to make neutral gaseous bosonic atoms condense is very

low; in a three-dimensional harmonic potential, the transition temperature can be found

to be ([77] p21)

Tc =
~

kB

(
ω1ω2ω3N
ζ(3)

) 1
3

(3.2)

in which where ζ(α) =
∑∞

n=1 n−α is the Riemann zeta function. For neutral atoms in mag-

netic potentials quantum degeneracy is achieved at temperatures of a few microkelvin

or below. It can be seen that atoms must be cooled dramatically from room temperature

to achieve condensation.

This cooling is necessarily a multi-stage process, with each stage appropriate to

a certain temperature spread. In the experiment described in this chapter there are three

major stages. Firstly, magneto-optical confinement and cooling captures hot neutral

atoms (above room temperature) released from a rubidium getter. Once enough atoms

have been collected in the MOT, polarisation gradient cooling is applied using the optical

molasses technique. Finally the atoms are isolated from resonant light, and evaporative

cooling in a magnetic trap.

I will omit from this thesis the principles and theoretical details of these cool-

ing processes (although polarisation gradient cooling is described in another context

in Chapter 5), as this material is fairly standard and is well covered in many sources

(for example Metcalf and van der Straten [67]). This chapter shall instead review the

technical details of our implementation.



Apparatus 25

3.2 Apparatus

3.2.1 The magneto-optical trap

We use two magneto-optical traps (MOTs) in our apparatus, with each MOT in a sep-

arate section of the vacuum system. These two sections are connected by hole which

is small enough that each region can be maintained at a different background rubid-

ium pressure. This allows relatively fast capture of atoms into the first MOT, which is of

pyramidal design and is situated in the higher pressure (10−8 Torr) section; the MOT col-

lects hot rubidium atoms released when nearby rubidium getters are heated. The atoms

are captured and pre-cooled, then are continuously channelled, by radiation pressure

from this first MOT, through the hole joining the two sections of the vacuum system and

into the capture region of the second MOT. The second section of the vacuum system is

maintained at a lower pressure (10−10 Torr). The atoms held in this section have a much

lower loss rate due to collisions with room-temperature background gas atoms; this is

where the experiments are carried out. The isotope 87Rb is used in our work.

3.2.2 The magnetic trap

The magnetic trap we constructed is of ‘baseball’ design. The baseball trap is a modified

Ioffe-Prichard trap in which the pinch coils and Ioffe bars are combined into a single

baseball coil (see Fig. 3.1). The magnetic field at the trap minimum is high for the

bare baseball trap (over 100 Gauss). This corresponds to a high Ioffe-Prichard bias field,

which means that the resultant trap is rather loose. Higher trap frequencies are required

for efficient rethermalisation in the evaporative cooling stage. Therefore in this stage of

the experiment the bias field needs to be reduced to a few Gauss, in our case by current

flowing in additional coils called bias coils. The bias and baseball coils were designed so

that the two fields approximately cancel at the trap centre when the same current flows

in both coils. This allows the coils to be powered in series, greatly reducing the heating

effects from noise fluctuations in the current, due to the near cancelling of common

mode fluctuations.
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3.2.3 The laser beams

Sub-Doppler spectroscopy is used to lock the lasers. The D2 transition of 87Rb in vapour

cells is probed in a typical pump-probe configuration; an electronic feedback system acts

to stabilise the laser frequency (we lock to the peak of the transition). Once locked to

the transition, a succession of acousto-optic modulators gives independent control over

the frequency detuning and timing of the cooling light to both MOTs and generates the

required frequencies for optical pumping and probing light. The original ‘master’ laser

is now amplified by injection into two ‘slave’ lasers, with the output of each carried by

optical fibre to the MOTs.

A second ‘repumping’ laser is also similarly generated and stabilised. The fre-

quency of this laser is set so that it can optically pump atoms from the F = 1 to the F =2

hyperfine levels; this is necessary to rectify small but significant leakage from the F = 2

state due to excitation of the excited F′ = 2 and F′ = 1 levels, with subsequent decay to

the lower hyperfine level F = 1.

Optical pumping light, generated from the master laser, is used to transfer the

atoms into the |F = 1,mF =−1⟩ state immediately prior to the loading into the magnetic

trap. They are pumped to the lower hyperfine level with a preferred orientation, as

inelastic collisional loss processes are slower in the lower hyperfine level and when

the atoms share orientation. The same optical path is used for the probing light (see

Fig. 3.2). Both fluorescent and absorption imaging diagnostics are used for probing the

atomic sample along two separate directions. The apparatus was designed to give a large

amount of optical access, in order that a high numerical aperture lens can be mounted

near to the atoms; this lens can be used for high-resolution imaging and dipole trapping

(using additional laser beams).

3.2.4 The cooling sequence

The science MOT, in the lower pressure section of the vacuum system, was loaded with

atoms from the pyramid MOT, situated in the higher pressure section. After the number

of atoms in the science MOT reached a certain value (around 5× 108), the pyramid MOT

was shut off. A CMOT (compressed MOT) stage was used to increase the density of the
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atomic sample, by using a higher magnetic field gradient and larger frequency detuning

of the cooling beams. The magnetic field was then shut off, and optical molasses were

used to cool the atoms using polarisation gradient processes for around ten milliseconds.

Immediately after the molasses stage, the atoms were optically pumped into the

lower hyperfine level, and were quickly caught by a weak magnetic trap whose potential

was matched to the temperature and size of the atomic cloud in order to minimise loss

of phase-space density. All laser beams were shut off, and the magnetic trap was tight-

ened in order to promote rethermalisation in the subsequent evaporation. Evaporation

was performed by selectively transferring higher energy atoms, using a radio-frequency

transition, to an untrapped state. This process of removal of the higher energy atoms, to-

gether with continuous rethermalisation, was enough to bring the remaining atoms into

a state of quantum degeneracy.

3.3 Reaching quantum degeneracy

After the apparatus was built there was a substantial amount optimising and trouble-

shooting to be done before the apparatus before we reached the nanokelvin temperatures

needed to reach quantum degeneracy. Some of the many facets of the apparatus and the

experimental sequence which had to be investigated and optimised before Bose-Einstein

condensation was possible are recorded here for future reference.

The stability of the laser lock, for both the cooling and repumping lasers, was

critical to the success of the magneto-optic trapping, optical molasses and probing stages

of the experiment. Many different considerations go into achieving the most stable

lock, as summarised here. The intensities of the pump and probe light used in the

sub-Doppler laser locking apparatus need to be optimised to produce the narrowest and

sharpest spectrographic signal possible, as this directly translates into the effectiveness

of the electronic feedback. This may be further optimised by changing the temperature,

and so and vapour pressure, of the rubidium cell. The suppression of any reflections

back into the laser diode chips is vital to avoid competition between optical modes; this

suppression is largely performed by the optical isolators (see Fig. 3.2). On the electronic

side, the properties of the feedback photodiode should be chosen to maximise the signal-
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Figure 3.1: The coils of the magnetic trap, showing the relation between the baseball
and Ioffe-Prichard traps. The baseball coil, named as the shape resembles the seams
on a baseball, can provide all the magnetic field gradients needed for confinement of
ultracold atoms. Near the centre of the trap, the magnetic fields Bx and By take the form
Bx(x)= B′x and By(y)=−B′y; this is effectively the field generated by the Ioffe bars
marked in orange [52]. The currents depicted by the light green arrows are equivalent
to the pinch coil currents of the Ioffe-Prichard configuration. At the trap centre, they
result in a large bias field (marked by the large green arrow) plus a smaller quadratic
term: Bz(z)= B0 + B′′z2. The resultant magnetic potential has a minimum at the trap
centre; with a large bias field, this minimum is broad (see Sect. 3.2.2). To achieve tight
confinement, a requirement for more efficient evaporation, the bias field generated by
the baseball coil is almost cancelled out using additional bias coils, which are the large
circular coils shown in the picture. These produce a uniform field in the centre of the
trap which opposes the baseball bias field B0. The coils used to generate the magnetic
quadrupole field for the MOT are visible sandwiched between copper sheets above and
below the baseball coil.
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Figure 3.2: A schematic of the optical bench on which the cooling, probing, and op-
tical pumping beams were generated. We locked the master cooling (purple) and the
repumping (blue) lasers on sub-Doppler features of the spectra of two rubidium vapour
cells. The master laser, after passing through an acousto-optic modulator (AOM), was
injected into the slave lasers (black and green) in order to generate enough optical power
for both MOTs. A small admixture of ‘repumping’ light was added to the cooling light,
to pump stray F = 1 atoms in the two MOTs back into the F = 2 cooling state. The mas-
ter laser was also used to generate probing light for absorption imaging (red). With the
acousto-optic modulators tuned to a frequency different from that used for the probing
light, the same path was also used for optical pumping light, which optically pumped
atoms from the F = 2 level to the F = 1 level prior to capture by the magnetic trap.



30 Producing quantum degeneracy in an experiment

CCD
Camera

Y

X

Z

Z

VERTICAL PLANE

HORIZONTAL PLANE

I

I

I
l/2 l/4

l/4

I

I

I

I

l/4

l/4

l/4

l/4

I
l/4

I

l/4

Pyramid
Mirrors

I

II

I

l/2

l/2l/2

l/2 10

250

80

125

315

T

T

I

10
Optical Fibre

Mirror

Polarising
Beamsplitter

Lens (focal length
given in mm)

Waveplate
(retardation given)

Mirror coupling vertical
and horizontal planes

LEGEND

Region of
magnetic coils

Region of
vacuum system

T=Telescope

125

-16

Figure 3.3: A schematic of the optical layout around the magnetic trap and vacuum
system, as used to produce and probe BECs. The black lines indicate the laser beams
and optics used to form the science MOT, by the use of six counter-propagating laser
beams. The pyramid MOT is formed by a single wide cooling beam incident to the
pyramid retro-reflector; this is indicated by the green beam and optics. The red line
indicates the beam used for optical pumping, and for absorption and fluorescent imaging
of the atomic distribution.
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Figure 3.4: A photograph of the apparatus surrounding the vacuum cell which contains
the BEC. The magnetic coils, optics, and vacuum system (in the upper right hand portion
of the picture) are visible. The shim coils (clad in yellow) are used to cancel out stray
magnetic fields and to provide small bias fields during various stages of the experimental
sequence. The high numerical aperture (NA) lens is used for fluorescent imaging and
dipole trapping.

to-noise ratio and response time. The parameters of the amplifier and the lock-in circuits

of the phase-sensitive detector need to be adjusted to optimise the frequency stability of

the laser. The acoustical and vibrational environment of the extended laser cavity must

also be kept as noise-free as possible in order to that the laser lock remained stable.

After these the laser lock was optimised, the measured frequency fluctuations were well

under a megahertz1, with the laser staying locked to the transition for many hours before

the lock needed to be reset.

The stability of the current flowing in the magnetic coils is also a major con-

sideration; current fluctuations are a major source of heating of magnetically confined

atoms. The heating can be suppressed by keeping the coils in series, as described above,

driven by a highly stable current source. For our experiment a custom-built high-current

(280 A) feedback stabilising circuit was used; closed circuit Hall probes were used as

the sensors, and banks of metal oxide semiconductor field effect transistors (MOSFETs)

1By way of comparison, the D2 rubidium line width is 6 MHz.
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were used as the actuators. Once the parameters of the feedback circuit were optimised

the measured current stability was below 10−5.

A considerable part of our time was spent optimising the alignment and powers

of the laser beams, for each of the cooling, repumping, optical pumping and probing

beams; for example, the efficiency of the polarisation gradient cooling in the molasses

stage was particularly sensitive to beam misalignment and imbalance (as well as any

residual, stray magnetic fields). Methods were developed to achieve this alignment most

efficiently.

Finally, the strengths, tunings and timings of the magnetic fields, lasers, and

radio-frequency fields needed to be optimised for each stage of the experiment. This

was typically done using measurements of the phase space density of a cold atom cloud,

probed at the end of the experimental sequence, as each of the many parameters used

throughout the sequence were varied. Some parameters needed to be optimised to dif-

ferent values at different stages of the experiment.

After optimisation of the experimental sequence we were able to reach quantum

degeneracy. Quantum degeneracy was confirmed by measurements of the density and

temperature of the final atomic sample (see Figs. 3.5 and 3.6) and by the coherent nature

of the atomic dynamics in subsequent experiments.
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Figure 3.5: The formation of a Bose-Einstein Condensate. It is possible to assess the
degree of quantum degeneracy present in the sample using measurements of the density
and temperature of the ultracold atoms. These data are derived from absorption images
of cold atomic clouds such as in Figure 3.6; images are taken after 18 ms of ballistic
expansion from the magnetic trap. Each data point in the above graphs is taken on a
separate, consecutive run of the experiment. The number of atoms in the sample (top
graph) can be estimated by the total absorption cross section of the atomic cloud. The
temperature of the sample (middle graph) can be measured from the rate of expansion
of the cloud; this measure becomes inaccurate once the cloud becomes degenerate, so
only the first few points are shown. The radius, as plotted (bottom graph), is the geo-
metrical mean (r1r2r3)

1
3 of the inferred cloud radii in the magnetic trap. It is possible to

predict both the BEC transition temperature, and the spatial extent of a pure BEC, for a
given number of atoms in the atomic sample, using known parameters of the magnetic
trap; these are plotted against the measured quantities. As the final frequency of the
radio-frequency evaporation is lowered, it can be seen that the cloud temperature falls
below the transition temperature, after which the sample composition will be a mixture
of superfluid and thermal components. As the final RF frequency is lowered further,
the thermal component is preferentially evaporated, and the spatial extent of the cloud
approaches that of a pure BEC. In this data set there are 1.5-2 million atoms at the BEC
transition point, and 500,000 atoms in the pure BEC.
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(a) Thermal Cloud (0.60 MHz) (b) BEC & Thermal Cloud
(0.575 MHz)

(c) Pure BEC (0.545 MHz)

Figure 3.6: The phase transition to BEC. Figures (a) to (c) show absorption images from
different runs of the experiment. The images have been taken after evaporative cooling
to different depths. Red regions contain the most atoms; dark blue regions the least.
These images are taken after 18 ms of free expansion. From left to right, the spatial
size of the atom cloud becomes sharply smaller as the frequency of radio-frequency
(RF) evaporation is lowered; however, the central column density of the sample does
not decrease. For such a cold cloud, this behaviour is indicative of a phase transition
to BEC; this is confirmed by more detailed calculations. These images are part of the
data set of Fig. 3.5.

Figure 3.7: Absorption image from our experiment of atoms loaded into a highly fo-
cused laser dipole trap. The atomic sample trapped at the focus of the laser beam is
shown as the small light region in the upper portion of the picture. The larger light
region shows the remainder of the atoms, which are falling freely away under gravity.



Chapter 4

A novel technique to probe strongly
interacting ultracold atomic systems at

high spatial and single atom resolution

This chapter outlines the accordion and imaging lattice techniques. These techniques are

designed to probe ultracold atomic samples at half-wavelength, single atom resolution.

These techniques will be modelled and further developed in subsequent chapters.

4.1 The criteria for observation of individual atoms within a periodic optical po-
tential

Direct mapping of the distribution of ultracold atoms within an optical lattice, to probe

strongly interacting quantum dynamics in detail, requires that a number of basic criteria

are met:

1. The detected signal from single atoms must be sufficient to be distinguishable

from noise.

2. The signal from each individual lattice site must be resolvable.

3. Every lattice site within a certain volume should be detectable.

4. The atoms must stay at the original lattice site during the measurement process.

5. The detection efficiency for each atom must be close to 100%.

35
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Only when all of these criteria are met can an accurate reconstruction be made

of the spatial distribution of atoms in strongly interacting quantum systems in periodic

potentials.

4.2 Comparison of techniques

This section will review existing single atom techniques, which have been described in

Section 2.4, in terms of these criteria.

Absorption imaging

Absorption and fluorescent imaging use resonant laser light to measure the spatial distri-

bution of an atomic sample. Absorption imaging measures the decrease in the intensity

of the laser light as it traverses the cloud; the profile of the atomic sample is imprinted

as a shadow. The great majority of ultracold atom experiments use absorption imaging,

as the signal-to-noise ratio is better than for fluorescent imaging of large atoms clouds;

this is because every scattered photon counts towards the total signal. However, for low

atom numbers, the noise of the laser beam dominates the absorption signal; although ab-

sorption imaging at the level of individual atoms is possible in principle, it is technically

very demanding to get a smooth and stable enough laser profile to be able to carry out

this kind of measurement; the lowest number of atoms detectable by absorption imaging

in a typical experiment is in the range 100-1000.

Fluorescent imaging

Fluorescent imaging is the counterpart of absorption imaging, in that it detects laser

light resonantly scattered by the sample to measure the atomic spatial distribution. The

technique whose development is described in this thesis is at heart a fluorescent imag-

ing technique; see the next section (Section 4.3) for a detailed discussion of the above

criteria in this case.
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Optical cavity detection

Detection of single atoms is possible when they are in a mode of a high finesse cav-

ity. In an experiment probing a cold, coherent atomic state [95] the detection efficiency

was around 20%; if atoms can be reliably confined at the centre of the cavity mode, the

detection efficiency can be expected to be nearer 100%. However, the spatial resolu-

tion, which is determined by the volume of the cavity mode, is poor, so this method is

unsuitable for the situation under consideration.

Metastable helium incident on a microchannel plate

Experiments with metastable helium can achieve detection efficiencies approaching 100%

[85, 46]. However, this method is only available in time-of-flight to specific ultracold

species, and has very poor horizontal positional resolution (around 250 µm).

Electron beam ionisation and ion detection

Electron beam ionisation has the capability to resolve single atoms at individual lattice

sites [26]. However, the major drawback of this method for the situation under con-

sideration is that the detection efficiency for each atom is only about 10%, both due to

detector inefficiencies, and other collisional channels. The theoretical maximum effi-

ciency possible with this method is around 40-50%. Furthermore, it is hard for such

experiments to take 3D images, which will be needed for mapping the distribution of

3D optical lattices.

Photoionisation and ion detection

The method of photoionisation and ion detection [92, 54] works similarly to electron

beam ionisation. There are two main differences. Firstly, the maximum possible detec-

tion efficiency approaches 100% for photoionisation as opposed to between 40-50% for

electron beam ionisation. Secondly, the maximum spatial resolution is limited to around

1 µm for photoionisation as opposed to about 100 nm for electron-beam ionisation. Both

would be largely limited to 2D atomic samples.
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4.3 Fluorescent imaging and the criteria for the observation of individual atoms
in a strongly interacting quantum system

Fluorescent imaging samples the resonant light scattered by the atomic sample. Com-

pared to absorption imaging, there is less signal per atom as each scattered photon does

not necessarily contribute to the detected signal; but on the other hand the signal-to-

noise ratio is much greater for each atom, as the laser beam itself is not incident on

the CCD camera. This makes it the imaging method of choice for low atom numbers.

One disadvantage of fluorescent imaging is that, because of this low signal per atom,

the exposure time to laser light must be relatively long. This makes it unsuitable for

time-of-flight imaging, the usual mode of imaging for ultracold atoms.

There are three substantial problems which arise when naı̈vely using fluores-

cent imaging carry out the type of measurements we require; these are outlined in the

following sub-sections.

4.3.1 Resolution, distinguishability and spatial period

To properly map the atomic distribution, each well must be well resolved by the measurement—

the second criterion in the list above. The systems in which strongly interacting quantum

dynamics have been observed to date almost all have well separations of 370 − 400 nm,

at half the wavelength of the optical lattice light. While it should be possible to achieve

strongly interacting quantum dynamics in systems with larger well separations (see Sec-

tion 8.4 for a more detailed discussion), a larger well separation gives a weaker colli-

sional interaction term, making it harder to probe the strongly interacting regime.

During the measurement, the Rayleigh resolving power of a lens of focal length

f and diameter d is

∆xlim =
1.22λ f

d
=

0.61λ
NA

(4.1)

as

NA = sin θ =
d

2 f
. (4.2)
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Equation 4.2 assumes the working medium of the lens is air or vacuum; θ is the

half-angle subtended by the lens at the focal point1.

There are relatively few transitions to choose from for resonant scattering, and

typically the optical lattice light and the resonant light would both be in the vicinity of

the strong alkali D transitions. It is difficult to simultaneously meet the twin require-

ments of strongly interacting quantum dynamics and resolvable lattice sites.

The experiment described in the preprint [4] comes closest to meeting both crite-

ria. A very high numerical aperture objective lens is used, and lattice sites of a 2D lattice

with 640 nm spacing are observed. Strongly interacting dynamics are yet to be seen in

this system. Although it is probably possible to observe strongly interacting dynamics

with this well separation, lower spatial periods are preferable for strongly interacting

dynamics.

It is possible in principle to resolve the sites of counter-propagating optical lat-

tices by using higher-frequency resonant light with a very good microscope objective.

For example, for rubidium, using the 5s→ 6p 421 nm transition and a numerical aper-

ture of 0.8, the Rayleigh ∆x is 316 nm; the sites of a 400 nm period lattice should be

resolvable for one- or two-dimensional geometries. However, with such an experiment

it would be very hard to meet the next two criteria (Sects. 4.3.3 and 4.3.2): the same

lattice would need to be used for coherent quantum dynamics, which needs a large fre-

quency detuning to suppress scattering, as when imaging takes place, which needs a

deep lattice to withstand many photon recoils, and so is typically much nearer the op-

tical resonance. Furthermore, light-assisted collisions (Sect. 4.3.3) and photoionisation

(Sect. 7.4.6) would pose significant problems2.

Another possible way to get around this problem is to go to a low dimensionality

lattice (1D). The small number of nearest neighbours may mean that the occupancy of

each well can be inferred by careful processing of the image, even if this well separation

is below the diffraction limit. The experiment of Reference [48] has made some progress

down this route, with very low density samples. Although the experiment provides

1The latter equality of 4.2 holds as the wavefront exiting the lens is spherical rather than planar.
2It is possible that variations may be conceived, such as the use of absorption imaging at shorter

wavelengths which capable of detecting single atoms.
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some evidence that the atomic separation could be inferred below the diffraction limit

of the system, to be applicable to strongly interacting systems this technique must be

demonstrated in lattices with atomic densities approaching one atom per site. This is a

significantly harder experiment, but may be possible with a sufficiently good imaging

system and good image post-processing. This technique is limited to low dimensionality

systems.

There is not so much interest in probing the spatial resolution of the atomic

distribution at resolutions smaller than that of the extent of the lattice site; this is because

we assume that the strongly interacting quantum dynamics takes place in the lowest

band; this is true in almost all cases of current interest. Instead, to gather information

on excitations in higher bands, it would probably be easier to use time-of-flight (TOF)

measurements (see Section 7.1).

4.3.2 Signal-to-noise ratio

There must be enough signal from each atom for it to be unambiguously identified. The

trouble is, as atoms scatter photons, they heat up due to the recoil from the absorbed

and spontaneously scattered photons, gaining on average one recoil energy (ER) per

cycle. Once an atom is too hot, it escapes the well. Once it has escaped, it no longer

contributes to the identifiable signal of a certain atom at a certain site; it may contribute

to background in the rest of the image, or disappear from the imaging region altogether;

furthermore, it could undergo a light-assisted collision with an atom in another well (see

the next section), with the result that both atoms are immediately lost from the lattice.

Deep optical lattices can have depths of hundreds to thousands of recoil energies,

and with typical fluorescent photon detection efficiencies of around 1-5%, each atom

would leave a signal of only a few to a few tens of photons, spread over a few pixels

of a CCD chip. While for a 1D or 2D sample this may be on the limits of detectability,

it is a rather fleeting glimpse of each atom, and is unlikely to be a clear, unambiguous

signal, even if all noise sources are carefully eliminated. For a 3D sample, the scattering

of out-of-focal-plane atoms obscures any such faint signal.
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4.3.3 Light-assisted collisions

Lastly, the strong light-assisted collisional atom loss processes must be suppressed to

allow the true atom distribution to be measured. Light-assisted collisions are inelastic

collisions between atoms which occur in the presence of resonant light. Two possible

types of light-assisted inelastic channels are described in Figure 4.1. Both of these

channels have large cross-sections when atoms approach each other in an excited state,

as occurs in the presence of resonant light.

The effect of these collisions is the transfer of a large amount of internal energy

of the excited biatomic system into the kinetic energy in the centre of mass frame of the

colliding atoms. This energy is typically much greater than the potential energy needed

for the atoms to escape the potential minimum of the optical lattice; as a result, both

atoms get ejected from the optical trap with a high velocity.

Two atoms confined in one lattice site have a large wave function overlap in-

tegral, and the lifetime of the two atoms in the same well under resonant illumination

is very short (sub-millisecond) compared to the exposure time of a fluorescent image

(tens to hundreds of milliseconds over which to integrate the low signal from individual

atoms). Experiments using fluorescent imaging of atoms in periodic optical potentials,

such as those in References [71] and [4], see only the residue left after these collisions

have taken place: an even number of atoms initially present at a site will all be ejected;

an odd number of atoms initially present at a site will be reduced to a single atom which

will fluoresce in isolation and be detected. The number of original occupants of the

lattice site is therefore not determined, bar it being an even number (or zero), or an odd

number.

Experiments which wish to use fluorescent imaging to look at strongly interact-

ing quantum states should address all three of these problems. The experiments which

have come closest to this goal to date (Nelson et al. [71] and Bakr et al. [4]) overcame

only one of these issues (that of the signal-to-noise ratio), though the latter experiment

may also be able to demonstrate concurrent resolvability and strongly interacting dy-

namics.

The technique which is described in this and subsequent chapters relies on flu-
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Figure 4.1: Channels for light-assisted collisional loss processes of a pair of neutral
atoms. The atoms approach each other with one atom in the excited P3/2 electronic state
(blue arrows). The excited molecular states have a wider and deeper attractive potential
region due to the 1/r3 form of the resonant dipole-dipole interaction, as opposed to the
1/r6 form of the ground state Van der Waals potential. During the collision one of two
inelastic processes may happen. The first mechanism (illustrated by the red arrows)
occurs by the decay of a red-shifted photon while the atoms are in the attractive region
of the excited molecular potential. This process, called radiative escape, leaves the two
atoms unbound in their ground state with substantial kinetic energy, so they fly apart
and out of the trap. A second process, a fine-structure changing collision (illustrated
by the purple arrows), occurs when other molecular potentials cross the initial excited
state molecular potential; there can be coupling between the excited state potentials, so
the atoms have a probability of transferring to the other potential. The potential energy
released is again manifested as a large increase in kinetic energy leading to the loss of
the atoms.
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orescent detection. Crucially, it is designed to overcome all three of these problems

simultaneously for a lattice of any dimensionality.

4.4 The accordion lattice

To tackle the problem of resolvability of the lattice sites I propose to use an accordion

lattice—a lattice with real-time control of the lattice periodicity. The accordion lattice

was initially proposed in the article of Li et al. [61] and developed further in our paper

[99]. I have subsequently developed these ideas further, as described below.

Our design for a 1D accordion lattice is shown in Figure 4.2b. The major benefits

of using acousto-optic control of the periodicity over mechanical control [61, 22] are

substantially improved response time, reproducibility and precision.

There are a couple of subtleties of the one-dimensional accordion lattice. The

first concerns the extent of the lattice, which is determined by the overlap of the lattice

beams. It is assumed that the beam is collimated at the AOD, which it more or less

needs to be to satisfy the Bragg criteria. For the M1 beam (the red/blue beam of Figure

4.2b) the lenses L1 and L3, when separated by the sum of their focal lengths, form a

telescope which magnifies the angle of the beams but correspondingly demagnifies the

beam waist size; thus the lattice envelope size is determined by the width of the initial

beam through the deflector aperture. Furthermore, it is desirable to make the waists of

the two beams equal; this can be accomplished by ensuring that the lengths of BS-M1

and BS-M2 differ by 2 f2 (this can be justified by considering that the light field one

focal length behind a lens is the Fourier transform of the light field one focal length in

front). The coherence length of the laser light must be greater than the difference in path

lengths (∼ 4 f2); the coherence length of a laser with a Lorentzian linewidth of 1 MHz is

around 100 m, so this should not pose a problem for most lasers.

A related subtlety concerns the phase between the beams at the centre of the

accordion lattice as the angle α changes. This can best be understood by considering

a point source on the optical axis at the acousto-optic deflector. This point source is

imaged onto the centre point of the lattice by both paths; the intensity of this image is

given by the relative phases of the two paths, and can be varied by altering the position
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Figure 4.2: The accordion lattice; Figure (a) shows the basic design. A pair of beams
enters a lens parallel to the optical axis; the beams interfere in a region around the focal
point of the lens to produce a one-dimensional optical lattice. The separation between
the potential minima is dependent on the off-axis displacement of the incident beams
(see Fig. 2.1). Figure (b) shows a simplified optical layout which can be used to gen-
erate a pair of accordion lattice beams. The acousto-optical deflector (AOD) is at the
focal point of the first lens; the deflection angle determines the off-axis displacement of
the beams. The optical axis after the deflector is set to a non-zero deflection angle. The
beamsplitter path M2 produces the second beam by using a lens to reflect the original
beam in the optical axis. A two-dimensional optical lattice of this design can also be
used as a rotating lattice [99]. Figures (c)-(e) show images of a two-dimensional ac-
cordion lattice, with lattice periodicities of (c) 131 µm (d) 87 µm and (e) 59 µm. Large
periodicities were used for these images so as to allow the pattern to be easily resolved.
Photographs by R. Williams; diagram (b) adapted from our publication [99].
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of the mirror M1 on the scale of a wavelength. The shape of the wavefronts at both

the source and image are spherical; it can therefore be seen that the phase relationship

between rays emitted at different angles from the source is preserved at the centre point

of the lattice. In conclusion, small adjustments using a piezoelectric device (and/or a

precision translation stage) at the mirror M1 can be used to set the phase at the centre

of the lattice or to move the lattice along the lattice vector. The phase at the centre of

the lattice is preserved as α changes (for aligned, aberration-free optics). In practice

aberrations in L2 will cause the centre of the lattice to move a little as the period is

changed.

The polarisation optics, not shown in Figure 4.2b ensures that the two beams

have the same polarisation at the last lens L3 (to produce a lattice with intensity gradients

rather than polarisation gradients). This can be done by a polarising element, which

would lead to power loss, or by a waveplate positioned so that changes the polarisation

of light only on one side of the optical axis.

Two and three-dimensional optical lattices can be formed by using more beams.

A simple way to form a square lattice is to use one pair of beams per dimension; the

pairs of beams are frequency detuned from each other by at least a few megahertz to

avoid cross-terms in the atomic potential. Other lattice geometries can also be made

using different beam configurations. A two-dimensional accordion lattice made with a

pair of two-dimensional AODs can also be used as a rotating optical lattice [99].

The minimum distance between the lattice sites possible with a convex lens is

dependent upon the working numerical aperture NA of the lens:

dmin =
λ

2NA
. (4.3)

A high numerical aperture convex lens may have a vacuum NA of around 0.5, giving a

minimum lattice period of around λ. This is about acceptable, but not ideal, for strongly

interacting physics in optical lattices. I have therefore designed a method to allow ac-

cordion lattices to be used at the ideal spacing of λ/2, whilst still allowing maximum

lattice site separations of some microns. The method I propose is the use of in vacuo

parabolic or elliptical reflectors (Fig. 4.3).
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(a) (b)

(c) (d)

Figure 4.3: The use of parabolic reflectors to make counter-propagating accordion lat-
tices. Figures (a) and (b) demonstrate the variation of the lattice period of a two-
dimensional lattice. An optional hole is shown in the centre for optical access to the
atoms from the far side of the mirror. The arrangement shown here is also applicable for
a rotating optical lattice. Figure (c) shows one possible arrangement for a 3D parabolic
accordion lattice. A variation of this arrangement allowing for better optical access is
shown in Figure 7.2. Figure (d) shows another configuration; in contrast to Figure (c),
each set of beams enters the region from a different direction, at the expense of a more
intricate design.
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Two-dimensional counter-propagating accordion and rotating optical lattices can

be made (Fig. 4.3a) with a single parabolic reflector inside the vacuum system. The

mirror configurations for three-dimensional counter-propagating accordion lattices are

a little more complex, as shown in Figures 4.3c and 4.3d; for example, a central slice is

‘cut’ from the reflector and turned 90◦ (Fig. 4.3c).

Counter-propagating accordion lattice designs using elliptical mirrors are also

possible. These would differ from the parabolic arrangements by the addition of an

extra lens before the mirror; this lens would pass (the centre of) all accordion lattice

beams through the secondary focus of the ellipse; these would then be reflected to the

primary focus of the ellipse, the position of the atoms.

Expansion or contraction of the accordion lattice will potentially heat the atoms,

with higher heating rates likely further from the centre of the lattice. This is a consider-

ation if the lattice period is required to be changed during coherent quantum evolution.

However, the effect of heating will be negligible if the expansion occurs before imaging,

providing that the expansion keeps each atom its original well. For example, consider

atoms at a site of a counter-propagating lattice with vibrational frequency 30 kHz; dur-

ing the expansion of the accordion lattice let us say that it travels a distance of 100 µm

in 10 ms as it expands to 10 times its original period. Assuming periods of constant

acceleration and deceleration, the maximum site displacement due to this acceleration

would be less than 0.5% of a lattice period; the added energy this perturbation would

give the atoms would be negligable compared to the lattice depth.

4.4.1 Collimation of lattice beams for the counter-propagating accordion lattice

The accordion lattice beams should be collimated at the position of the atoms in order

to provide a uniform lattice. This can be arranged easily if all focal surfaces are planar,

as is approximately the case with well-chosen transmission lenses, as described above.

However, the parabolic surface manifestly does not have a planar focal surface (see

Fig. 4.4). Using geometric optics, the focal point for a small bundle of collimated rays
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Figure 4.4: Lattice beam collimation for the parabolic imaging lattice. It is desirable to
have a collimated lattice beam at the focus of the parabola; this occurs when the focus
of the incoming beam (propagating parallel to the axis of the parabola) lies on the black
dotted line. It is suggested that the focal surface of the penultimate lens (shown as the
red dotted line) should be chosen to intersect this surface at the point when accordion
lattice beams counter-propagate (the red beams). The residual wavefront distortion at
the atoms with this configuration is shown in Figure (b), for a parabola of focal length
7.5 mm with a beam diameter of 300 µm at the atoms. Smaller angle configurations (the
blue beams) will have different widths and curvatures at the atoms; however, with these
it is not so critical that the lattice is uniform.

passing through the focus of the parabola can be found to lie on the surface

yF =
x2

4 f
+

√
x2 +

(
f − x2

4 f

)2

(4.4)

for the parabola y = x2/4 f .

In principle it should be possible to design an optical system to have a focal

surface that matches this surface, so that the accordion lattice beams are collimated no

matter what period the lattice has. In practice, this is probably more complex than is

needed for many experiments.

For many accordion lattice experiments, the counter-propagating accordion lat-

tice configuration is likely to be the only configuration in which coherent quantum tun-

nelling is required to occur. In all other configurations, all that is needed is that the atoms
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are confined to a particular well as they are transferred to the large-period configuration

of the accordion lattice. Therefore we can optimise the accordion lattice collimation for

the counter-propagating lattice, in which the quantum dynamics occur, and can make do

with imperfect collimation for other lattice periods; in the case of imperfect collimation,

the lattice envelope will be a different size, and the lattice itself will be slightly distorted

over long distances.

To analyse this in more detail, the residual wavefront distortion has been mod-

elled for the counter-propagating configuration, in which the lattice beam is focussed at

a distance of 2 f above the mirror surface (see Fig. 4.4b). The residual wavefront distor-

tion at the position of the atoms is much less than a wavelength for typical experimental

parameters. When this lattice is expanded into the large-period configuration, the beam

is not collimated at the atoms, but is focussed a distance f /2 above the atoms; the beam

waist at the atoms is half of the beam waist at the counter-propagating configuration3.

This should not pose a problem as long as the beam waist is sufficiently wide when the

beams are counter-propagating. This argument has been for one dimension, but also

works for a parabolic mirror with cylindrical symmetry.

The above discussion is to some extent also applicable to accordion lattices using

a (probably aspherical) transmission lens as the last lens (M3 of Fig. 4.2b). The focal

surfaces of such a lens will not be truly planar; again, the accordion lattice collimation

can be optimised for the most critical lattice period.

It is worth noting that, even with the mirror made from a large block of substrate

as in Figure 4.3c, the optical access is actually not that restricted; all beams which are

parallel to the axis of the parabola and focussed on the surface given by Equation 4.4 will

intersect the atoms, and be approximately collimated at the atoms. In effect, angles of

the incident beams at the atoms within one half hemisphere are mapped to displacements

from the axis of the parabola.

3This assumes that the focal plane of the previous part of the optical system lies in a plane as described
by the red dotted line of Figure 4.4a; if this surface is not planar, these figures are a little different.
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4.4.2 Maximum distance between accordion lattice sites

It is important to consider which factors affect the maximum distance between lattice

sites since this affects the design of the imaging lenses and the measurement of three-

dimensional samples (see Sect. 7.2). For accordion lattices generated with a high nu-

merical aperture transmission lens there is not any particular restriction on the maximum

period of the lattice; nearly co-linear beams into the final lens will generate an intensity

pattern with an arbitrarily low number of minima across the beam envelope; for exam-

ple, it would be possible to expand such a lattice so that only one site remains.

For many designs of parabolic counter-propagating accordion lattices it is con-

venient to have a hole at the centre of the mirror. The maximum site spacing in these

cases is by the size of the hole (or slice) and the waist of the incoming laser beams; for

typical parameters, this maximum spacing will be many microns, large enough to be

easily resolvable upon measurement. An experiment with an accordion beam diameter

of db, and a parabola of focal length f and central hole diameter dh will have a maximum

site separation of around

dmax =
f

dh + db
λ . (4.5)

If there is no hole at the centre of the mirror, the maximum separation between

lattice sites is determined only by the width of the atomic sample and the accordion

lattice beams (the criterion being the prevention of multiple beam overlaps at the region

of the atomic sample). An experiment with an atom sample of width da will in this case

have a maximum site separation of around

dmax =
f

da + db
λ (4.6)

along these directions. For example, this is 30λ for da = 50 µm, db = 200 µm and

f = 7.5 mm.
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4.5 The imaging lattice

The accordion lattice overcomes the problem of resolvability. We now turn our attention

to the suppression of light-assisted collisional losses (Sect. 4.3.3). If resonant light is

used to probe the sample, the only truly effective way to suppress light-assisted colli-

sions during long measurements would seem to be the mutual isolation of all the fluo-

rescing atoms. This is difficult for atoms in standard counter-propagating optical lattices

of λ/2 period, as it is hard to find a method to divide up each lattice site; however the

use of an accordion lattice suggests a clear solution.

The idea is to use an additional optical lattice, which I call the imaging lattice,

while the atoms are fluorescing. Let us assume that the quantum dynamics of interest

have taken place in the accordion lattice, whilst it is in the counter-propagating con-

figuration. The accordion lattice then expanded into the large-period configuration; the

imaging lattice is turned on. The imaging lattice is formed by three sets of counter-

propagating laser beams in three orthogonal directions, giving a 3D lattice of period

λ/2, which is substantially smaller than the spacing of wells in the expanded accordion

lattice at the time of imaging. Therefore each well of the wells in the large-period accor-

dion lattice is subdivided into many smaller wells within the imaging lattice. The ratio

of the densities of wells in the accordion and imaging lattice is given by

Di

Da
=

1
sin3 α

(4.7)

with α defined in Figure 4.2a; subscripts a and i are taken to refer to the accor-

dion and imaging lattice respectively. For example, with α equal to 0.1 radians (∼6◦),

this ratio is 103.

In typical situations of interest, the atomic occupation na is less than 10 atoms

per site of the original lattice. As the imaging lattice is switched on, these atoms divide

amongst the many wells of the new lattice; due to the ratio of the well densities of the

imaging and the large-period accordion lattices, the atoms have a high probability of

being isolated from each other in the imaging lattice. Taking the density of atoms in the

original accordion lattice site to be ρa (r), the average number of atoms at an imaging
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lattice site i is

⟨ni⟩ =
λ3

8
ρa (ri) (4.8)

If we assume that the atoms are evenly distributed within a volume V , then ρa =

na/V and ⟨ni⟩ is found to be in the region of 10−2 for typical parameters. A more accurate

calculation would use the spatial distribution of non-interacting bosons with a finite

temperature T ; assuming that the atoms are distributed between enough quantum states

to neglect Bose correlations, and using a semi-classical approximation for the isotropic

harmonic oscillator, this is ([77] p29)

ρa (r) =
na(
πR2) 3

2

exp
(
− r2

R2

)
(4.9)

with R2 = 2kBT/mω2.

Neglecting collisional dynamics and quantum correlations, this division is a in-

dividual particle probabilistic process. The original occupancy probabilities for site i of

the imaging lattice are given by

P(ni) =
na!

ni! (na − ni)!

(
⟨ni⟩
na

)ni
(
1 − ⟨ni⟩

na

)na−ni

. (4.10)

This binomial distribution tends to a Poissonian form as the number of wells

becomes large. In the event that this is the limiting factor on the imaging fidelity, as

is likely to be the case if background gas collisions can be ignored (see Sects. 6.3 and

7.3.4), the fidelity may be found to be

F =
Average number observed

True number
=

∑
i⟨ñi⟩
na

. (4.11)

where ⟨ñi⟩ is expectation value for the number of atoms at site i after light-

assisted collisions remove atom pairs. This is

⟨ñi⟩ =
∑

ni odd

P(ni) =
1
2

(
1 −

(
1 − 2

⟨ni⟩
na

)na
)
. (4.12)

For ⟨ni⟩≪ 1 the fidelity reduces to
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F = 1 − na − 1
n2

a

∑
i

⟨ni⟩2 , (4.13)

and for atoms evenly distributed amongst M imaging lattice sites this further

reduces to

F = 1 − na − 1
M

. (4.14)

An interesting observation is that this is an unusual situation where heating of

the atomic sample is actually desirable. Before the imaging lattice is switched on, by

heating the atoms trapped in the large-period accordion lattice, or by decreasing the

intensity of the accordion lattice (but either way not enough to allow the atoms to hop

between sites), the atoms can be made to occupy a larger volume at each site. This

will mean that it is even more likely that they will be isolated from each other after the

imaging lattice is loaded resulting in higher measurement fidelity. For example, a way to

achieve this in practice would be to displace the accordion lattice site by around a sixth

of a spatial period on a time scale quicker than the lattice frequency, before waiting a

the length of time needed for a few rethermalisation collisions. With the use of such a

technique, the fidelity is around 99% for typical parameters4.

4.5.1 Practical considerations

The imaging lattice will need to be deep enough (hundreds of µK) to reliably contain

the atoms as they fluoresce. Lattices of these depths may most conveniently be formed

by using light which is relatively near the atomic resonance i.e. frequency detuned by a

few tens of gigahertz, where less laser power is needed than further off resonance. The

lattice light will scatter from the atoms, but this does not matter as long as this remains a

small fraction of the overall scattering rate. It would be somewhat preferable to use blue

frequency detuned light for the imaging lattice, as there will be a little less scattering,

and less offset between the ground level substates. If the energy offset between the

ground level substates is too large, the polarisation gradient cooling process becomes

4Typical parameters in this instance are a few rubidium atoms per site of an accordion lattice of final
period 7 µm, with the atoms occupying around (1/3)3 of the total volume of the site.
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disrupted; this sets a lower limit on the frequency detuning of the imaging lattice from

resonance.

There is a significant practical advantage to using a different optical resonance

for the imaging lattice than for the fluorescent signal, as stray light from the lattice can

be easily filtered from the signal. For example, for alkalis, one may use the D2 resonance

for fluorescence, and the D1 resonance for the imaging lattice.

As is standard practice, each pair of imaging lattice beams should be frequency

detuned by a few tens or hundreds of megahertz from the other pairs. The polarisation

of the beams of the imaging lattice should be linear to reduce the energy difference

between the ground state sublevels.

Tunnelling between the lattice sites is completely negligible in the deep imaging

lattice, unlike for lattices of lower depths, in which tunnelling is a major factor in the

atomic dynamics. The intensity ramp during the switch-on of the imaging lattice should

be slow enough to make sure that the temperature of the atoms at the end of the ramp

is a reasonably small fraction of the final lattice depth. The deep potential and high

frequencies of the imaging lattice means that this can be rather fast in comparison to the

time needed to turn on other types of optical lattice; furthermore, the intensity increase

need not be adiabatic.

4.6 Cooling while detecting in the imaging lattice

As discussed in Section 4.3.2, the atoms will unavoidably be heated as they fluoresce

due to recoil from the emitted photons. Without a means of cooling the atoms, they

would quickly be lost from the sample, and consequently the total detected fluorescent

signal from each atom would be very low.

This section will discuss and contrast several laser cooling methods appropriate

for use on lattice-confined atoms. Each method involves the scattering of spontaneously

emitted photons; these photons, which are a side effect of the cooling, can be used to

image the atomic distribution. One of these methods will be chosen to take forward in

the subsequent detailed analysis of the imaging lattice technique.
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4.6.1 Outline of cooling methods

Raman sideband cooling of lattice-trapped atoms

The Raman sideband cooling method uses transitions between magnetic sublevels to

cool the confined atoms. There are two parts to the Raman sideband cooling process.

Firstly, the atoms are transferred by a Raman transition from one quantum state to an-

other; the second quantum state has a different internal angular momentum, and a vi-

brational state which is less than the first state. The atom is then optically pumped by

another laser beam, within this vibrational level, to restore the original magnetic sub-

level. The process can then be repeated.

A magnetic field is typically used to tune the energy difference between magnetic

substates to be the same as the energy difference between the vibrational levels of the

well. Raman transitions can therefore occur between near-degenerate states without

additional frequency differences in the laser light. For three-dimensional cooling, the

vibrational sidebands are made to be approximately degenerate.

The matrix element of the Raman transition must be non-zero; this is the case if

the optical lattice already has polarisation gradients, and the frequency detuning of the

lattice is much less than the fine structure frequency separation [51]. If the polarisation

of the lattice is uniform, additional Raman beams must be used to introduce polarisation

or intensity gradients to induce Raman coupling between vibrational states [34].

The final (ground) state is usually chosen as a dark state to minimise the final

temperature of the atoms.

Swept sideband Raman cooling

The Raman cooling technique as described in the previous section is dependent upon

the ability to tune the energy difference of the sublevels due to the magnetic bias field to

be the same as the frequency difference between the vibrational atomic levels. The sep-

aration of vibrational levels is constant with increasing energy for a parabolic potential,

but the optical lattice only approximates a parabolic potential locally at the lattice sites.

Therefore the hotter the atoms are, the less efficient the technique becomes, and will

break down completely for atoms with energies near the continuum. A potential way
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to extend the cooling range of this technique is to sweep the frequency of the Raman

frequency detuning. In this way, the technique becomes somewhat similar to free-space

Raman cooling [49]. However, if the sidebands are swept, the time needed for a single

cooling stage increases.

Dissipative optical lattices

Atoms can be polarisation gradient cooled using optical molasses. The molasses beams

interfere and form a near-resonant optical lattice at the atoms. If the parameters of the

molasses beams are chosen carefully, a stable optical lattice may be formed, and for

some parameters the atoms can be localised within the wells of the lattice [79, 50].

Polarisation gradient cooling of lattice cooled atoms

In contrast to dissipative optical lattices, polarisation gradient cooling can also occur

when atoms are held by a separate potential. This is the method used in previous exper-

iments which have been able to detect individual atoms in optical lattices [71, 4].

4.6.2 The choice of cooling method

A choice will now be made of which cooling technique is best for the situation at hand.

It is clear that each of these techniques is able to cool the atoms within the imaging

lattice. By alternating periods of fluorescent scattering with any of these techniques,

it will be possible to prolong the lifetime of the atoms at a single site of the lattice,

and so increase the fluorescent signal at the detector. However, to pick the cooling

technique used in the further analysis of the experimental proposal, the technique will

be chosen which seems to be best suited to give maximum fidelity for the fluorescent

measurements. This means that the atoms should be confined at a single site of the lattice

for as long a time as possible, and that the atoms must fluoresce as much as possible, to

maximise the detected signal.

It may well be that having the best cooling possible is somewhat of an overkill

for some experiments; for example, the detection of the distribution of a small two-

dimensional sample by a high numerical aperture lens will likely only require a short
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exposure time. However, I would like to look towards the more powerful potential

applications of this technique; for example, the detection of tens of thousands of atoms

in many layers of a 3D sample. The total exposure time needed for such measurements

may be many seconds as various portions of the sample are sequentially brought into

the focal region of the imaging system.

This choice is not based on an exhaustive study of each of the above cooling

techniques, as the time needed to do each technique justice is beyond the time avail-

able. Instead, broad arguments will be used which indicate that one particular technique

has advantages over the rest. The excellent properties of this technique found in the

subsequent analysis give a retrospective justification for this choice.

To maximise the lifetime of atoms in the lattice it is necessary to maximise the

lifetime of atoms at a particular site. If atoms can hop between sites they will eventually

meet each other and be lost in light-assisted collisions; furthermore, the spatial resolu-

tion of the measurement is degraded. To maximise the lifetime of atoms at a particular

site, it seems sensible to pick a cooling technique can cool the atoms in every bound vi-

brational state. It is desirable for the cooling technique to cool even those atoms which

have energies greater than the depth of the lattice; these atoms will have a good prob-

ability of being recaptured before leaving that lattice site, or being captured by a close

neighbour.

These considerations make sideband Raman cooling, discussed above, seem less

appropriate for very long lifetimes; the cooling method decreases in efficiency as the mo-

tional energy of the atoms becomes greater. Furthermore, the time needed for Raman

cooling as used in previous experiments is relatively slow (1-10 ms [34]) compared to

polarisation gradient cooling (10-100 µs [79]); faster cooling will mean that the scatter-

ing can occur at a faster rate, and so greater signal can be collected in a certain period

of time. While it should be possible to speed up the Raman cooling process, polarisa-

tion gradient cooling does seem to have the advantage. The capture range of the Raman

cooling technique can be extended by sweeping the energy difference of the two inter-

nal states involved in the cooling process, however this decreases the cooling rate even

further.
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From the above arguments it therefore seems that polarisation gradient cooling

methods have the advantage. The question remains as to whether to use a separate lattice

potential for atomic confinement. One advantage of using a separate lattice potential is

that the cooling process is more amenable to optimisation. The intensity of the cooling

light and the depth of the confining lattice are the two critical parameters relating to

the atomic lifetime at a site (see Sect. 6.4), however the intensity of the cooling light in

a dissipative optical lattice is inextricably linked with the lattice depth. By being able

to adjust the intensity and frequency detuning of the cooling light independently of the

depth of the confining lattice, these two critical parameters can be adjusted separately to

enable longer site lifetimes. Another consideration is that a separate optical lattice can

confine all magnetic sublevels of the ground state at each site; the sites of a dissipative

optical lattice typically confine some magnetic sublevels, but not others. To decrease the

hopping rate between sites, it is desirable to confine all the magnetic sublevels together.

The above considerations suggest that polarisation gradient cooling, using a lat-

tice separate from the cooling light, is the best option. This is the method used in the two

most relevant experiments to date [71, 4]. Furthermore, almost every ultracold atomic

experiment uses magneto-optical trapping; the cooling light needed for the polarisation

gradient technique is therefore already present in the vast majority of ultracold atomic

experiments.

4.7 Fluorescent imaging of atoms trapped in the imaging lattice

This section deals with important considerations regarding the actual imaging of the

atoms, as they are fluorescing while trapped in the imaging lattice.

4.7.1 Cooling in three dimensions

As will be discussed in Section 5.3, it is not enough simply to use three sets of counter-

propagating molasses beams for the cooling, as the fluorescent scattering and cooling

efficiency would vary substantially according to position of the site.

The methods that can be used to get around this are chopping the cooling light

between the three directions, or incorporating a slight frequency detuning between the
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molasses beams to cycle the molasses phases at any particular point in space (see Sect.

5.3).

As to which method should the experimenter choose, it can be seen in the results

of Section 6.3 that the chopping method works very well; it would be expected that

the frequency detuning method (as used in [4]) would also work well in the majority

of situations. In terms of experimental implementation, both methods are more or less

identical in terms of the apparatus needed, as each molasses direction will need its own

dedicated AOM, and it just comes down to what signals are given to the AOM drivers.

Very little optical power is needed for the cooling, so that is not an issue.

The effect of the frequency detuning of the molasses beams on the trapped

atom is comparable to the atom moving on a path through stationary molasses. Three-

dimensional molasses has a complex light-field landscape depending on the 5 relative

phases of the beams, and atoms on different trajectories through this landscape do not

necessarily display the same dynamics when averaged. The chopping method has an

advantage over the frequency detuning method since all parameters are known and do

not vary. Although the frequency detuning method will likely work well for most sites

in the majority of circumstances, there is the possibility that the phase path traced out is

inefficient for cooling at some subset of sites in the lattice; this may lead to atom hop-

ping and loss, or perhaps a lower fluorescent signal from these sites. As for the chopping

method, each site is made nearly identical, and the probability of having anomalously

bad cooling (or lower fluorescence) at a certain site is substantially less.

In practice, this difference between the methods will depend on the exact ex-

perimental parameters, and may be negligible. Nevertheless, since it is no more effort

experimentally to use the chopping method than the frequency detuning method, I would

suggest that the chopping method is somewhat preferable, for the reasons stated.
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4.7.2 Shared or separate optical elements

It is possible use optical elements for the detection which are shared with or separate

from the accordion lattice. In the case that the accordion lattice is generated using a

high numerical aperture objective lens, it is preferable to use the same lens system for

detection. Accordion lattice light and fluorescence light of different frequencies may

be separated by using a dichroic beamsplitter. However, in the setup using in vacuo

mirrors, the decision is not so straightforward. The parabolic (or ellipsoidal) surface

does have a very large aperture for good fluorescence collection, and a corresponding

small diffraction limit; however, off-axis aberrations, particularly coma, are a major

drawback; these will severely limit the field of view. There are two options in these

cases; either the aberrations could be (partially) corrected by further optics, or a separate

lens could be used to image the atoms.

If the mirror itself is used for imaging, it is likely that only some portion of

the total mirror aperture can be corrected, with the remainder discarded. A useful guide

when designing a compensation system is the use of the optical symmetry principle [31];

for example, a second, identical, parabolic mirror could be used as part of the imaging

system to cancel out aberrations which depend on odd powers of the field variables,

which include coma. This still leaves distortion due to astigmatism, but the removal of

coma will improve the image quality significantly, and the remaining aberration could

be minimised by other optical elements.

If a high quality separate lens is used, the aberrations in the image will be a

lot less, and the field of view a lot greater than the uncompensated parabolic mirror.

However, the numerical aperture of this system, and the orientation of the focal plane,

may not be so optimal. It may be convenient to mount this lens inside the vacuum

system together with the accordion lattice mirrors. Although all the in-vacuum optical

elements should ideally have coincident foci, this criterion does not have to be exact as

long as the foci are separated by a distance much less than the waist of the accordion

and imaging lattice laser beams5.

5For example, the position of the sites of interest within the imaging lattice can be shifted into the
focal region of the imaging lens.
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4.7.3 Translation of the imaging lattice and three-dimensional imaging

The imaging lattice should have the ability to translate the lattice sites in three dimen-

sions; this is, of course, especially important for 3D imaging. The necessary shift can

be accomplished by introducing a small, tunable frequency difference between the pairs

of counter-propagating imaging lattice beams (or alternatively, by using retro-reflecting

mirrors mounted on precision motorised translation stages).

In this way, three-dimensional imaging is possible by sequentially changing the

sites within the focal plane of the imaging system. A series of exposures should be

taken, each with atoms from different planes of the original lattice. Using an imaging

system with high numerical aperture makes the depth of focal region short; it is a re-

quirement that this should be less than the separation between atoms along the line of

sight. The calculation of the depth of field is relatively involved (for example it depends

on the relative proportion of coherent and incoherent fluorescent scattered light), but a

reasonable approximation is

Depth of field =
1

(NA)2λ . (4.15)

For example this depth is around 4λ for a numerical aperture of 0.5. This method of

three-dimensional imaging has been successfully implemented for a lattice of 5 µm≃ 7λ

period, by the use of a lens of numerical aperture 0.55 [71].

4.7.4 Fluorescence from out-of-plane atoms

We have so far assumed that the atoms undergoing fluorescence only lie within the focal

plane of the imaging system. For extended three-dimensional samples this is not the

case, and we must consider the effects of these out-of-plane atoms. If the atomic sample

is thin along the line of sight of the imaging system, the combination of a shallow field

of view of the imaging system and good separation of the accordion lattice sites (both

in and perpendicular to the imaging plane) is likely to be enough that the diffuse signal

from the out-of-plane atoms can easily be distinguished from the atoms in the focal

plane.

To take the example of the experiment described in Reference [71], the sites of
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a three-dimensional lattice with 5 µm period were filled with around 250 atoms. The

atoms within each layer were able to be clearly resolved from the background fluores-

cence of atoms from layers of the lattice outside the focal plane using a lens of numerical

aperture 0.5.

However, if more atoms are present in the sample the background fluorescence

will increase and it will become harder to pick out the signal from the atoms which are

in focus6. In this case I suggest one of two measurement techniques which are a little

more complex, but will greatly improve the signal-to-noise ratio of the measurements of

large three dimensional samples; these are described in Section 7.2.

4.7.5 Coherence and reabsorption of scattered radiation

Once there are more atoms in the sample we must consider whether reabsorption of

radiation is significant. This would potentially diminish the scattered signal and cause

extra heating. It is shown in Section 6.3.5 that this is not a great issue, as the reabsorption

from the size of the samples that we are interested in is weak.

Another potential complication is the coherence of the scattered radiation. Clearly

the fluorescence light from two atoms well separated in the imaging plane will not in-

terfere, but if there are two or more atoms to an accordion lattice site then we must

consider the effect of this coherence on the scattered signal. In Section 6.3.4 it is shown

that when the lattice is being imaged as it is being cooled, the scattered signal in a par-

ticular direction is potentially able to display some variation, depending on the relative

positions of the atoms in the imaging lattice within the same original accordion lattice

site. This variation will not be enough to cancel out the signal from that lattice site,

but this behaviour would potentially break the linear relationship between the observed

fluorescence and the number of atoms at that site, and so would make the interpretation

of the image harder. A partial solution can be found by introducing a small frequency

difference between each cooling or probing beam (Sect. 6.3.4). A more comprehen-

sive solution is found by the use of a radiative cascade (Sect. 7.2), or other equivalent

method.

6Coherent effects will also redistribute this background somewhat.



Chapter 5

Theoretical and computational methods
used to model the imaging lattice

technique

This chapter describes the physics of polarisation gradient cooling both in free space and

for confined atoms. An analytical treatment of polarisation gradient cooling is given

which forms the basis of the numerical simulation of the imaging lattice technique.

Furthermore, I have devised an extended form of the Monte Carlo technique in order to

extract from the simulation the information which is of particular interest.

5.1 The mechanisms of polarisation gradient cooling in free space

Polarisation gradient cooling is class of laser cooling processes which exploit the polari-

sation gradients of light fields to cool atoms, potentially to temperatures much lower than

the limiting temperature of Doppler cooling. The polarisation gradient cooling methods

rely on transitions between ground-state sublevels, which can occur on a longer time

scale than the excited state lifetime of the atoms. Purely on dimensional grounds, it can

be argued that this longer internal time scale can make the cooling more sensitive to

lower velocities. In this argument, the spatial variation of the laser beams varies on the

order of λ, so for the dynamics to be non-adiabatic, the velocity of the atoms at least be

large enough so that it travels this kind of distance before the internal states equilibrate,

63
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i.e. vmin ∼ λΓ′, where Γ′ is the minimum time scale of the internal dynamics. This in-

ternal time scale is the natural lifetime for an atom with no ground state structure, but

is the optical pumping time between sublevels for an atom with multiple ground-state

sublevels. With longer internal lifetimes, lower velocity atoms can potentially be cooled.

There two specific types of polarisation gradient cooling which were analysed

in detail in a seminal paper by Dalibard and Cohen-Tannoudji [18]; these occur in the

one-dimensional lin⊥ lin and σ+σ− configurations. These configurations consist of two

equal intensity counter-propagating laser beams. With the cooling light propagating

along ẑ, the electric field of the cooling light for 1D molasses has the Cartesian form

E+(z) ∝ (cos θ x̂ + i sin θ ŷ) ei(kz+ϕ) + (sin θ x̂ − i cos θ ŷ) e−i(kz+ϕ) . (5.1)

5.1.1 Orthogonal linear polarisations

The lin⊥ lin configuration has these laser beams as having perpendicular linear polari-

sation, i.e. θ= 0. The positive component of the electric field is then

E+ ∝ cos (kz + ϕ) e−1 − i sin (kz + ϕ) e−1 (5.2)

where we have introduced the unit vectors e±1 =∓
(
1/
√

2
)

(x̂ ± iŷ). The light consists of

alternating standing waves of σ+ and σ− light.

We consider for simplicity the atom with a ground state of spin Jg = 1/2. The

σ+ couples more strongly to the mJ =+1/2 state, and the σ− light couples more strongly

to the mJ =−1/2 state. The ground-state sublevel light shifts of the two states therefore

oscillates according to the polarisation of the light at that point (see Fig. 5.1(a)), which is

opposite for the two states. Furthermore, the σ+ (σ−) light will tend to pump the atoms

towards the mJ =+1/2 (mJ =−1/2) state, which for negative laser frequency detuning,

lies below the original state.

The motion of the atom is therefore described by a loss in translational energy

as the atom climbs the lattice potential, followed by optical pumping from a peak to

a trough in the lattice potential accompanied by a much smaller recoil momentum ex-

change (see Fig. 5.1(a)). This process is dissipative, and may laser cool atoms a long

way below the Doppler cooling limit.
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Figure 5.1: (a) The lin⊥ lin configuration for Jg = 1/2. The atom loses kinetic energy as
it climbs the potential; near the top of the potential, it is optically pumped to the other
ground-state sublevel, which has a lower potential energy. The atom loses energy as
the process is repeated. (b) The σ+σ− for Jg = 1→ Je = 2 . The upper mJ =±2 states
are not shown as they are not involved. The excitation rates to the upper states (not
shown) are in the ratio 3/4 : 1 : 3/4 for the three lower states. Taken together with the
decay branching fractions which are shown, these optically pump atoms from mJ =±1
to mJ = 0. Motional coupling between of an atom originally in the mJ = 0 state will add
an admixture of the mJ =±1 states, which will increase the potential energy ⟨EP⟩, and so
generates a force which opposes the atomic motion. The net effect is to cool the atomic
sample.

5.1.2 Orthogonal circular polarisations

The laser beams have opposite circular polarisations in theσ+σ− configuration (θ= π/4).

The positive component of the electric field is then

E+ ∝ cos (kz + ϕ) x̂ − sin (kz + ϕ) ŷ . (5.3)

This polarisation is always linear, but orientated at an angle which is proportional to

z. In the following discussion, it is useful to think of an atomic orientation axis which

is always parallel to the electric field. In this way, the light is always π polarised with

respect to the atom, however the basis eigenfunctions are now (in the laboratory frame)

a function of z. There is therefore no gradient in the light shifts of any atomic state.

However, these light shifts are not equal for atoms with spin Jg ≥ 1; the Clebsch-Gordon

coefficients are such that, with the laser tuned below resonance, the light shifts give the

lowest |mJ | state the lowest energy, with the energy offset of the other states increasing

monotonically with |mJ | (J = 1/2 has equal light shifts due to symmetry).
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We now need to consider optical pumping. The simplest atomic structure which

can be cooled by this mechanism is an atom with Jg = 1 (see Fig. 5.1(b)). It can be found

by the principle of detailed balance that excitation of the Jg = 1→ Je = 2 transition leads

to a total steady-state population in the mJ =±1 levels that is less than the steady state

population in the mJ = 0 level (by a factor of 8/9 in this case).

Now we need to consider what happens when the atom moves. As we have

chosen an atomic orientation basis which is a function of position, we see that, as the

atom moves, the atomic state in the local basis must be different to that of the original

basis. If, in the original basis, the atom is in the mJ = 0 state, as the atom moves it

smoothly mixes in the local mJ =±1 states. This therefore increases the expectation

value of the atomic energy, ⟨EP⟩, as the mJ = 0 energy lies below the mJ =±1 energies.

In the semiclassical approximation, which is still a reasonable approximation at

these energies (see Section 5.6 for a more detailed discussion), the force on the particle

is proportional to the gradient of the expectation value of the potential energy. We can

therefore see that there is a force which opposes the motion an atom which is initially in

the mJ = 0 state. The argument is closed by the observation that atoms are preferentially

pumped to the mJ = 0 state from the other states; it is therefore more probable that

the force opposes the atomic velocity than otherwise, and the atomic sample is also

polarisation gradient cooled by this laser configuration.

5.2 The mechanisms of polarisation gradient cooling of confined atoms

For atoms confined within a region which has linear dimensions of less than a wave-

length, it is clear that the nature of these polarisation gradient cooling processes is modi-

fied. In this section we assume that the atoms are confined by an additional, off-resonant,

optical lattice potential. It is important that this additional potential is far enough away

from resonance that the scattering rate from this additional lattice potential is much less

than the scattering rate from the cooling light. When this is the case, the additional po-

tential only slightly changes the atomic internal eigenstates from what they would be if

without this additional potential; we can then make the approximation that we can use

the same internal eigenbasis as in free-space cooling. We also assume that this additional
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lattice potential is state-independent (or nearly so). This is the case if the frequency de-

tuning of the additional lattice is much greater than the width of the hyperfine structure

of the excited state.

The additional lattice potential is characterised by its depth and phase with re-

spect to the cooling light. In the case that the period of the additional optical lattice is

different from λ/2 of the cooling light, as is the case generally, this phase is a function

of position.

5.2.1 Orthogonal linear polarisations

Effect of relative phase

The lin⊥ lin configuration induces a state dependent lattice potential with period λ/2.

The additional applied lattice potential may be in phase (Fig. 5.2(a)) or out of phase (Fig.

5.2(b)) with the lattice potential produced by the cooling light. These two situations lead

to very different cooling properties, shall now be explained.

Let us define our axes do that the extra lattice potential has a minimum at z = 0.

For the case of ϕ= π/4, there will be equal intensities of σ+ and σ− light at this point;

however, the gradient of the intensities of the σ+ and σ− light are equal and opposite.

This means that the potential minima for mJ =±1/2 are equal in energy, but offset from

each other in position (see Fig. 5.2(b)). For laser light negatively frequency detuned

from atomic resonance, it can be seen that we still get optical pumping from the upper

potential to the lower potential. For the case of ϕ= π/4, the atoms can be polarisation

gradient cooled reasonably efficiently at low energies, as the optical pumping direction

reverses near the potential minima, meaning that multiple cooling cycles can be per-

formed.

For the case of ϕ= 0, however, the optical pumping changes sign half way up

the lattice potential. This means that the majority of atoms always reside in the lower

potential, and the first-order Sisyphus effect cannot cool low energy atoms. There is,

however a less efficient cooling process. A double transition, from the lower ground-

state potential to the upper ground-state potential and back again after a certain delay,

will tend to cool the atoms. This is because the transition from the lower to the excited
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Figure 5.2: Polarisation gradient cooling of a confined Jg = 1/2 atom with the lin⊥ lin
configuration. The curves cross and the optical pumping direction reverses at different
energies depending on the phase of the molasses relative to the lattice. This affects the
cooling efficiency of the confined atoms.

state will tend to happen at higher |z| than the reverse process, and potential energy will

be lost over the complete cycle. Notice, however, that the potential energy lost is propor-

tional to (kz)2 for low z; this will be considerably less efficient for low energies than for

the ϕ= π/4 case, in which the potential energy lost is proportional to kz. Furthermore

the low rate of the optical pumping from the lower to upper sublevel in the ϕ= 0 case

makes it relatively unlikely that an oscillating atom will perform a cooling cycle on any

particular oscillation. One could describe the less efficient cooling of cool atoms for the

ϕ= 0 configuration as a ‘second-order’ Sisyphus cooling effect.

Effect of the frequent changes in direction

Another consideration is that we have another time scale in the situation, the period of

the oscillation, 1/ν. The atom changes direction, and crosses z = 0, twice per oscillation.

If the intensity of the cooling light is such that the optical pumping time is greater than

half an oscillation, the atom cannot efficiently optically pump back to the lower energy

state during the time that it is in the upper ground-state potential. The cooling efficiency

therefore decreases substantially if the intensity of the laser beams are too weak. The

decrease in heating from photon recoil does not compensate for the loss of cooling, and

substantially higher temperatures will result; this behaviour can be seen in Figure 6.6.

The point that this occurs depends on the frequency of the trap, but it is at substantially
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higher intensities than the corresponding décrochage of polarisation gradient cooling of

free space atoms.

This may be thought in terms of transient behaviour. The atom, at a certain

position or velocity, will need a certain time for the internal state to relax to near its

equilibrium state it is the equilibrium behaviour that we have used in the Section 5.1 to

explain the processes of polarisation gradient cooling. It then follows that if the atom

changes velocity or position again so that the equilibrium state is substantially different

to the state it was previously relaxing to, before the transient behaviour has died down,

the atom can never come to a equilibrium state that is local to its position or velocity,

and the arguments we used in the Section 5.1 break down.

5.2.2 Orthogonal circular polarisations

The σ+σ− configuration, in one dimension, does not have the same issue with relative

phases as the lin⊥ lin configuration. The light shift from the molasses is the same ev-

erywhere; in fact a change in phase of the molasses is identical to a rotation of the axes;

the physical system is the same for a purely one-dimensional potential1. This means

that polarisation gradient cooling of confined atoms using the σ+σ− configuration does

not depend on this relative phase, which is a substantial simplification of such an ex-

perimental arrangement. As with the lin⊥ lin configuration, the optical pumping should

occur on a time scale shorter than half the period of oscillation for efficient cooling.

5.3 Three-dimensional polarisation gradient cooling of confined atoms

The cooling schemes discussed in the previous sections still occur for atoms in 3 sets

of counter-propagating laser beams. However, there are differences which significantly

affect the cooling of confined atoms. The difference arises as there are necessarily both

polarisation and intensity gradients of the cooling light for 3D molasses. The polari-

sation gradients will still lead to cooling, incorporating some mixture of the above two

schemes [83].

1For 1D cooling of atoms in a 3D confining potential, there is in general a redistribution of the compo-
nents of spontaneously emitted radiation in the orthogonal directions upon such a phase change, but the
effect of this on the cooling dynamics is minor.
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Tightly confined atoms only sample the light field in some small part of a cubic

wavelength. Thus the intensity and direction of the cooling light that an atom sees

varies with position, depending on the five relative phases of the molasses beams. This

is a non-ideal situation for the cooling of confined atoms as the efficiency of the cooling

in each of the three dimensions will be a strong function of position; while some atoms

may be cooled very efficiently, others will be cooled only weakly. Furthermore different

atoms at different positions within the molasses will fluoresce at different rates, which

is an issue when the number of atoms at each original accordion lattice site need to be

counted.

This issue can be dealt with in one of two ways. The way which will be devel-

oped is for the molasses beams to be incident along only one direction at a time; they

then can be flashed in each direction in turn. Thus each direction is cooled sequentially.

Another technique is to detune the molasses in the various directions from each other by

some small frequency; the molasses character at any point will then be swept amongst

a range of phases. This is the method used in experiments of Reference [4]. The merits

of these two methods have been discussed in Section 4.7.1.

5.4 Simplification of the simulated system

As with almost all real-world quantum phenomena, it is necessary to make certain as-

sumptions to make the calculation tractable. This section describes some of these ap-

proximations, and more will follow in the course of the discussion.

5.4.1 The imaging lattice

As has been described in Section 4.5, the atoms will be confined by the imaging lattice.

This is a deep, tight lattice far enough from the optical resonance that spontaneous scat-

tering from the imaging lattice is negligible compared to the scattering from the cooling

light. Furthermore, it is a requirement that this light is linearly polarised.

These twin assumptions greatly simplify the effects of the imaging lattice on

the quantum dynamics. With the assumption that the spontaneous scattering from the

imaging lattice is negligible on the time scale of the cooling dynamics, the atomic states
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in the absence of cooling light can be taken as the eigenstates of the atom in the field of

the imaging lattice light. Furthermore, as the imaging lattice light is linearly polarised,

the eigenstate of the atom in the field of the imaging lattice light contains only a single

magnetic sublevel from the ground hyperfine state. This means that the ground-state

sublevels are not coupled by atomic motion. In addition, as the lattice is far-detuned,

motional coupling to the excited atomic states is negligible. This means that an atom in a

certain eigenstate of the imaging lattice light will move adiabatically along the potential

of that eigenstate.

Thus the imaging lattice is manifested as a diagonal, state-dependent potential,

proportional to the intensity of the light

HIL = V0 sin2 kz , (5.4)

where the diagonal matrix Vii can be calculated for a state i from known parameters of

the imaging lattice light and the properties of the atom2. A relation such as Equation 2.3

can be used, but for accuracy it is best to include the effect from the different hyperfine

excited states separately, as these give very small state-dependent offsets to each of

the ground-state sublevels. The origin has been chosen as a minimum of the lattice

potential. As the three pairs of beams of the imaging lattice are frequency detuned from

each other by many megahertz, the potential from the three-dimensional imaging lattice

can be calculated as a sum of the 1D potentials.

As described above, the imaging lattice adds a slight admixture of excited states

into each of the ground-state sublevels. In principle, this will alter the matrix elements

of the cooling light between the ground and excited states. However, an application of

one of the approximations that we have already used—that the amount of mixing of

the excited state into the ground state is small enough that scattering from the imaging

lattice is negligible—leads one to the conclusion that changes to the cooling transition

amplitudes due to the dressing from the imaging lattice light can also be neglected.

Thus the Clebsch-Gordon coefficients of the bare transition can, in this approximation,

be used as the coupling coefficients of the states, as dressed by the imaging lattice.
2I shall keep, as far as possible, to the notation that a bold lower case symbol is a vector, and a bold

upper case symbol is a matrix.
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5.4.2 Restricting the number of participating states using repumping

The typical alkalis have non-zero nuclear spin and therefore two ground hyperfine states.

The cooling should take place on a closed transition, i.e. |g, I + 1/2⟩→ |e, I + 3/2⟩. How-

ever, the atoms have a probability of being excited to the |e, I + 1/2⟩ state, which can de-

cay to the lower hyperfine state |g, I − 1/2⟩. The atoms will eventually be pumped to this

dark state. This behaviour is prevented by the presence of ‘repumping’ light, i.e. light

resonant with the |g, I − 1/2⟩→ |e, I + 1/2⟩ transition. Furthermore, it is assumed that

this repumping light is of sufficient power that the total residence time in the |g, I − 1/2⟩

state is only a few times the natural lifetime of the atom in the exited states. As a con-

sequence there is an extremely small population of atoms in the lower hyperfine state

at any one time. Furthermore, this means that the time spent in this state is much less

than the period of vibration in the lattice, and therefore negligible heating of the atom

will occur due to any difference in the imaging lattice potential between the two ground

hyperfine states.

The repumping light is off-resonance by some gigahertz from the cooling tran-

sition |g, I + 1/2⟩→ |e, I + 3/2⟩ , and as such will only have a very small effect on the

dynamics of the atoms within those states. This is ignored in the subsequent analysis.

The population of the |e, I + 1/2⟩ excited state is likewise ignored, as the population of

this state is small, and atoms in this state decay on a time scale much smaller than the

period of vibrational motion in the lattice.

5.5 Quantum description of polarisation gradient cooling

To describe the quantum system of the confined atom in the field of the confining light,

it is most appropriate to split the processes into unitary processes (absorption and stim-

ulated emission) and non-unitary processes (spontaneous emission).
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5.5.1 Unitary quantum dynamics

From the above discussion it can be seen that the motion of atoms in the imaging lattice

can be described by the matrix Hamiltonian

HIL = −
~2I
2m
∇2 + V0

(
sin2 kx + sin2 ky + sin2 kz

)
. (5.5)

Here I is the identity matrix acting on the internal states of the atom, and V0 is the

diagonal state-dependent potential. The state vector contains components describing

the |g, I + 1/2⟩ and |e, I + 3/2⟩ states, so the state vector has a length of 4I + 6. The

unitary action of the cooling light is added in the rotating wave approximation, so the

counter-rotating term can be eliminated; a change of variables used to eliminate the

explicit time-dependence. The Hamiltonian describing the interaction of the atom with

the cooling light reads

HAL = −~∆P +
~Ω

2

∑
ε=−1,0,1

(
EεD+ε + E∗εD−ε

)
. (5.6)

In this equation, the matrices D+ε (D−ε ) are the dimensionless raising (lowering) opera-

tors, with coefficients given by the Clebsch-Gordon coefficients. These coefficients are

normalised so that

P =
∑

ε=−1,0,1

D+ε D−ε , (5.7)

in which P is the excited state projection operator. The electric field of the cooling

light has components E0, E1 and E−1 in the π, σ+ and σ− directions respectively. The

normalisations of Eε and Ω are taken so that Eε = 1 if all the electric field amplitude at a

point r is concentrated in component ε. The parameterΩ is therefore the Rabi frequency

at r if all the electric fields added in phase at r, and the Clebsch-Gordon coefficient of

the transition equals unity3. In the situations under considerationΩ is not a function of r.

The frequency detuning from resonance of the cooling light is ∆. The total Hamiltonian

describing the unitary evolution of the atomic state is therefore

H = −~
2I

2m
∇2 + V0

(
sin2 kx + sin2 ky + sin2 kz

)
− ~∆P +

~Ω

2

∑
ε=−1,0,1

(
EεD+ε + E∗εD−ε

)
.

(5.8)
3Note there are many conventions for the normalisation of these parameters in the literature.
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The evolution of the density matrix ρ due to unitary processes obeys the von Neumann

equation

i~
∂

∂t
ρ =

[
H, ρ

]
. (5.9)

5.5.2 Relaxation mechanisms of the internal states

In addition to the unitary evolution of the quantum state under the action of the Hamilto-

nian 5.8, there will also be relaxation processes from the excited states. These relaxation

processes can be determined from a trace over the ‘environmental’ degrees of freedom

of the corresponding unitary processes. In the internal degrees of freedom, the relaxation

terms are [14] (
∂

∂t
ρ

)
sp,int
= Γ

−1
2

(Pρ + ρP) +
∑

ε=−1,0,1

D−ερD+ε

 . (5.10)

The first term corresponds to the decay of the excited state; the second term corresponds

to the receipt of these atoms by the ground state. Each term acts on both populations

and coherences. These dynamics can be seen to be trace-preserving, as required.

This term does not yet take into account the effect of the photon recoil on the ex-

ternal degrees of freedom. To do this we must add the recoil momentum as exponential

operators, and sum over all transitions and polarisations(
∂

∂t
ρ

)
sp
= Γ

−1
2

(Pρ + ρP) +
∑
ε,ε′,σ

∫
d2κ eikRκ.r′ D−ερD+ε′ e−ikRκ.r f σεε′(κ)

 . (5.11)

Here κ is a unit vector centred on the origin, and the parameter f σεε′(κ) describes the

angular distribution of the spontaneous emission in terms of the transitions ε and ε′, the

polarisation σ and direction κ. The parameters f σεε′(κ) are given in Appendix C.1.

5.5.3 Explicit retention of the excited states

In many analyses of polarisation gradient cooling [18, 32], at this point the excited states

are adiabatically eliminated. This is appropriate for investigations that look to find the

lowest temperature of atoms in optical molasses, which for free space occurs at low

intensity; at low intensities, the population of the excited states is small, and adiabatic

elimination is a good approximation.



Quantum description of polarisation gradient cooling 75

However, as discussed in Section 5.2.1, the lowest temperatures of confined

atoms occur at substantial optical power, when there is a significant population of the

excited states. Therefore, the excited state populations must be retained in the analysis.

The retention of the excited states leads to a corresponding slowdown in the computa-

tion, as the length of the state vector is increased, and as the highest frequency of the

problem must now be taken as the laser frequency detuning (the highest frequency after

adiabatic elimination is typically this frequency detuning multiplied by the saturation

parameter, which is much less than one). This slowdown in the computation is one

of the reasons, although not the foremost, that an extended form of the Monte Carlo

technique needs to be used to extract the parameters of interest (see Sect. 5.10).

5.5.4 The Wigner transformation

In anticipation of taking the semi-classical approximation, we would like to express the

quantum dynamics of Equation 5.8 and 5.10 in terms of the Wigner function

W(r, p, t) =
1
h3

∫
d3u

⟨
r +

u
2

∣∣∣∣∣ ρ ∣∣∣∣∣r − u
2

⟩
e−ip·u/~ . (5.12)

The transformation of the kinetic energy operator term is the same as in the stan-

dard derivation of the Wigner-Moyal equation [86, 62], which will not be reproduced

here. The transformation of the potential energy operator proceeds using the position

space representation of the Wigner transformation (Eqn. 5.12); in anticipation of future

use we have not fully substituted for ρ. The result of the Wigner transformation of the

unitary dynamics (Equation 5.8) is therefore(
∂

∂t
+

p
m
· ∇

)
W(r, p, t) = (5.13)

2πi
h4

∫
d3seip·s/~

[
ρ
(
r +

s
2
, r − s

2
, t
)

V
(
r − s

2

)
− V

(
r +

s
2

)
ρ
(
r +

s
2
, r − s

2
, t
)]

where

V(r) = H +
~2I
2m
∇2 . (5.14)

The Hamiltonian H is given by Equation 5.8.
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The Wigner transformation of the internal dynamics (Equation 5.11) is shown in

Appendix C.3 to be(
∂

∂t
W

)
sp
= Γ

−1
2

(PW +WP) +
∑
ε,ε′,σ

∫
d2κD−εW(r, p− ~kRκ, t)D+ε′ f

σ
εε′(κ)

 . (5.15)

The complete quantum description of the dynamics in terms of the Wigner func-

tion is therefore(
∂

∂t
+

p
m
· ∇

)
W(r, p, t) = (5.16)

2πi
h4

∫
d3seip·s/~

[
ρ
(
r +

s
2
, r − s

2
, t
)

V
(
r − s

2

)
− V

(
r +

s
2

)
ρ
(
r +

s
2
, r − s

2
, t
)]

−Γ
2

(PW +W P) + Γ
∑
ε,ε′,σ

∫
d2κD−εW(r, p+ ~kRκ, t)D+ε′ f

σ
εε′(κ) .

5.6 The semi-classical approximation

The full quantum treatment of the problem is very involved; instead, the semi-classical

approximation will be used. The form of the semi-classical approximation used is here

is that any change in the Wigner function at a certain momentum and position can only

be influenced the Wigner functions in the immediate proximity of this point in phase

space. Stated in another way, we must recast the equations of motion in a more local

form.

This is a good approximation when the width of the ensemble momentum distri-

bution is much greater than the width of the Fourier transform of the potential terms of

the quantum Hamiltonian. In the case we are considering here, the Fourier transform of

the Hamiltonian is peaked around the recoil momentum. Therefore the semi-classical

approximation is appropriate when the typical atomic momentum is much greater than

momentum of a single photon recoil. This approximation seems appropriate as it is

the highest energies we are most interested in—when the atoms jump from one well to

another. The imaging lattice will be of the order of 103 recoil energies deep.

From the above argument it follows that the potential term on the right hand side

of Equation 5.16 should be expanded in a Taylor series around r

V(r + s′) = V(r) + s′ · ∇V(r) +
1
2

(
s′ · ∇)2 V(r) + . . . . (5.17)
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Low orders of the expansion characterise the behaviour of the Wigner function in the

vicinity of r and p; higher orders of expansion are only needed to describe the Wigner

function outside the immediate region of phase space. Therefore, to make the equation

of phase space evolution classical, we terminate such expansion at an appropriate small

order to keep only the most local dynamical effects. This can be shown to be equivalent

to expanding in orders of ~ [86], which is assumed to be a small parameter in the semi-

classical approximation.

It can be shown (Appendix C.2) that, in this way, we arrive at the equation(
∂

∂t
+

p
m
· ∇

)
W =

i
~

[W,V] +
1
2

∑
i

{
∂W
∂pi

,
∂V
∂ri

}
(5.18)

− i~
8

∑
i j

[
∂2W
∂pi∂p j

,
∂2V
∂ri∂r j

]
+ Γ

∑
ε

D−εW D+ε

− Γ

2
(PW +WP) +

Γ~2k2
R

2

∑
ε,ε′,i, j

ηεε′i j D−ε
∂2W
∂pi∂p j

D+ε′ .

In this equation, the curly brackets are the anti-commutator, and the tensor ηεε′i j is given

in Appendix C.1.

If the trace is taken over the internal states and the recoil momentum is set to

zero, we find that, as desired, we have the Liouville equation describing classical phase

space evolution
∂

∂t
ρ =

∑
i

(
∂ρ

∂pi

∂HC

∂ri
− ∂ρ
∂ri

∂HC

∂pi

)
(5.19)

with

HC =
p2

2m
+ TrIV . (5.20)

5.7 Conversion to Langevin form

The semiclassical evolution equation as it stands (5.18) still requires substantial compu-

tational power to simulate the entire distribution. Therefore we will restrict ourselves to

the evolution of a single trajectory; the distribution is then found as the sum over these

trajectories. As the evolution is stochastic, the form of our simulation is Monte Carlo.

We first look for a specific trajectory in position and momentum space. By
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substituting a trial solution4

W(r, p, t) = w(t) δ(3)(r − r̃) δ(3)(p − p̃) , (5.21)

into Equation 5.18, we can find evolution equations for r̃ = ⟨r⟩, p̃ = ⟨p⟩ as a combination

of drift and diffusion terms.

Inserting Equation 5.21 into Equation 5.18 and integrating over external co-

ordinates gives the equation of evolution for the internal co-ordinates

∂

∂t
w =

i
~

[w,V(r)] + Γ

−1
2

(Pw + wP) +
∑
ε

D−ερD+ε

 . (5.22)

The equation of evolution of the external co-ordinates, e.g. r̃ = ⟨r⟩, are found by inte-

gration over the internal and external co-ordinates to be

∂r̃i

∂t
=

p̃i

m
(5.23)

∂p̃i

∂t
= fi = −TrI

(
w
∂V
∂ri

)
(5.24)

∂

∂t

⟨
(ri − r̃i)(r j − r̃ j)

⟩
= 0 (5.25)

∂

∂t

⟨
(pi − p̃i)(p j − p̃ j)

⟩
= 2Di j = ~

2k2
RΓ

1 + δi j

2

∑
ε,ε′

ηεε′i jTrI
(
D−εwD+ε′

)
(5.26)

The Di j term5 describes the diffusion of the atom due to the atomic recoil. It is a

fluctuating Langevin force with zero mean, and can be incorporated into the motion of

a single trajectory in the Itō-Langevin equation

dpi = fidt +
∑

k

√
2dikdWk (5.27)

in which dW j are independent, zero mean, Gaussian-distributed stochastic increments

with variance dt. The quantities dik are the components of the kth eigenvector of Di j,

which is normalised according to its eigenvalue.

4Equation 5.21 only makes sense in the semiclassical approximation.
5There is potential for the conflict of the standard notations; in this thesis D±ε , in bold font with a

superscript, will denote the atomic dipole raising and lowering matrices, while Di j, in normal font with
no superscript, will denote the diffusion matrix.
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5.8 Unravelling the Optical Bloch equations

The equations 5.23 to 5.27 describe the motion of a single atom in the semi-classical

approximation. However, the internal dynamics as described in 5.21 still average the

atomic evolution over an ensemble, and so are not appropriate to describe a single tra-

jectory. We must therefore unravel the optical Bloch equation 5.21 into the stochastic

evolution of a single wave function.

The unravelling is chosen to be that of the quantum Monte Carlo wave func-

tion method (QMCW) [70]. The underlying principle of the approach is to evolve the

wave function using a non-Hermitian quasi-Hamiltonian with the addition of randomly-

occurring discrete quantum jump processes. As relevant to the problem at hand, the

method boils down to the following procedure for each time step. Firstly, a random

number is compared to the quantity

j = 1 − Γδt⟨ψ|P|ψ⟩ . (5.28)

If the random number is less than this quantity, the atom has not performed a quantum

jump. In this case the wave function is evolved using the evolution operator

|ψ(t + δt)⟩ = |ψ(t)⟩ − i
~
δtH′|ψ⟩ (5.29)

where H′ is the non-Hermitian operator

H′ = V − i~Γ
2

P . (5.30)

If the random number is more than the quantity j, the atom undergoes a quantum jump.

The nature of this jump is determined by selecting the photon polarisation by the weights

pε =
⟨ψ|D+ε D−ε |ψ⟩
⟨ψ|P|ψ⟩ (5.31)

and the new wave function is given by

|ψ(t + δt)⟩ = D−ε |ψ(t)⟩ . (5.32)

The resulting wave function |ψ(t+δt)⟩ is not normalised in either case, and requires nor-

malisation before further operations are performed. It can be shown that the Equations

5.28 to 5.32 satisfy the Bloch equation (Eqn. 5.22)—see Appendix C.5 for details.
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5.8.1 Continuous and discrete recoil momentum terms

The quantum Monte Carlo wave function method suggests another way of determining

the atomic recoil term, in contrast to Equation 5.26. The QMCW method gives the

times and nature of the quantum jumps, and given the angular distribution of the photon

momenta, a direction of photon recoil could be picked. Thus the photon recoil would

happen at discrete time intervals, instead in a continuous diffusion process. This can be

derived from the above analysis by not expanding the photon recoil term of Equation

5.16, then interpreting the recoil term in the unravelling of the optical Bloch equations.

Since, in making the semi-classical approximation, we are already expanding the

other parts of Equation 5.16 in terms of small momenta which are about the magnitude

of the recoil momentum, it is not expected that keeping the recoil term discrete would

make the simulation more accurate. Instead, the two ways to incorporate the recoil

momentum could be seen as different forms of the semiclassical approximation. The

continuous diffusion form has been used in this simulation, as a momentum which varies

continuously is somewhat simpler to deal with when using the extended form of the

Monte Carlo technique (Sect. 5.11).

5.9 Computational methods

The set of equations 5.23 to 5.26 and 5.28 to 5.32 therefore specify the stochastic evo-

lution of a single semiclassical trajectory; some of the details concerning how the state

vector is propagated are now outlined. An explicit third-order Runge-Kutta method is

used to propagate the position and momentum components. The coefficients for the

method are chosen so that the intermediate evaluation times are h/3 and 2h/3, in which

h is the time step. The internal components of the state vector then can then be advanced

at a constant time step h/3.

For the internal evolution, a method was chosen which conserves the norm of

wave functions under Hermitian Hamiltonian evolution; this has somewhat more accu-

racy than a Runge-Kutta method for the problem at hand. The method uses the Cayley
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form of the evolution operator:(
I +

i δt
2~

H′
)
|ψ(t + δt)⟩ =

(
I − i δt

2~
H′

)
|ψ(t)⟩ . (5.33)

The new wave function can be found efficiently by Gaussian elimination.

5.10 Comment on nature of the simulation

The problem under consideration differs from previous analyses of polarisation gradient

cooling (e.g. [18, 96]) in a number of respects. The difference which poses the greatest

computational challenge is the ratio of the time scales in the problem—between the phe-

nomena that we are interested in, the jumping of atoms between wells, which we would

like to take place over tens of seconds or greater; and the smallest time scale relevant to

the problem, the period of the beat frequency between the laser and atomic resonance,

which will be in the range of 5− 50 nanoseconds. This means that, on average, one

event of interest will occur every 1010-1013 time steps. Clearly a straightforward Monte

Carlo simulation of these phenomena will be prohibitively slow.

Adiabatic elimination is often used in simulations of polarisation gradient cool-

ing in order to increase the size of the smallest time step (and decrease the size of the

state vector). However, this technique can only be used when the saturation parameter

is much less than 1, which is not the case for the situations that we wish to simulate (see

Sect. 5.5.3). In any case, the gain from this technique would be, at most, two orders of

magnitude in the time scale ratio, i.e. interesting events would occur every 108-1011 time

steps; such calculations would still be very computationally intensive.

5.11 Extended Monte Carlo analysis

In order to be make the simulation tractable it is necessary to find a Monte Carlo method

that is appropriate to studying rare events. This section outlines a method which I have

developed for this task by extending the standard Monte Carlo analysis. Although de-

veloped for the problem at hand, the method is potentially applicable to Monte Carlo

simulations of other systems and as such, it will be described in a system-independent

way. Although developed independently, and as far as I know novel in its use for ul-
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tracold physical systems, this technique is identical in various respects to previously

developed techniques which are collectively known as the ‘splitting’ methods of Monte

Carlo simulation [57, 97, 24, 27].

At heart, the idea is to approximately map the non-Markovian system onto a

continuous-time Markov process. The analysis as outlined in this section is not designed

to be an exact method, but rather is designed to to provide an accurate extrapolation of

the Monte Carlo dynamics throughout all the regions of interest in phase space. The

accuracy of the method was tested both by consistency checking, i.e. making sure that

completely different iterations of the simulation produced very similar answers, and by

checking this form of extended Monte Carlo simulation against known data (see Section

6.3).

5.11.1 The ‘measure’ and ‘events’

Firstly, a quantity should be found that is representative of the aspect of the problem that

we are interested in. This ‘measure’ (symbol E) is a scalar quantity which is a function

of the state vector, and is chosen so that it has two properties in particular:

• The measure E(t)≡ E({ϕ(t)}) varies with time as slowly and as smoothly as possi-

ble, i.e. the frequency and size of any discontinuous jumps are as small as possible.

• The system spends most of its time in the region Eα < E(t)< Eβ; however, the

events of interest occur exclusively in the region Eγ < E(t)< Eδ; these two regions

are distinct from each other (Eβ < Eγ or Eδ < Eα).

The variables {ϕ} which describe the state of the system at a point in time could

take discrete or continuous values. Although for the subsequent analysis it will be as-

sumed that these variables are all continuous, similar arguments may be developed for

sets of discrete variables (or mixtures of the two). The system at a specific point in time

has the representation {ϕ(t)}, the state vector. In the subsequent analysis it is assumed

that the system under consideration is ergodic.

The success with which an appropriate measure can be found will largely deter-

mine whether or not this extended form of Monte Carlo analysis will be useful.
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Let us now define a set of points along the measure, {E1, E2, . . .}, which cover

the above regions (Eα etc.) and the region in between. As a result of time propagation,

which we simulate using a standard Monte Carlo method, the system will encounter

these points repeatedly as the system evolves6. Each time the system encounters one of

these points, let us call it an ‘event’. The state vector when events occur will be called

‘start vectors’ for reasons that will become clear.

5.11.2 System dynamics when representative start vectors are known

Let us now assume that a representative set of start vectors are known for each point Ei ;

how this can be achieved is discussed in subsequent sections. If we have this represen-

tative set, the system dynamics can be found relatively easily over the entire range that

we are interested in, albeit under certain approximations.

We assume that we propagate some or all of these representative start vectors

until a new event is reached; the index of the new event, and the time elapsed, are

recorded. By repeating this multiple times, with separate runs of the simulation for each

start vector, and across all start vectors and events, a comprehensive picture will emerge

of the system dynamics.

If the measure E has been chosen so that it varies continuously or undergoes only

very local jumps, the number of these runs needed to characterise each starting vector

and point is very much reduced, as there are only two possible events that could occur

next for every start vector.

With this data, the simplest way forward would be to now make a Markovian

approximation; in other words, having generated the data, we assume at this point that

the set of state vectors at each point is well labelled by the single quantity E. Average

rates can then be calculated for each point, and the dynamics can be described by a

simple matrix equation (see Section 5.12). It is possible to avoid the full Markovian

approximation by running a further, simpler, simulation with the data already gathered.

This is discussed in Section 5.12.

6If the state vector of the system undergoes discontinuous jumps, the time and state vector of the
system as it crosses a point may need to be extrapolated or approximated. If the number of these extrap-
olations is too great, then the accuracy of this type of analysis will decrease.
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A method to find a set of representative start vectors for each point is now dis-

cussed.

5.11.3 Finding representative start vectors

A set of start vectors can be said to be representative if it fairly samples the true pop-

ulation of start vectors for a particular point Ei . If we imagine the population of start

vectors for a particular point to occupy a certain volume of phase space, the sample of

start vectors should adequately fill that volume, with the density of the sample and the

true population being approximately proportional.

However, we also wish minimise the run time of the Monte Carlo simulations.

As some events occur only occur very rarely, it would be prohibitive to find this sample

for all points by means of direct Monte Carlo simulation. We seek a method to balance

these two considerations.

As a first stage, let us imagine that we let the simulation run freely from some

arbitrary starting point. After a certain length of time we assume that the system set-

tles down into something like its steady state, i.e. well chosen time-averaged quantities

tend towards certain values, albeit with fluctuations; these values are independent of the

arbitrary starting point. From this time on let us record the state vector every time an

event occurs, i.e. every time E(t)= {E1, E2, . . .}. Over time, and perhaps over different

runs, a representative set of start vectors will be built up for those points in the region

Eα < E(t)< Eβ, where the system spends most of its time.

We now need to look to extend this coverage to points Ei which are outside this

limited region. To do this we assign a weight wni to each start vector, which is in effect

an estimate of how representative that start vector is of the general population of start

vectors (at all points). After the initial run(s), we can assign an equal weight to each of

the start vectors we already have, irrespective of the point they are associated with, as

we assume each is equally representative of the general population of start vectors. We

can normalise the weights, conveniently

∑
n,i

wni = 1 (5.34)
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where i represents the point index, and n labels the particular start vector at that

point. The total weight of the start vectors at a particular point

Wi =
∑

n

wni (5.35)

is related, but not equal, to the probability of finding the steady state system in

the environs of point i.

Representative start vectors for a point and between points

At this stage a subtlety will be outlined which I have encountered while running the

simulation. We are looking for the initial set of start vectors to be representative in two

ways: firstly that the set of start vectors at each point is representative of the population

of start vectors at that particular point, and secondly that the total number of start vectors

at a point is representative of how the start vectors are distributed between the points.

Unfortunately this is a little contradictory. If we use the above method to generate a set

of start vectors, at the edge of the frequented region (Eα or Eβ) there is likely to be at

least one point which is initially populated by only a few start vectors; this will be too

few to be an accurate representation of the start vectors at that point.

Retaining these particular start vectors with a full weight tends to decrease the

stability of the simulation. My solution was to select a lower bound on the number

of initial start vectors that were allowed at any point (about 100) by setting the all the

weights of the start vectors to zero at any point with less than this minimum number.

Consequently the initial distribution of start vectors between points is not quite repre-

sentative (by a couple of percent in my case); however, this error is small, and tends to be

corrected over time as the start point distribution equilibrates. The benefits of this pro-

cedure were found to outweigh the disadvantages for the calculations performed in this

thesis. More sophisticated treatments would also be possible, for example by allocating

lower but non-zero weights to these particular start vectors.
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5.11.4 Several daughters vectors per mother vector

We now need to find new representative start vectors from those we already have. To do

this, consider that a starting vector is picked at random from all the possible start vectors,

and is evolved in time until a new event is reached. As we are assuming that the system

is ergodic, we can replace the old (‘mother’) start vector with the new (‘daughter’) start

vector (by assigning the mother start vector’s original weight to the daughter and setting

the mother’s weight to zero), and the overall set of start vectors is still representative of

the steady state dynamics of the system.

This in itself is not that helpful, because as this process is repeated, the start

vectors will still cluster around the most frequented region. Instead, we wish to find

a method which gives a start vector for every possible daughter point which can be

reached in one step from a mother vector; in this way the spread of available start vec-

tors is increased as the simulation progresses. To do this, the mother vector is propa-

gated multiple times until all possible daughter points have been reached (only two, if

the measure varies continuously in time). We can find a daughter start vector for each

of the possible daughter points by random choice among the possibilities that have been

found. To find the appropriate weights, enough data should be taken to have a good esti-

mate of the branching probabilities amongst the possible daughter points, and the most

representative way to include these new points in the overall set is to divide the mother

starting vector’s weight amongst these daughter vectors according to the branching ratio

(again the mother start vector weight is set to zero).

As the start vectors are iteratively propagated using this method, with the mother

start vector randomly chosen by weight, new start vectors are found from the old start

vectors. Furthermore, this process is already gathering the data needed for the third part

of this simulation process (see Sect. 5.11.2).

The above method, while always acting to increase the spread of start vectors

amongst the points, will still lead to most simulation time being spend in the most fre-

quented part of the measure, as the total weight at the points will decrease as the distance

along the measure increases. However, we are now in a position in which it is possible

to simply simulate the dynamics in the more frequented, known region, in order to con-



Extended Monte Carlo analysis 87

centrate the simulation on the less frequented areas; this process is described in the next

section.

5.11.5 Focussing the analysis on less frequented regions

The number of points Ei for which there are starting vectors is continuously expanded

using the above method. Once we have propagated M of these mother vectors for a

particular point EM, we decide that we have gathered enough data to characterise the

behaviour of the system around this point. The start vectors at point EM are then ex-

cluded from being propagated further using the Monte Carlo method; we shall call these

points ‘full’ to indicate that we have carried out the maximum number of runs Mmax that

we are interested from any one point. The choice of mother vector for propagation now

determined from the weights of all the start vectors at all points which are not full.

Although there is no need to generate further daughter vectors from this point,

weight is still added to this point from neighbouring points which are partially filled;

if this goes uncompensated, it will lead to the distortion of the weights between the

points, because if the full points were only partially filled, some weight would flow in

the other direction. So in lieu of the Monte Carlo propagation, these full points are

propagated using a much simpler method. An approximation is made in which we

replace the list of starting vectors and weights for that point with a single weight WM,

representative of the total population of starting vectors at this point EM. At this stage it

is necessary to use the data which has already been gathered for that point. For the sake

of simplicity I will assume that we make an Markovian approximation for this data7,

although more sophisticated treatments are possible (see Sects. 5.11.2 and 5.12). This

Markovian approximation allows a probability to be assigned for a typical start vector

at EM to go to EM−1 (pd) or EM+1 (pu).

The next start vector for propagation is chosen according to its weight wmth from

all the points Ei , EM; the combined weight of the start vectors that we choose from is

WN = 1−WM. We then propagate WM to account for all the start vectors we are ignoring

7This Markovian approximation is taken only for points which already have the required number of
propagated mother vectors; this propagation has been carried out using the standard Monte Carlo method,
which is not a Markov process of the single parameter E.
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at EM. Without EM being full, the probability of choosing a start vector from EM would

be WM, or from outside WN; therefore, as EM is full, the average weight we need to

reallocate from EM is wmthWM/WN . This weight is reallocated from EM to those daughter

vectors in EM−1 and EM+1 with a mother vector in EM; this weight is allocated according

to pd, pu, and proportional to the weight of each daughter vector. We have therefore

accounted for any flow of weight from the between the full and partially filled regions.

This procedure only differs slightly when more than one point is full. When

these points are non-consecutive, we reallocate wmthWM/WN , wmthWM′/WN etc. to each

of the daughters of these points; when these points are consecutive we reallocate the

appropriate weight wmthWM/WN to the total weights of the full neighbours, according to

pu and pd.

It can now be seen that we eliminate the most common points Eα < Ei < Eβ from

the Monte Carlo analysis, in favour of points in the less frequented regions of the mea-

sure. As this continues, points along the entire measure will be eventually be charac-

terised, including the regions that we are interested in.

5.11.6 The choice of points on the measure

At this point it is worth reconsidering how one would choose the spacing of points on

the measure. The simulation time will increase the significantly further apart the point

are, as the time taken to go from one point to another increases by more than a linear

power (c.f. diffusive processes, which have ∆t∝∆x2), and furthermore the number of

runs to needed characterise the path of each start vector increases due to the increased

influence of the drift term (which makes the difference between the branching probabil-

ities greater). However, if the points are too close together, the number of start vectors

needed to characterise each point grows substantially. This is because, as the points get

closer, the diffusion of the start vectors gets less as they are propagated between points,

therefore more starting points are needed to characterise the processes present in that

region of phase space. One sign that there is not enough space between points, or that

there are not enough start vectors being propagated for each point, is that clusters of

points start to develop the further along the measure the simulation is extrapolated.



Extended Monte Carlo analysis 89

These considerations mean that there are an optimal number of start points; in

the simulation performed in this thesis, this was determined in practice by checking

for phase space clustering at the points furthest from the most frequented region, by

checking the consistency of the simulation upon repetition, and by checking the results

of the simulation against known data.

5.11.7 Extended Monte Carlo simulation: summary

1. (a) In the first part of the process, one or more initial standard Monte Carlo

simulations are carried out. After the system settles into a steady state, the

state vectors are recorded every time there is an event; these form the initial

population of start vectors for the extended simulation.

(b) An equal weight is assigned to each of the initial start vectors at well popu-

lated points; start vectors from poorly populated points are ignored.

2. (a) A single start vector (the mother) is chosen randomly from the set of all

the eligible start vectors, i.e. those start vectors at partially filled points Ei

(combined weight WN), with a probability which is proportional to the start

vector’s weight wmth.

(b) The (mother) start vector is propagated by Monte Carlo propagation until the

next event is reached; this is performed multiple times. The resulting state

vectors (the daughters) are categorised by point, and a single daughter vector

is saved for each point. The branching probabilities pi for that particular start

vector are calculated.

(c) Weights are assigned to the mother and daughter vectors according to wmth =

0 and (wdt)i = piwmth.

(d) New weights are assigned to each full point (weight WM) as

(WM)new = WM −
wmthWM

WN
. (5.36)

(e) New weights are assigned from the full point (weight WM) to full point
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(weight WM′) as

(WM′)new = WM′ +
pM′MwmthWM

WN
. (5.37)

where pM′M are the calculated mean branching ratios from M to M′.

(f) New weights are assigned from the full point (weight WM) to its daughter

vectors at partially filled points (weights wdtM) as

(wdtM)new = wdtM +
pm′MwmthWM

WN

wdtM∑
wdtM

(5.38)

where the summation
∑

wdtM runs over all the daughter vectors of the point

with weight WM at this partially filled point, and pm′M are the calculated

mean branching ratios from M to m′.

(g) If the number of start vectors propagated per point reaches the maximum

allowed Mmax, the weights of all start vectors at this point are summed to

give WM, and from the collected data, the mean branching ratios pm′M are

found for all relevant channels.

(h) Part 2 is repeated until data has been taken for all Ei of interest.

3. In the third part of this simulation process, the results of the second part are pro-

cessed, either by use of matrix master equations or a further Monte Carlo simula-

tion. See section 5.12.

Figure 5.3 is a pictorial representation of one step of this technique.

This method yields data on the populations and transfer rates in rarely frequented

regions of the measure, and provides a set of representative state vectors for this region.

These starting vectors may be analysed to study effects which only occur when the

system is in this region (the hopping dynamics of the motivative example).
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Figure 5.3: Schematic depicting the steps surrounding the analysis of a single start
vector in the extended Monte Carlo method. The the open black boxes represent starting
vectors; the filled box the current starting vector (the mother), which is evolved multiple
times until the next event. The daughter state vectors produced, depicted by the open
grey boxes, are saved, and the weights are reallocated along the arrows according to the
equations of Section 5.11.7.

5.12 Markovian and non-Markovian analyses

5.12.1 Markovian probability analysis

The Markovian analysis takes the results of the simulation so far and assigns average

probabilities and rates for the system to hop from this point to other points. It is im-

portant to emphasise that the processes we are simulating are, by their very nature, not

Markovian processes of a single variable; previously in the simulation process we have

where possible minimised the use of Markovian approximations8. Now that we have

a set of representative start vectors, and branching probabilities for each start vector,

the approximation can be made that the start vectors at each point form a representative

group, with a single label, and their individual behaviour can be averaged across the

group.

If each mother start vector was propagated a variable number of times, care

should be taken to ensure that selection bias does not affect the assigned branching

probability for that start vector. A suitable way would be to reduce the number of propa-

8Only used when propagating the weights of the full points, which only affects the selection of start
vectors; not used in the standard Monte Carlo propagation.
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gation outcomes used in the calculation for each mother vector to nmin, which is the min-

imum number of times any mother vector was propagated (at that point). Mother-vector

branching probabilities should be combined into (mean) point branching probabilities

by using the appropriate weight of the mother vector at time of propagation.

5.12.2 The Markovian master equation

As the branching probabilities between the points has been found, in this Markovian

approximation the population at each point obeys the set of master equations

dNn

dt
=

∑
m

(rnmNm − rmnNn) (5.39)

in which rnm is the rate of transfer from m to n, given by rnm = pnm/τ, where

τ is the average time spent in m. In the steady state this matrix equation yields the

populations Nn across both the well populated and rarely populated regions of the mea-

sure E. Having populations and representative start vectors for the region of interest,

the phenomena of interest may then be easily studied using the standard Monte Carlo

technique.

5.12.3 Outline of non-Markovian treatment

A more general form of assumption would be to allow for some non-Markovian nature

in the transfer of population between the groups. This method is in effect a further

Monte Carlo simulation, making use of the data gathered so far.

In this method, we propagate one or many instances of the system using only

the results of the data gathered in the second part of this simulation. We consider only

those mother vectors which have daughters. Starting from a particular mother vector, to

carry out a single propagation step we choose a daughter vector of that mother vector.

We record the time taken to go from that mother to that particular daughter vector, and

randomly choose a new mother vector from the same point Ei as the daughter. Repeated,

the cumulative total time measures the population in the various groups9.

9As before, time should be allowed for the system to settle into a steady state before the population
data is recorded.
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With each daughter vector chosen randomly from the entire selection of daughter

vectors at the current point Ei, this method is non-Markovian only in the sense that

the time elapsed at a point can be correlated to the subsequent daughter point Ei (the

average time elapsed at a point would be independent of the subsequent point for a

discrete-variable, continuous-time Markov process). In addition, it is possible to choose

the daughter vector while taking into account some of the history of the trajectory. To

do this a memory is assigned to each start vector which consists of the n last points

encountered by the trajectory generating this start vector. There is then a series of sub-

groups, sharing a common memory, within the group of start vectors at a particular

point; the daughter vector would be randomly chosen from the sub-group sharing the

same memory as the trajectory currently being simulated. The longer the memory, the

less the reliance on a Markovian approximation, but on the other hand the amount of

data which must be taken to properly characterise the system scales as a power of the

length of the memory n.

5.13 Implementation of the extended Monte Carlo algorithm for the imaging lat-
tice technique

In the situations of interest, the vast majority of the atomic population will have kinetic

and potential energies much smaller than that required to hop between sites; as such it

seems a clear choice of the ‘measure’ of the extended Monte Carlo technique. However,

it is not that simple; the semi-classical potential energy is defined as the expectation

value of the potential energy, ⟨V(r)⟩, in which r is the semi-classical position of the

atom, and as such, it does not satisfy the two conditions outlines in Section 5.11.1.

This is a consequence presence of quantum jumps which are a result of the spontaneous

emission of radiation; these jumps lead to substantial jumps in the expectation value

⟨V(r)⟩, and (in this case much smaller) jumps in the kinetic energy due to photon recoil.

Furthermore, the link between the expectation value of energy and the probability of

hopping is complex (consider the case of an excited state atom stationary at a lattice

minimum).

To find a variable that is appropriate as a measure for the extended Monte Carlo
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simulation, we instead look for an energy-type measure, a pseudo-energy, with the re-

quired properties. The most obvious choice is to instead take the expectation value

⟨V(r)⟩ using the lowest energy ground-state sublevel wave function instead of the real

wave function. The time evolution of this quantity is continuous rather than taking the

form of discreet jumps; further, when added to the kinetic energy it correctly accounts

for the combination of velocity and position needed to differentiate the main population

of atoms from those which hop between sites. The choice can be further justified by not-

ing that atoms undergoing polarisation gradient cooling in the lattice tend to be optically

pumped to this lowest energy ground-state sublevel (see Sects. 5.1 and 5.2).

Having chosen a measure, the spacing of points along this measure must be de-

termined. For the imaging lattice simulation, this was determined by trial and error to

be about 30-35 points spread over the energy range 0-1.5V0. This approximately min-

imised the amount of computational time needed to compute consistent dynamics; if

more points were chosen, the consistency of the results would go down due to insuffi-

cient diffusion in the system phase space (see Sect. 5.11.6), and if the points were too far

apart, the time needed to propagate an atom from one point to another would rise sub-

stantially, and it would take longer to get sufficient statistics to characterise each point.

Although the simulations described in this thesis used equally spaced points, looking

back I think there is a good case to find an algorithm, whether recursive or extrapola-

tory, to determine these points so that the simulation spends approximately spends the

same time with each; this should further optimise the efficiency of the simulation. An

appropriate number of start vectors to propagate from each point was determined, which

in the optimal cases varied according to the position of the point. The typical number

of start vectors propagated was 200, rising to ten times this number at important points

such as near the depth of the lattice. Symmetry arguments were also used to reduce the

number of unique cases which must be modelled.



Chapter 6

The simulated performance of the
imaging lattice technique

The results of the modelling of the imaging lattice technique are presented. The major

aim of this chapter is to confirm that atoms can be confined in specific wells of the

imaging lattice for a very long time (many seconds) as they fluoresce; this provides a set

of parameters around which experiments using this technique can be designed.

6.1 Consistency testing

Before using the theoretical and computational techniques developed in Chapter 5 to

examine the imaging lattice, a number of simpler scenarios were simulated to check the

consistency of the model.

The most basic checks were done on characteristic phenomena of laser-atom

interactions, such as the fluorescence and optical pumping of a stationary atom, the

dipole force induced by a laser beam, and the heating due to photon recoils. The results

were compared to simple analytical calculations. These tests will not described in detail

as the physics is relatively trivial; nevertheless, they were a valuable tool in determining

the internal parameters and increasing the efficiency of the simulation.

A more severe test was applied in which a one-dimensional simulation was car-

ried out of polarisation gradient cooling cooling in a dissipative optical lattice. The

simulation was set up to replicate the results of previous simulations which were per-

formed using adiabatic [78] and non-adiabatic [47] semiclassical models and a quantum

95
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Figure 6.1: A comparison of the model described in this thesis (red) against the non-
adiabatic semi-classical method of Reference [47] (black). The simulation is of caesium
in a 1D dissipative optical lattice. The depth of the lattice as defined is for the lowest
adiabatic state. The momentum variance is proportional to the temperature of atoms in
the lattice. The data for the non-adiabatic model is taken from Figure 2 of Reference
[47].

band model [8, 78]. The atomic species used in the simulation was caesium, with the

cooling beams in the lin⊥ lin configuration. The results of such calculations are shown

in Figure 6.1. This data was taken using the standard Monte Carlo technique.

The comparison of the model with the non-adiabatic semi-classical method of

Reference [47] is interesting as it shows the difference between the semi-classical method

as developed in this thesis, and previous work. The most prominent difference in the

present method, when not using the extended form of the Monte Carlo technique (Sect.

5.11), is the explicit retention of the excited states (Sect. 5.5.3), which is necessary at

the high cooling intensities required for atoms trapped in very deep lattices.

There is excellent agreement between the models in the intermediate depth regime

(0.05 - 0.2~Γ). For deeper lattices, with higher saturation of the cooling transition, the

two methods start to diverge. This is to be expected, as the adiabatic elimination of the

excited states is only possible when the saturation parameter s≪ 1; for 0.32Γ, the ex-
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cited state has 6.4% of the total population, and it is clear that the adiabatic elimination

approximation is breaking down. The method which retains the excited states is the

more accurate method for this parameter range, which is the range of interest for the

work described in this thesis.

At low intensity the method which retains the excited states correctly predicts

the décrochage—the increase in temperature at the lowest cooling intensities due to a

substantial population of atoms outside the velocity capture range of polarisation cool-

ing. However, this method has substantial statistical uncertainty in this region. This is

due to two factors. The first is the form of the momentum distribution in this region;

there are two distinct populations of atoms, one with very low energy which undergo po-

larisation gradient cooling, and the other with large kinetic energy, outside the capture

region of the polarisation cooling [21]. These hotter atoms have a very high proportion

of the kinetic energy, even as they constitute only a very small proportion of the sample;

a lot of data needs to be taken to accurately calculate the momentum variance ⟨p2⟩ of

the sample. The second reason is that the sample takes a longer time to come into a

steady state at low cooling intensities. Adiabatic elimination enables a large increase in

the speed of the calculation in this region, and so is desirable to gather good statistics

for atoms undergoing low-intensity polarisation gradient cooling.

The above tests confirm the accuracy of the standard Monte Carlo method as

used in this thesis. The accuracy of the extended form of the Monte Carlo technique is

tested by comparison with the standard Monte Carlo method; this is discussed in Section

6.3.
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6.2 Frictional energy loss

To compare polarisation gradient cooling in free space and for lattice-confined atoms it

is instructive to compare the form of the frictional force in the two situations. The usual

way of describing the dissipative effects of polarisation gradient cooling is by a graph of

force versus velocity [18, 32]. This is appropriate for cooling in free space, but not so

applicable for the cooling of confined atoms where the velocity of the atoms oscillates.

Rather than looking for the average force on a path of constant velocity, the average

energy loss on a path of constant energy would seem the most appropriate measure. In

other words, the polarisation gradient frictional force is usually measured as the force

on a test particle being dragged through the light field at a constant velocity; instead

we drag the test particle on a trajectory that keeps the sum of the kinetic and potential

energies constant1.

6.2.1 Free space

For polarisation gradient cooling in free space, the force versus velocity graph (Fig.

6.2a), here for 87Rb, takes the well known form [18]. The lin⊥ lin configuration results

in a greater force in the low velocity sub-Doppler region whereas the σ+σ− configura-

tion is stronger at the high velocity Doppler regime due to the larger Clebsch-Gordon

coefficient.

When the low-velocity portion of this data is converted into a graph of energy

loss versus energy the same relationship can be seen (Fig. 6.2b). One feature which is

perhaps surprising is the shape of the lin⊥ lin curve, which is not completely smooth

but has small rises and depressions. If a Fg = 1/2 atom is simulated with otherwise

identical parameters (the blue dotted lines of Figure 6.2b) these features disappear, and

so these seem to be a result of the more complex level structure of the |F = 2⟩→ |F′ =

3⟩ transition. These features appear outside the F ∝ v region of polarisation gradient

cooling, which is to the left of the red vertical line on this graph. Theσ+σ− configuration

does not have such features.

1There are different potential energy surfaces for the various internal quantum states and dressings;
here, for simplicity, the bare lattice potential for the atomic ground state is chosen.
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Figure 6.2: Polarisation gradient cooling in free space in one dimension. The lin⊥ lin
configuration is shown in blue, and σ+σ− in black, both with 87Rb. (a) Force versus
velocity. (b) Energy loss rate versus kinetic energy. In Figure (b), the dotted blue line
is for a Fg = 1/2 atom in the lin⊥ lin configuration, and the red line constitutes the
upper limit of the low-energy F ∝ v region for the lin⊥ lin configuration, as determined
from the data of Figure (a). The intensity per beam is 10.8 mWcm−2, and the molasses
frequency detuning is -4Γ.
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6.2.2 Confined atoms

The equivalent graphs for 87Rb atoms confined in a lattice potential of depth 1.2~Γ are

shown in Figure 6.3. Here, the velocity shown in Figure 6.3a is the velocity of the atom

as it traverses the minima of the lattice potential.

As outlined in Section 5.2.1, the phase of the cooling beams relative to the con-

fining lattice changes the frictional energy loss profile for trapped atoms for the lin⊥ lin

configuration, but not for σ+σ−. As would be expected, this effect is most profound for

energies much less than the depth of the lattice.

Another prominent characteristic is the sharp dip at the energy of 1.2~Γ, cor-

responding to the depth of the lattice. This can be attributed to the motion of the test

particle; in this small range of energy, the particle spends a large portion of its time

near the lattice maxima with very small velocity. As the force and energy loss are time-

averaged, they will both fall near this point; in fact, they will tend to zero at E = 1.2~Γ.

In Figure 6.3b, the σ+σ− energy loss curve, and most of the lin⊥ lin curves, lie under

the corresponding curve for free atoms (Fig. 6.2b). This can again be explained in terms

of the time averaging; the confined atoms on average have less kinetic energy and so

tend to have less frictional damping than the free atoms. As in Figure 6.2b, the lin⊥ lin

curves exhibit some oscillatory structure; this again seems to be a consequence of the

degree of multiplicity of the ground state, as the equivalent Fg = 1/2 curve does not

display this structure.

At energies substantially higher than the lattice depth, the shape of the force ver-

sus velocity curve for the atoms traversing the lattice (Fig. 6.3a) and in free space (Fig.

6.2a) are broadly similar. The increased force with the lattice present is due to lattice

potential decreasing the frequency detuning to atomic resonance, as a blue frequency

detuned lattice is used for these calculations. Quantum effects such as Bragg reflection

are not modelled in this semi-classical analysis.
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Figure 6.3: Polarisation gradient cooling for confined atoms in one dimension. As be-
fore, the lin⊥ lin configuration is shown in blue, and σ+σ− in black, both with 87Rb. The
confinement is due to a lattice potential of depth 1.2~Γ and period λ/2 (as in Table 6.1).
(a) Force versus velocity, for ϕ= 0. The insert shows an expansion of the region near the
origin. (b) Energy loss rate versus kinetic energy. In Figure (b), the dotted blue line is
for a Fg = 1/2 atom in the lin⊥ lin configuration. Three different phases are shown for
the lin⊥ lin configuration; the σ+σ− configuration is phase independent. The intensity
per beam is 10.8 mWcm−2, and the molasses frequency detuning is -4Γ.
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6.3 Specific example of atomic hopping dynamics

6.3.1 Rationale

The primary object of this thesis is to set out the design and make the case for a specific

measurement technique. The technique is simulated to determine appropriate parame-

ters which can be used in the experimental realisation. The parameters are chosen so

that the polarisation gradient cooling of atoms in the imaging lattice should be such

that the atoms are held at specific sites of the imaging lattice for many seconds while

measurements are performed.

There is a limiting factor which ultimately must limit the lifetime of atoms in

the imaging lattice, regardless of the radiation scattering processes. A collision with a

room-temperature background gas particle will inevitably lead to the loss of at least one

atom from the imaging lattice. The lifetime due to background collisions will vary by

experiment, species, and quantum state, but a typical lifetime due to background gas

collisions in a BEC experiment is around 102 s.

If the lifetime due to radiation scattering processes is greater than around 103s,

the loss rate due to such processes will be negligible compared to the loss rate due to

background gas collisions; we can say that we have an optimal arrangement for polarisa-

tion gradient cooling in the imaging lattice. This situation seems to occur for a range of

parameters (see Fig. 6.7); any choice of parameters within this range may be regarded as

equally good. A particular example will be described in this section for which this is the

case; it is emphasised, though, that this set of parameters is not unique, but is one point

within an optimal region; other sets of parameters within this region will be equally

appropriate for use in an experiment. However, if there is extra heating from an extra

process, for example, the boundaries of the this optimal region will change somewhat.

Furthermore, the lifetime which is quoted in this chapter for the radiation scatter-

ing process is the average time taken for an atom to leave a specific site from within the

lattice. This is related, but greater, than the actual lifetime of the atoms in the imaging

lattice; the free atom must either encounter another occupied well, or traverse the lattice,

for the atom loss from a specific site to turn into atom loss from the lattice. In fact it
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is quite likely that the atom, having left one site, is captured by a nearby site without

encountering another atom, and the effects of the atom jumping from the original site

are not felt except perhaps in the degradation of spatial resolution of the measurement.

Therefore, making the hopping lifetime between sites much greater than the background

gas lifetime is a rather conservative overestimate of the effects of the radiation scattering.

In this section an exemplary set of parameters will be put forward in which the

hopping lifetime is around 7× 104 s, i.e. well within the optimal region.

6.3.2 Parameters used

The parameters used for this example are given in the top part of Table 6.1. The use

of the σ+σ− rather than the lin⊥ lin configuration is a consequence of the phase depen-

dence of the latter; controlling the phase of the cooling light at each of thousands of

wells is not a viable proposition2. The cooling light is flashed alternately along three

orthogonal directions, as discussed in Sections 5.3 and 4.7.1. The chop-cycle frequency

was chosen to be large enough that atoms are frequently cooled along each direction,

but small enough that only of a fraction of the flash duration is taken up by the transient

optical pumping processes (before the atom settles into an internal steady state, as re-

quired for efficient cooling). The intensity and frequency detuning of the cooling light

were chosen so that they roughly optimised the hopping rate for this set of parameters.

Rubidium-87 was used as the atomic species.

The imaging lattice was chosen (see Sect. 4.5) to be a counter-propagating lattice

on the blue side of the D1 line. The frequency detuning of the lattice from the atomic

resonance was chosen to be far enough that each internal ground-state sublevel of the

atom has approximately the same potential energy (3% difference between the sublevels

in this case), but close enough to resonance that a lattice of decent width (hundreds of

microns to a side) may be made with the power available in current experiments. The

depth of the imaging lattice was chosen to give a long hopping lifetime (see Sect. 6.4).

2Alternatively, lin⊥ lin could be appropriate if the phase is swept on an appropriate time scale.
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Table 6.1: Parameters of the example configuration discussed in Section 6.3. The errors
on the calculated parameters are given as the random errors on the mean, and do not
include systematic effects.

Species 87Rb

Imaging Lattice

Line D1 (794.98 nm)
Frequency detuning -4000Γ
Intensity per beam 5× 104 mWcm−2

Depth 1.2~Γ
Period 397 nm

Character
1D counter-propagating for each

direction (intensities add)

Molasses

Line D2 (780.24 nm) F = 2→ F′ = 3
Frequency detuning -4Γ
Intensity per beam 10.8 mWcm−2

Flash duration 18 µs
Chop cycle frequency 18 kHz
Phase swept No

Character
1D σ+σ−

Chopped between 3 directions
Mean time before site hop 7× 104 s±30%
Temperature 8.4 µK±2%
Mean scattering rate 1.88× 106 s−1

Scattering uniformity ∼99.5%
(Direction and Polarisation)

6.3.3 Discussion of results

The results of the three-dimensional extended Monte Carlo simulation of the imaging

lattice with these parameters are given in Table 6.1 and Figures 6.4 and 6.5. The re-

sults give the steady state populations ‘at’ each point, i.e. the proportion of the total

population which last encountered that specific point rather than any other.

There is an extremely good fit between the population predicted by the standard

Monte Carlo simulation and that predicted by the extended Monte Carlo simulation, in

the region in which the standard Monte Carlo simulation can be used3. An excellent

fit between the two was found on all data presented in this chapter (including the data

presented in Figs. 6.7 and 6.7). As the methods by which the populations are calculated

3The last point or two of the standard Monte Carlo data is not quite on the line of the others, but this
is to be expected from the poor statistics of the Monte Carlo simulation at these energies.
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are substantially different, this provides a very good indication that the extended Monte

Carlo simulation of this problem is an accurate extrapolation of the standard Monte

Carlo technique, the accuracy of which has been tested earlier (Sect. 6.1). Furthermore,

as this data was generated using the Markovian master equation treatment, it is suggested

that a more involved non-Markovian analysis of the extended Monte Carlo technique (as

outlined in Section 5.12.3) is unnecessary in this case.

The population data can be fitted to a temperature once the density of states in

the lattice site has been found, by using the equation

D(E) =
(2m)

3
2

(2π)2~3

∫
V(r)≤E

√
E − V(r)d3r . (6.1)

The description of the population in terms of a temperature is accurate in the low energy

region, but there are substantially more atoms in the tail of the distribution than would

be expected for a given temperature. This not unexpected, as the description of the

population in terms of a temperature is only valid when the frictional force divided

by the diffusion coefficient is a linear function of velocity (as shown by the Fokker-

Planck equation—see for example [67] p66). The frictional force is in fact not linear—

the slope of the force decreases with increasing energy (Fig. 6.3a), so it is natural that

the population in the tail is higher than the temperature of the low-lying atoms would

predict. This can be seen as retrospective justification for using the extended Monte

Carlo method to find the population in the tail of the distribution rather than merely

extrapolating using a fit to temperature.

The population distribution was calculated using the data displayed in Figure

6.4. These figures display the rates of transfer of atoms between the various points,

as found in the analysis of the data from the extended Monte Carlo simulation. The

rate to decrease in energy is greater than the rate to increase in energy for all but the

lowest-lying points; the difference in rates increases with energy, as may be expected, as

the frictional energy loss increases with energy throughout this region (see Figure 6.3b).

There is some small variation in the rates data at higher energies; this leads to variation in

the hopping lifetime between simulation runs, which is reflected in the quoted statistical

uncertainty on the lifetime (Table 6.1).
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Figure 6.4: Histogram of population versus energy for the imaging lattice parameters
set out in Table 6.1. The x-axis gives the (pseudo-)energy of the points, while the y-
axis gives the proportion of the population which last encountered that energy point.
The depth of the pseudo-energy potential is 1.125~Γ, which is less than the bare lat-
tice (1.2~Γ) due to the dressing with the cooling light. The top of the lattice potential
is marked with the vertical black line. The extended Monte Carlo populations were
calculated from the data of Figure 6.5 in a Markovian approximation.

The ‘jump’ rate is the rate at which the atoms leave the site. Only one site is

simulated, rather than the entire lattice, so when the atom leaves the site, it is removed

from the simulation; in the master equation analysis, the total population in the well is

renormalised to compensate for this loss. For energies greater than the lattice depth,

the jump rate between wells quickly dominates the heating and cooling rates. Although

there is some cooling of untrapped atoms (see Figure 6.3b), only atoms with an energy

slightly above the lip have an appreciable probability of being captured by that site; the

atoms with larger energies cannot be cooled in time, and disappear off to another site or

out the lattice. The effects of the jump process can be seen in the sharp decrease of the

population with energies above the lip of the lattice (Fig. 6.4).
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Figure 6.5: The transition rates of atoms between the energy points. These were calcu-
lated from the data collected in the extended Monte Carlo simulation, and are used to
calculate the population at the points shown in Figure 6.4. There are three alternatives
for an atom at a particular point: it can encounter the next point down in energy, or the
next point up, or it can leave that lattice site. The rates as shown are the rates for these
processes at a particular energy. The depth of the pseudo-energy potential is 1.125~Γ.

6.3.4 Coherence properties of the scattered light

The coherence properties of the scattered light become relevant when there is more than

one atom imaged to the same pixels of the CCD; this is the case when there is more than

one atom per original accordion lattice site, as in this case the atoms are separated by a

fraction of an accordion lattice period, and we assume that we do not have an imaging

system capable of distinguishing the atoms at this small separation. If the atoms scatter

coherently, there is a redistribution of the scattered intensity over the unit sphere. If

this redistribution is not time-averaged away, the linear relation between the observed

signal and the number of the atoms at the original accordion lattice site breaks down to

a degree.

We can find the proportion of coherent light by finding the mean dipole of the
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Table 6.2: Coherence properties of the fluorescent scatter, for the example configuration
discussed in Section 6.3.

Direction Total scattering rate Incoherent proportion
σ− 0.0112Γ ∼ 100%
π 0.0269Γ 87%
σ+ 0.0112Γ ∼ 100%

Total 0.0492Γ 48%

fluorescing atom. The instantaneous dipole in direction ε is ⟨D+ε ⟩, and we donate the

time average by ⟨⟨D+ε ⟩⟩. We replace the operator D+ε by

D+ε = ⟨⟨D+ε ⟩⟩I + δD+ε (6.2)

where by definition ⟨⟨δD+ε ⟩⟩= 0. The decay rate in direction ε is then

⟨⟨D+ε D−ε ⟩⟩ =
∣∣∣⟨⟨D+ε ⟩⟩∣∣∣2 + ⟨⟨δD+εδD−ε ⟩⟩ . (6.3)

In this equation, the first term on the right hand side is associated with coherent scatter-

ing, and the second term with incoherent scattering ([15] p. 383)

The results of this analysis are shown in Table 6.2. The data is taken when

the light at the lattice minimum is π polarised. As can be seen, the majority of the π

fluorescence emitted is coherent, while the other polarisations are incoherent (the mean

dipole sums to zero). The scattered light is roughly equally divided between coherent

and incoherent components.

A further factor to bear in mind when considering coherence properties is the

average spatial deviation of the atom from the lattice minimum; in the case under con-

sideration the root mean square deviation is ∼ 0.013λ. This means that the atom is very

well localised compared to the wavelength of the scattered light, meaning that it would

be possible to see coherence effects.

A mitigating factor is the chopping of the cooling beams between the three di-

rections. This will tend to average out the redistribution of the fluorescence light due to

coherence effects. As an additional mitigating measure, a small frequency difference (on

the order of a kilohertz) between the cooling beams will sweep the direction of polarisa-

tion at all sites. This will sweep the interference pattern from the coherent fluorescence
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of atoms from a single accordion lattice site around the axis of these cooling beams.

Together with the chopping of the cooling beams between the three directions, any in-

terference pattern will be smoothed, although some residual anisotropy could remain.

This is likely to be necessary only when there are more than a few atoms per accordion

lattice site, when it becomes more critical that there is a linear relationship between the

observed signal and atom number. There are likely to be other way to mitigate the ef-

fects of coherence, for example by observation of th fluorescence generated by radiative

cascade 7.2.

In summary, with these parameters the scattered light is roughly coherent and

incoherent in equal measure. While this means that the scattered signal cannot be com-

pletely destroyed by interference, it means that a certain amount of caution is required

to correlate the observed signal with the number of atoms originally at the accordion

lattice site.

6.3.5 Reabsorption

Reabsorption can potentially affect the process in a number of ways. Firstly, reabsorbed

radiation can heat the atoms due to anomalous recoil events. Secondly, reabsorption

decreases the intensity of the cooling beams and the imaging signal as the near-resonant

light traverses the cloud. Thirdly, the other atoms may induce local phase changes in the

scattered signal. These considerations shall be dealt with in turn.

For the calculation of the scattering for a very numerous extended sample, a

50 × 50 × 50 cubic grid of atoms is used with a 4µm nearest neighbour distance4. The

effects of the net outward force (such as in a MOT) will be negligible in the lattice; it

is the fluctuations of this force which are important. Using the data in Table 6.1, the

intensity of the scattered radiation at the centre of the sample is found to be around 4%

of the total intensity of the cooling beams. The heating rate from photon recoil will

increase in about this proportion. The optical pumping rates between the sublevels also

changes by around this proportion, so the steady-state populations and the sub-Doppler

force could also decrease by around this fraction. The combination of these effects have

4This makes 125,000 atoms, significantly larger than the atomic samples which the technique is de-
signed to probe
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the potential to increase the temperature by around 5-10%; as can be seen from Figure

6.4, such an increase in temperature corresponds to up to an order of magnitude greater

population in the highest trapped levels, and so the loss rates will be around an order of

magnitude greater. Although this sounds large, the lifetime of the atoms in a site will still

be limited by collisions with background gas atoms rather than this hopping dynamics;

furthermore the effects of this level of reabsorption may be completely negated by an

increase in the depth of the imaging lattice of 10-15%. I emphasise that the scenario

considered here (with 125,000 atoms) is a worst-case scenario for this technique.

The cross-section of the atoms at this wavelength may be calculated using a

standard formula, or (taking into account the multilevel system) by using the data in

Table 6.1. Using the above data, the atomic cross-section is 2.2×10−3 µm2, so over 99%

of the laser beams are transmitted through the large sample we are considering. Thus

both the cooling beams and the imaging signal are only weakly affected by reabsorption

by the other atoms the sample.

To estimate the dispersive effects of the atoms, the formula for the real part of

the refractive index of a two-level system is used [52]

n − 1 =
3nλ3∆Γ

4π2 (
Γ2 + 4∆2) . (6.4)

Multiplying n - 1 by the distance through the sample, the average phase retardation com-

pared to vacuum propagation is around 1/100th of a cycle. Thus the average phase retar-

dation difference across an extended wavefront is also about this order. Since distortion

at least on the order of the imaging wavelength is needed to increase the spot size at the

detector, the dispersive effects of this density of atoms will be fairly minimal when it

comes to measuring the signal.

6.3.6 Summary

In summary, if an experiment was performed with the parameters given in Table 6.5,

it is predicted that each atom will have a lifetime at a specific site which is limited by

collisions with background gas. Each atom will scatter ∼ 106 photons per second, which

is a substantial signal. For extended samples probed using the accordion and imaging
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Figure 6.6: The variation in temperature and hopping lifetime in the imaging lattice
with cooling intensity. The data used in these calculations is the data of Table 6.1 for all
variables other than the cooling intensity.

lattice techniques, reabsorption processes may add a little anomalous heating, but at on

a level much less than the diffusion due to photon absorption from the cooling light. The

scattered light is approximately half coherent and half incoherent.

6.4 Atomic hopping dynamics over a range of parameters

The hopping lifetime of the atoms is a function of the parameters of the imaging lattice

technique. Although I have not yet had the computational resources and time to conduct

a comprehensive characterisation of this parameter space, data will be presented for the

two most important variables, lattice depth and cooling intensity.

As the cooling intensity is varied (Fig. 6.6), the variation in hopping lifetime

correlates reasonably well with the temperature of the atoms at the lattice site. At higher

intensities, the polarisation gradient cooling becomes less efficient, and the temperature

increases. This behaviour is common to most situations in polarisation gradient cooling

(see Sect. 6.1); as the optical pumping time decreases, there is less movement-generated

lag in the atomic populations, and the corresponding frictional force is less. At lower in-
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Figure 6.7: The variation in temperature and hopping lifetime in the imaging lattice with
lattice depth. The data used in these calculations is the data of Table 6.1 for all variables
other than the lattice depth.

tensities, on the other hand, the temperature increases as the optical pumping time takes

up an increasingly larger fraction of the vibrational period; therefore it has insufficient

time for the internal state to approach a steady state, so less time for efficient polarisa-

tion cooling to take place, before the oscillation of the particle changes its velocity, and

the internal state must undergo transient behaviour again. The consequence of these two

effects is that there is an optimal intensity for the cooling beams of the imaging lattice

technique. An additional consequence is that this puts an upper limit on the depth of

the lattice in which atoms may be efficiently polarisation gradient cooled; the deeper the

lattice is, the faster the oscillation frequency, so the smaller the window in the optical

pumping rate in which efficient cooling is possible.

With the parameters currently used, though, the large decrease in the hopping

rate as the depth is lowered (due to the near-exponential high-energy tail of the popula-

tion) greatly outweighs the small increase in the energy due to the increase in oscillation

frequency (Fig. 6.7). This shows that the example presented in Section 6.3 is worse than

the global optimal parameters by at least a good few orders of magnitude, even though
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a lifetime of 7× 104 is substantially longer than we need, i.e. much longer than the life-

time due to background gas collisions. This indicates that, if the parameters are chosen

with care, the imaging lattice technique could cope with a substantial amount of anoma-

lous heating before light scattering and light-assisted collisional processes can decrease

the lifetime of the atoms in the lattice below the lifetime dictated by background gas

collisions.



Chapter 7

Summary and extensions to the
accordion and imaging lattice

techniques; potential for novel
ultracold physics

This chapter further develops the accordion and imaging lattice techniques in the light

of the preceding chapters. Improvements and extensions are discussed to the basic tech-

nique. A summary is made of the basic techniques, and a specific design of apparatus is

presented in order to put forward a concrete proposal for an experiment. The prospects

for novel physics that such experiments could provide are outlined.

7.1 High resolution three-dimensional measurements at the level of individual
atoms for arbitrary ultracold atomic configurations

The motivating reason for the design of the accordion and imaging lattices was to find a

technique capable of detailed measurements on strongly interacting physics of ultracold

atoms in optical lattices. However, these techniques have a number of characteristics

which make them suitable for detailed measurement of a whole range of phenomena

in ultracold atomic physics. It is interesting to compare these techniques to standard

probing techniques, for example absorption imaging, when used to probe an atomic

sample with an arbitrary spatial and momentum distribution, confined in an arbitrary

potential, or in free evolution (i.e. in time-of-flight). There are two ways of probing

114
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this arbitrary sample with the above techniques; the imaging lattice and the subsequent

cooling and fluorescence imaging can be used with or without the prior capture of the

atoms by an accordion lattice.

Consider the case that only the imaging lattice is used, together with the appro-

priate cooling technique and fluorescent imaging (as discussed in Sect. 4.6 and Chapt.

6). The density and optical depth of the atomic sample are critical factors in this sce-

nario. If the density of atoms in the sample is too great, many atoms will be lost due to

light-assisted collisions from multiply occupied wells. Furthermore, if the optical depth

of the sample is too great, reabsorption, and consequently extra heating and suppres-

sion of the fluorescence signal, will mean loss of atoms and alteration of the observed

fluorescence distribution. Both of these effects make the observed fluorescence distribu-

tion different to the true atomic distribution. Furthermore, the high atom numbers will

mean that measurement of the three-dimensional distribution of atoms in the sample is

hard1. If these effects can be tolerated, the use of the imaging lattice, together with a

lens system of appropriate magnification, is a possible alternative to two-dimensional

absorption imaging for BEC-sized samples. However standard absorption imaging is

likely to be the better imaging technique for measurements of the overall distribution

of large samples, as the exposure time, and so the effect of light-assisted collisions, is

much less.

However, at low densities and low atom number the use of the imaging lattice

does have significant advantages over absorption imaging. As has already been noted

(Sect. 4.1), fluorescence imaging is well known as the imaging method of choice for low

atom numbers. The use of the imaging lattice enables the spatial distribution of the sam-

ple, in-situ or in time-of-flight, to be locked in place while fluorescent imaging is taking

place. The long lifetime of atoms in the imaging lattice will mean that the collected

signal from each atom will be large. The use of the imaging lattice, together with a good

objective lens, will allow 3D measurements to be made of the spatial distribution of low

atom number samples at the resolution of single atoms. As such, the imaging lattice

13D images can still be built up by using a separate imaging sheet (see Sect. 7.2), although the resolu-
tion will not be very high.
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technique is potentially an excellent technique for the measurement of the properties of

any ultracold atomic distribution of low atom number.

The use of the accordion lattice prior to the imaging lattice will potentially en-

able even better measurements of an arbitrary ultracold atomic distribution. The ac-

cordion lattice would be used in an extra step prior to raising the imaging lattice; the

accordion lattice, in the counter-propagating configuration, would be used to freeze the

atomic distribution. The accordion lattice would then be expanded to the large-period

configuration. At this point the imaging lattice is turned on, followed by the start of the

concurrent cooling and fluorescent imaging.

There are two major advantages in using the accordion lattice in this way prior

to the imaging lattice. Firstly, the volume resolution of the technique is now a box of

side λ/2 (typically around 300-400 nm). This is a linear spatial resolution around an

order of magnitude greater than that in a typical absorption image. To emphasise, these

measurements can be performed throughout a volume of space, rather than a projection

of this volume; the measurements can be carried out at the resolution of single atoms.

Secondly, the expansion of the accordion lattice can reduce the density and num-

ber of atoms in the sample by a few orders of magnitude. Therefore it is possible to start

from a dense, high number atomic sample and use this technique to probe a certain

(small) volume of this atomic distribution at extremely high resolution. The remain-

der of the atoms will be ejected from the accordion lattice in the expansion process;

they should be allowed to fall out of the imaging region before the imaging lattice is

turned on. This method is inappropriate for the measurement of overall atomic distribu-

tions, as in absorption imaging; instead, it offers a complimentary method of probing for

making very detailed measurements of a small portion of a larger atomic distribution.

There are undoubtedly many aspects of quantum dynamics which would benefit from

this treatment; to put forward a couple of illustrative examples, the spatial structure of

a single vortex in a BEC could be probed in three dimensions at very high spatial and

number resolution, or the signal from very faint diffraction peaks could be accurately

determined.

It is clear from the preceding arguments that this is potentially a very power-
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ful technique of measuring the detail of atomic distributions, in three dimensions, at a

spatial resolution of a few hundred nanometres, and at the level of single atoms. The

downside is that the technique is limited to a low atom numbers (depending on the

exact experimental configuration, in the range of thousands or a few tens of thousand

of atoms) and a small sampling volume (again, depending on the exact configuration,

perhaps 5-20 µm on a side).

7.2 Minimisation of fluorescence from out-of-plane atoms whilst imaging three-
dimensional samples

As has been discussed in Sections 4.7.5, 6.3.5 and 7.1, the fluorescence from out-of-

plane atoms starts to become a problem for large three-dimensional samples, as the

signal from the in-plane atoms becomes harder to distinguish from this background.

With a little more effort, a method can be implemented that would dramatically decrease

the signal from these out-of-plane atoms.

It may be thought that the lower hyperfine state can be used to ‘shelve’ the out-

of-plane atoms and so reduce this unwanted fluorescence, by means of restricting the

beam profile of the repumping beam. However, the scattering from the imaging lattice,

while negligible when the atoms are in the upper hyperfine state, will still be present

when the atoms are in the lower hyperfine state, and in the absence of the repumping

beam the atom will tend to undergo transitions between the two hyperfine levels on a

time scale of around a millisecond. Another method which could be used to probe single

sheets from a lattice is the application of a magnetic field gradient. However in the case

of the imaging lattice the magnetic field would disrupt the polarisation gradient cooling

process, and could only be used if it were quickly alternated with cooling periods i.e.

periods when the magnetic field was off.

A possible way to get around this issue would be to switch off the repump-

ing beam altogether, and instead use an optical pumping beam (for example, on the

|F = I + 1/2⟩→ |F′ = I − 1/2⟩ transition) to pump the overwhelming majority of the pop-

ulation into the lower hyperfine level. The profile of this optical pumping beam would

be a TEM01 Hermite-Gaussian mode, with the central minimum forming a sheet which
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would be aligned with the imaging plane of the lattice. All the atoms apart from those

in the central plane would be shelved; those atoms in the central plane would spend

about half the time in the upper hyperfine level, and majority of the fluorescence from

the sample would be from atoms in this plane.

There there is the potential for extra heating from these cycles between the

ground hyperfine states, as the lower hyperfine state is more confined than the upper

hyperfine state by the blue frequency detuned imaging lattice. If the atoms are strongly

optically pumped to one of the two hyperfine states, this extra heating is relatively small,

as the atoms cannot spend long enough in the other hyperfine state to react to the differ-

ent potential energy surface. When atoms cycle between the states, as in the case for the

atoms in the central plane of the TEM01 optical pumping beam, this becomes more of

an issue. Only a small proportion of the atoms (those that are currently being measured)

have this anomalous heating.

Another, more promising, technique would be to probe at a different wavelength

than the cooling beams. These extra probing beams would propagate in a thin sheet in

the focal plane of the imaging system; two counter-propagating beams would minimise

the average momentum gain due to photon recoils. A good candidate transition would

be the other D line (796 nm for 87Rb), with the imaging lattice itself near the D2 line.

Unfortunately higher frequency states (n + 1)p, e.g. the 6p state at 420 nm from the

rubidium ground state, will tend to have a fairly large photoionisation rate due to the

imaging lattice light [12, 1]. The beams would propagate at the same time as the cooling

beams, with the cooling light itself filtered out in the imaging path.

A logical extension to this would be imaging using a radiative cascade. Using a

radiative cascade to produce the fluorescent signal would mean that the scattered signal

is completely incoherent. The most promising cascade would seem to be from the (n +

1)s or nd state, which can be directly excited from the np excited state of the atoms

undergoing cooling. For example, the 6s state of 87Rb can be excited from the 5p state

by a laser at wavelength 1.37 µm; it decays with a lifetime of 45 ns back to the 5p

J′ = 1/2 and J′ = 3/2 states. Assuming that the imaging lattice is near the D2 transition,

the photons which are detected on the D1 transition (or at 1.32µm) will be incoherent,
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and can only come from the atoms within the sheet of 1.37 µm light. Higher-lying

states could be used for the cascade, for example (n + 2)s, at the expense of a larger

photoionisation rate.

For either imaging method, small sub-wavelength movements of the imaging lat-

tice parallel the cooling beams can be used rotate the direction of the linear polarisation

at the lattice minima, and so remove any anisotropy in the distribution of the scattered

signal. This could be used in place of relative phase control of the counter-propagating

pairs of cooling beams, which would achieve the same effect, but (as a practical consid-

eration) would need twice the number of AOMs to generate the cooling light.

Even by using one of the above methods, it is likely that not just a single sheet is

picked out, but a few sheets are picked out by either of these techniques. To distinguish

between these neighbouring sheets of atoms the imaging system would need to have a

shallow enough depth of view, and the accordion site separation be large enough, that

atoms from neighbouring accordion lattice sites are able to be distinguished, for example

as in Reference [71].

7.3 Summary of the basic technique

This section provides a summary of the joint use of the accordion and imaging lattice

techniques. To do this a single example is picked of the way these techniques may be

implemented; in this example we take the atomic species to be 87Rb.

7.3.1 Capabilities

The techniques analysed show the capability to image the spatial distribution of ultracold

in up to three spatial dimensions. The technique is capable of reliably measuring the

position of every atom within a small volume (of the order 10µm to a side), with a

spatial resolution of around λ/2 of the resonance wavelength.

The technique can be used either in-situ or in time-of-flight. The technique is

capable of probing the dynamics within an optical lattice, which is conveniently the

accordion lattice itself, or atoms otherwise confined, or in free flight. The technique is

applicable for both fermions and bosons (or mixtures).
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The primary restriction of the technique is that if the kinetic energies of the atoms

are greater than the maximum depth of the accordion lattice, the technique cannot be

used. Clearly, if the atoms cannot be sub-Doppler cooled, the technique cannot be used.

If the technique is used without the accordion lattice stage, reabsorption of the

radiation will limit the number of atoms that can be usefully probed.

7.3.2 An exemplar experimental design

The basic experimental process is summarised in Figure 7.1. The atoms are captured by

the accordion lattice, if they were not already present in the lattice, and the accordion

lattice depth is quickly raised to isolate atoms at individual sites. The accordion lat-

tice is then expanded, preferably in all three dimensions, until each site is separated by

many microns from its neighbours. The atoms are loaded into the strong imaging lattice

potential; each accordion lattice site is divided into hundreds or thousands of imaging

lattice sites, with multiple occupation of imaging lattice sites statistically unlikely.

With the atoms isolated and confined in a deep potential, the polarisation gradi-

ent cooling commences. This is best achieved with a one-dimensional σ+σ− configu-

ration, which is flashed (chopped) between three orthogonal directions. The atoms are

imaged from the fluorescent light they produce while undergoing cooling.

To efficiently image large three-dimensional samples, an additional sheet of light

should be used to illuminate only those atoms in the focal plane of the imaging system.

In this example we choose this light to be on the 5p to 6s transition (1.37 µm); we detect

the incoherent fluorescence on the D1 (796 nm) transition.

The imaging lattice is translated to bring different planes of atoms successively

into the focal plane of the imaging system; an image is taken of each plane. In this way,

a three-dimensional spatial profile of the atoms will be built up. This measurement pro-

cess may take place over many seconds (the lifetime of the atoms will be predominantly

limited by background gas collisions).
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lattice potential;

inter-well dynamics frozen

Lattice expanded along all three directions;

well separation /2      many micronsl

Captured in imaging lattice with well separation /2l

Imaging lattice moved into focal plane of imaging system

Cooling light applied; chopped between 3 orthogonal directions

Image recorded

Imaging lattice
moved perpendicular

to focal plane of
imaging system

Repeated to build up
3D spatial distribution

Excited state transfer beam applied
(only to focal plane of imaging system)

Figure 7.1: A summary of the basic imaging sequence for three-dimensional measure-
ments of the spatial distribution of ultracold atoms at single atom number resolution
and λ/2 spatial resolution. There are a number of variants on this basic sequence which
could be used depending on the circumstance, for example the application of a magnetic
field gradient for measurements of the internal state of lattice-trapped atoms, or for long
times of flight.

7.3.3 Practicalities

The complex part of the apparatus is the accordion lattice itself. Mirrors located in-

side the vacuum system are needed for counter-propagating arrangements; illustrative

designs are given in Figures 4.3 and 7.2. These could be constructed from parabolic

reflecting surfaces sectioned and shaped with a precision glass cutting device such a

wafering saw.

The optical access around such a mirror arrangement can be improved by re-

moving unwanted parts of the parabolic mirror—those parts not used by the accordion

lattice, and too far off axis to be of use in fluorescent detection. Such a design is shown
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Figure 7.2: The optical layout of an illustrative accordion and imaging lattice experi-
ment. The beams shown are described in Table 7.1, and are colour-coded (red for the
accordion lattice, purple for the imaging lattice, orange for the cooling light, blue for the
excited state transfer beams, and green for the repumping light). The design shown here
uses the inner part of the parabolic mirror itself as the first lens in the imaging system;
other designs are possible (see Section 4.7.2). As shown, unwanted outer parts of the
parabolic mirror can be removed to facilitate optical access.
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in Figure 7.2. The number of laser beams needed for the accordion and imaging lattices

makes it desirable to use magnetic transport to move the cold atoms into this region from

another section of the vacuum system, where the primary MOT and associated optics

can be located separately.

Illustrative beam paths into the region containing the atoms are given in 7.2.

This particular design assumes that the parabolic mirror is used as the first element in

the imaging system; corrective optics (together with a beam stop) will be needed to

compensate for the off-axis aberrations (see Sect. 4.7.2). The fluorescent imaging path

overlaps with four of the accordion lattice beams; a dichroic beamsplitter is assumed to

be used to combine the two. The parallel beams entering the apparatus vertically also

need to be combined using beamsplitters (an appropriate selection of non-polarising,

polarising or dichroic is assumed).

A summary of the beams required for the technique is given in Table 7.1. The

beams reflecting off the parabolic mirror will be focussed by this mirror; this should be

accounted for in the up-stream optics (see Sect. 4.4.1).

Movement of the accordion lattice is most easily accomplished by mounting a

particular mirror on a piezoelectric stage (see Sect. 4.4). The imaging lattice can either

be translated using a similar arrangement, or by using a AOMs to control the relative

frequency detuning of the beams (taking the number of AOMs needed for the imaging

lattice from 3 to 6).

7.3.4 Performance

These techniques are designed so that the fidelity of the measurements is very high. The

results of Chapter 6 indicate that, for suitable parameters, the atoms remain localised at a

particular site until a background gas collision removes the atom from the lattice. Such a

long measurement time allows excellent statistics to be built up for the reliable detection

of individual atoms; furthermore, the technique is designed so that atoms spaced by

more than λ/2 in the original sample are resolved.

It is anticipated that the two factors which will limit the fidelity are the statis-

tical loading losses, and background gas collisional losses. Statistical loading losses
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Table 7.1: Summary of the beams needed for the illustrative design of the apparatus (as
shown in Figure 7.2).

Accordion lattice

Beams (Labels) 6 (Aij)
Frequency As required (far off resonance)
Power As required
Polarisation As required
Waist A few hundred µm at atoms

Generation
3×AOD with accompanying optics
(see Figs. 4.2b and 4.4)

Imaging lattice

Beams (Labels) 6 (Iij)
Frequency 103 - 104Γ blue of the D2 or D1 line
Power 1-20 mW per beam
Polarisation Linear
Waist A few hundred µm at atoms

Generation
3×AOMs
or 6×AOMs (without piezos)
(see Sects. 4.7.3 and 7.3.3)

Cooling light

Beams (Labels) 6 (Cij)
Frequency A few Γ red of the D2 closed transition
Power A few tens of µW per beam
Polarisation σ+σ−

Waist A few hundred µm at atoms
Generation 3×AOM

Excited state transfer beams

Beams (Labels) 2 (ET1,2)

Frequency
(5p) 2P3/2 |F = 1⟩→ (6s) 2S 1/2 |F = 2⟩
(1.37 µm)

Power A few µW per beam
Polarisation σ+σ−

Waist
(5-10 µm)× (a few hundred µm)
at atoms

Generation 3×AOM

Repumping light

Beams (Labels) 1 (R)
Frequency D2, |F = 1⟩→ |F′ = 2⟩
Power 10-100 µW
Polarisation Any
Waist 0.5-1 mm
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are discussed in Section 4.5; they occur when more than one atom is loaded into the

same imaging lattice well. Assuming reasonable experimental parameters (the critical

parameter being the ratio of accordion to imaging lattice well volumes), this loss can

be made less than 1%, using a three-dimensional accordion lattice, for reasonably high

initial atomic densities (tens of atoms per cubic resonant wavelength).

The contribution of background gas collisions to the fidelity depends on the

length of time needed to take the measurements of interest. The fidelity will now be

a function of hold time, and will decay according to

F(t) = F0e−Λt (7.1)

in which Λ is the lifetime of the atoms to background gas collisions. This lifetime is on

order 102 seconds for a typical BEC experiment2.

The number of (accordion lattice) sites which can be measured predominately

depends on the width of the accordion and imaging lattice beams, which for a lattice

of a required depth is determined by the available laser power. However, even with

conservative assumptions this number will be hundreds, and quite probably thousands,

of lattice sites.

7.4 Variations on the basic technique

7.4.1 Measurement of the internal state of the atoms at each site of the lattice

It should be possible to go further than to simply resolve the atoms at each lattice site—it

may be possible to determine the state of the atoms at each of the sites.

To do this the atomic states should be transferred to different magnetic sub-

levels with non-equal magnetic mFgF factors (preferably two levels of equal and op-

posite mFgF). If a magnetic field gradient is applied to the atoms as they are in the

large-period accordion lattice, which has a large period and low trapping frequency, the

atoms, trapped at the minima of the combined lattice and magnetic potential, would be

2It is possible that the excited state fraction of the atomic sample may somewhat alter this lifetime,
although this should not be a major factor due to the small fraction of the total time spent in the excited
state (see table 6.2).
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translated along the direction of the magnetic field with a direction and magnitude de-

pending on the mFgF factor. They should be allowed to move far enough that the two

(or more) states can be resolved from each other in the subsequent measurement, but

not far enough that the atoms become able to hop into the next site. As the sites of the

accordion lattice can potentially be made to be many microns apart, this criteria does

not seem to pose a problem. The atoms would then be locked into place during the

subsequent measurement by use of the imaging lattice (see Sect. 4.5).

Alternatively, if the accordion lattice confines two species of atom (and the imag-

ing lattices and cooling light each contain the appropriate two sets of wavelengths) the

species of atom at each site can be determined straightforwardly by fluorescence at the

separate wavelengths.

7.4.2 Lattices and superlattices

As discussed above, the phase of lattices with parallel lattice vectors, but different spatial

periods, should coincide at the centre of the accordion lattice when they are generated by

correctly aligned, aberration free optical systems. Even for imperfect optical systems,

the phase difference between lattices of different spatial periods should be relatively

stable and predictable as the lattices share common optical elements.

This opens up the possibility of using the accordion lattice optical elements to

superimpose two lattice potentials of different periods, i.e. a superlattice. This would

be formed when two frequencies are used in the acousto-optical deflector. To avoid the

heating of atoms due to beating of the light from the two lattices, the difference between

the deflection frequencies should be much greater than the characteristic frequencies of

the motion of atoms within the lattice; this limits the minimum difference in the spatial

periods of the two lattices.

A lattice with a spatial period of half the spatial period of the original lattice will

give the combined lattice basis of double wells; a lattice with a spatial period of a third

of the original lattice will make a triple well basis, etc. Groups of sites, corresponding

to the same basis site, can potentially be manipulated independently [89].

An accordion lattice setup with arbitrary control of the relative phase of lattices
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with different periods can be generated by using two acousto-optic deflectors per axis

in place of the single one in the original scheme (Fig. 7.3b). Each AOD would gen-

erate the beams for one side of the optical axis; control of the relative phases of the

radio-frequencies within each AOD would allow arbitrary control of the phase of each

component of the superlattice. In this way, a set of lattices with different frequencies and

relative phases can be superimposed. The expense of this setup is a more complicated

optical system which is potentially less naturally phase-stable without active correction.

7.4.3 Generalisation of accordion lattice geometry

Small-period accordion lattices are not limited to square counter-propagating lattice con-

figurations. Figure 7.3 indicates how lattices of other geometries can be constructed.

However, these designs shall not be pursued further in this thesis.

7.4.4 Using the accordion lattice to prepare a small initial sample of atoms

There may be circumstances in which it is useful to have, prior to the commencement

of the quantum dynamics, a small sample of atoms prepared so that they are localised

in a particular region of the potential. For example, this would allow measurements of

the local quantum diffusion of ultracold atoms in a lattice (this would be particularly

interesting, for example, if the potential was disordered).

The accordion lattice can be used, prior to the commencement of the quantum

dynamics, to prepare such a small, localised, ultracold atomic sample. When the atoms

are initially loaded into the accordion lattice, the lattice potential would be raised to

suppress tunnelling, and the accordion lattice expanded (in up to three dimensions). The

atoms at the edge of the accordion lattice envelope would fall away under gravity3. The

accordion lattice would then be contracted back into the counter-propagating configu-

ration. By adjusting the relative phases of the accordion lattice, the localised atomic

sample would then be positioned as desired. The accordion lattice would be lowered to

allow coherent tunnelling processes and the desired quantum dynamics investigated.

3The lattice potential could be lowered to promote this process. Tunnelling would be suppressed at
this point due to the large lattice period.
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Figure 7.3: Accordion lattices of non-standard geometry. Figures (a) and (b) show
a schematic representation of how a general accordion lattice can be generated. The
original beam is divided various paths; there can be sets of beams which add in intensity
or in amplitude, depending on whether or not they have identical frequencies. The
relative off-axis distance of a single beam (and so its angle of incidence at the atoms)
can be varied with a pair of spherical lenses. A rotation of a beam around the optical
axis can be accomplished with a pair of cylindrical lenses; a rotation of 2θ is achieved
by having the axis of the cylindrical lens making an angle of θ with the plane defined by
the original beam and the optical axis. Complex 2D lattice geometries can be built by
such methods. Figures (c) and (d) show an example of how to use the above method to
make a non-counter-propagating 3D accordion lattice. The tetrahedral lattice of Figure
(c) is constructed from 3 parallel beams incident on the mirror from one direction, each
separated by 120◦ around the optical axis, with a fourth beam incident from another
direction; a single AOD generates all four beams coherently. The lattice can be expanded
as shown in Figure (d) for the purposes of measurement. Again, the largest lattice period
depends on the width of the slice. The beam colouring is for visual clarity.
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Two- or one-dimensional samples can be prepared using a similar method. Using

an accordion lattice which is capable of extremely large periods (for example, by using

a transmission lens rather than a parabolic surface), and with accurate control over the

relative phase at the centre of the accordion lattice, the lattice can be expanded so that

atoms in a single accordion lattice plane are retained. Upon contraction of the lattice,

a two or one-dimensional sample would result, which would be tightly confined in the

orthogonal direction(s).

7.4.5 Longer time-of-flight measurements and higher group velocity samples

The discussion of Section 7.1 neglects considerations of the velocity capture range of the

accordion and imaging lattices, which will now be addressed. The initial velocity of the

atoms when the first lattice (accordion or imaging) is switched on should be sufficiently

low, and the lattice sufficiently deep, that the atoms are captured in the lattice.

This is a fairly easy criterion to meet for the vast majority of coherent atomic

dynamics. The maximum horizontal component of the velocity in time-of-flight mea-

surements, for example resulting from diffraction from a lattice, is set by the motional

energy of atoms within a low-depth lattice; we have already established that the ac-

cordion lattice (and certainly the imaging lattice) should be deeper than these sorts of

energies.

The vertical component of displacement and velocity of an atomic distribution

after a time of free evolution potentially poses more difficulties. As the atoms accelerate

under the influence of gravity, they leave the region of the beams, and furthermore, have

a higher kinetic energy when they are captured, which may be above the depth of the

lattice. To take a concrete example, the centre of an ultracold rubidium sample after a

time of flight of 5 ms will have travelled around 100 µm vertically; the atoms will have

a final kinetic energy of 0.04Γ (∼ 60 ER). This will be around the limit for capture in the

accordion lattice with typical beam powers and diameters; however, 5 ms is still rather

short compared to the typical times of flight used in experiments.

The most straightforward way to look at coherent atomic dynamics after a longer

time of flight is to use a magnetic field gradient to suspend, or slow the fall, of atoms
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in a particular magnetic substate4. This would be an advantage when investigating a

mix of atomic substates, as the field gradient would separate the components in time of

flight, and could be tuned so that the time-of-flight distribution of a particular magnetic

substate could be observed in isolation. Other methods, which may be more appropriate

in certain circumstances, would be to position the atomic sample above the accordion

and imaging lattice region before release (for example by movement of the magnetic

trap), or to give the atoms an upward velocity before releasing them.

There is a relatively simple technique which can be used to compensate for the

common (group) velocity and acceleration of a sample. The accordion or imaging lattice

can move as it captures the atoms so that the mean atomic velocity is zero in the frame

of the lattice while the lattice is being turned on. The accordion lattice can be made

to translate by mounting a certain component of the optical system (mirror M1 of Fig.

4.2b) on piezoelectric device or precision motorised translation stage. A similar method

can be used for the imaging lattice; alternatively the counter-propagating imaging lattice

beams could be slightly frequency detuned from each other. Once captured, the lattice

can be decelerated by use of the steepest region of the lattice potential, and the atoms

would then be returned to the field of view of the detection system.

7.4.6 The use of shorter-wavelength light

The discussion of the accordion and imaging lattices has so far assumed that the laser

light is in the vicinity of the strong alkali D resonances. The potential for the use of

higher-energy resonances is now examined.

A major drawback to using higher-energy resonances is that, for most alkalis,

they are much weaker than the D lines (by a factor of around 100 for rubidium, for ex-

ample). To produce the same depth of lattice with the same laser power the frequency

detuning must be divided by this factor; as a consequence, the scattering rate will in-

crease, again by this factor. This will be a problem when coherent quantum dynamics

take place in the lattice. For most experiments, it would seem better to use the longer-

wavelength alkali D lines for the accordion lattice.

4A possible disadvantage of this technique is some distortion of the atomic distribution due to non-
uniform magnetic field gradients; the gradient should be as even as possible.
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For the imaging lattice there is a different issue. The imaging lattice can be

brought closer to optical resonance when used near weaker lines, as the increase in

scattering is not so important. However, for higher-frequency, near-resonant light, one-

colour two-photon photoionisation can become a problem. Taking the example of ru-

bidium again, a beam of 50 Wcm−2 (Table 6.1) which is around 100 MHz off-resonance

will photoionise the rubidium at a rate of around 10 s−1 [12, 1]; this is too fast to be of

use for the types of measurements outlined in this thesis.

It could also be possible to use shorter-wavelength light as a fluorescent probe;

the shorter wavelength would potentially allow greater resolution of the image. In such

a scheme, the shorter wavelength light would be collected for the image at the same

time as cooling takes place on the main D transition. This is not necessarily an advan-

tage when both accordion and imaging lattices are used together, as the accordion lattice

technique is designed so that the sites are resolvable when imaged using the D transi-

tion. Furthermore there are disadvantages, as there would be coherent effects in the

fluorescent scattering if a radiative cascade is not used (Sect. 7.2), and furthermore the

photoionisation rates may be substantial (from the high-lying excited state via photons

from the imaging lattice light). However, if the imaging lattice was used without the

accordion lattice, the advantages may outweigh the disadvantages as there would be a

greater need of high resolution imaging. For example, an experiment using an incoher-

ent optical lattice (see Ref. [4]) may benefit from an admixture of shorter-wavelength

light while the atoms are undergoing polarisation gradient cooling, as long as the pa-

rameters are such that the photoionisation rate does not pose a problem.

In summary, although the use of shorter-wavelength transitions leads to the ad-

vantages of smaller well volume and better imaging resolution, the disadvantages, of

increased scattering and photoionisation, would seem to preclude their use in many sit-

uations.
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7.5 Comparison with the recent experiment at Harvard

The experiment described in the preprint [4] has the potential to directly image atoms in

strongly interacting quantum states, and will now be contrasted with the technique set

out in the last few chapters.

A fundamental difference is the ability of technique described in this thesis to

eliminate the effects of light-assisted collisions. By dividing up the original sites into

hundreds or thousands of new wells, substantial populations of atoms at each site can be

isolated from each other while fluorescing. The true distribution of atoms at each site

can therefore be determined, rather than just the parity of the atom number.

Another significant difference is the ability to use counter-propagating lattices,

generating lattice periods 300-400 nm, substantially lower than the 640 nm of this exper-

iment. As will be discussed in Sections 8.3 and 8.4, the interaction strength of tunnelling

atoms increases markedly with decreasing period; one can expect purer strongly inter-

acting dynamics in a counter-propagating lattice.

Thirdly, the technique as described in this preprint is limited to 1D and 2D sys-

tems; the technique I propose can be used with 1D, 2D and 3D systems.

An advantage of the Harvard technique over my proposed technique is the use of

a holographic mask to generate the lattice. Different masks may be easily substituted to

generate different 2D lattice geometries. With my proposed technique, different lattice

geometries can only be generated by reconfiguring the optical system.

7.6 Outline of prospects for novel physics

In this section a few examples of the novel physics that could be investigated using

the accordion and imaging lattice techniques be will be outlined. This is by no means

a complete survey, as there is quite a variety of quantum phenomena which could be

explored using these techniques; rather, the object of this section is to present some

scenarios which demonstrate the potential power of the techniques.
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7.6.1 Direct observation

As has been discussed in Chapter 2, the direct observation of strongly interacting physics

in optical lattices is yet to be demonstrated. For a quantum system governed by the

Bose-Hubbard Hamiltonian, for example, such an observation would provide stark and

unambiguous evidence in a single exposure for a quantum phase transition in a bulk

sample of ultracold atoms. Although good evidence has previously been presented for

such a transition [28], this evidence relies on the excitation properties of the state rather

than direct detection of the state itself; furthermore, in these previous experiments, the

signal of the phase transition can only be determined from the combined analysis of

many experimental runs, rather than from the analysis of a single sample. Direct obser-

vation of the physical state from a single atomic sample is a qualitatively different; such

an observation would be very clear and almost completely unambiguous.

7.6.2 Structure and detail of quantum states

Direct observation would characterise the spatial structure of the state with a half-

wavelength resolution at the level of single atoms. To take an example, these techniques

could be used to probe the structure of the ground state of ultracold atoms in an inho-

mogeneous lattice potential, which is expected to take the form of co-existing regions

of superfluid and insulator in the vicinity of the phase transition [42]. To take another

example, lattices with complex bases (2 site [2], 3 site [84], . . . ) could be investigated,

with the states characterised on a sub-basis as well as an intra-basis level.

Another class of phenomena which would benefit from this type of imaging

would be transient phenomena, or phenomena which change during time-of-flight. An

example of this would be the quantum turbulence of a BEC; as the condensate expands,

the nature of the vortex interactions change, and the vortex tangle could substantially

evolve during time-of-flight5. The accordion and imaging lattice method offers the pos-

sibility of locking the atomic density in situ prior to the measurement.

5In addition, the 3D nature of the measurements will be very helpful when understanding such a vortex
tangle.
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7.6.3 Correlations

The characterisation of correlations of atoms in interacting quantum systems is a very

important aspect of their investigation. Correlations are a measure of the departure

from a mean-field description of the states. Much of the theoretical interest in ultracold

atomic matter is concerned with the investigation of these strongly correlated states;

often strongly correlated systems are very hard to adequately model and understand, in

particular when using ab initio methods.

The techniques as proposed will offer a direct way to measure and characterise

such correlations in ultracold atomic systems. For example, it will enable direct mea-

surements of the atomic correlation functions between lattice sites ⟨ni,...ni+k,... . . .⟩ for

lattices of different dimensionalities and bases, for samples of various atomic composi-

tions, whether bosonic, fermionic, or a mixture.

7.6.4 Excitations and finite temperature systems

The excitation spectra of strongly interacting quantum states are potentially very com-

plex. The techniques as described will enable various types of excitation to be detected

and spatially resolved. For example, the excitation spectrum of an ultracold gas in an

inhomogeneous optical lattice could be probed as a function of position. As another

example, the characterisation of excitations in lattices with complex bases could be per-

formed with a sub-basis resolution.

The discussion of strongly interacting atomic states in optical lattices is usually

limited to the zero-temperature ground states. Quantum systems which have a tempera-

ture of the order of the parameters of the quantum Hamiltonian are even more complex.

Using the above techniques, finite temperature systems may be studied as a quantum sys-

tem with a certain population of excitations, which can be counted and characterised.

This finite temperature quantum system could be an isolated system (a finite temper-

ature atomic sample) or be composed of many small interacting quantum systems (a

grand canonical ensemble).
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7.6.5 Observation of novel phenomena with few participating particles, low atom
densities, or small length scales

These techniques present a means to study phenomena that can only be observed with

small atom numbers, with low atom densities or at small length scales. To take an ex-

ample, the structure of a quantum state in the proximity of a single impurity atom could

be studied, even if only a few atoms in neighbouring sites are affected. To take another

example, a lattice could be divided up to form a large number of small interacting sys-

tems (a simple example would be a lattice of double wells [89]). The dynamics of these

small quantum systems could be probed at the level of individual atoms and individual

systems.

An illustrative example of a phenomenon which preferentially occurs at low

atomic densities is the fractional quantum Hall effect. This can arise in ultracold atomic

sample which is experiencing rotation, or some analogue of a magnetic field [43], when

the two-dimensional atomic density becomes less than the two-dimensional density of

Dirac ‘magnetic’ flux quanta [98, 17]; in the case of a rotating atomic sample, this ratio

is given by

ν =
ρh

2mΩ
, (7.2)

where Ω is the rotation frequency of the atoms. The fractional quantum Hall effect

region ν < 1 occurs at low rather than high atomic densities.

A similar situation, in which low density phenomena are more interesting than

high density phenomena, is found with the Tonks-Girardeau gas [76]. Standard methods

such as absorption imaging may be substantially inhibited by the low number of atoms

in the sample; however, the accordion and imaging lattice techniques would seem ideal

to extract data from such diffuse systems.

7.6.6 Quantum simulation and computation

The relevance of these techniques to quantum simulation has already been covered in

some detail (see Chapt. 2 and above). The question is now addressed of whether the

accordion and imaging lattice techniques are useful for the more arbitrary quantum ma-

nipulations that are needed for quantum computation.
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I think that it is entirely possible to demonstrate a 2-qubit quantum gate using

the accordion and imaging lattices. For example, a 2-qubit collisional quantum gate [41]

which relies on the exchange symmetry properties of the atoms [35] could be demon-

strated in a double-well lattice (such as in [89]); used appropriately, the accordion and

imaging lattices would give the ability to resolve and determine the quantum states at

the individual lattice sites (see Sect. 7.4.1). It would be possible to develop this strat-

egy further—for example, to make many copies of an isolated system of four qubits,

using double well-type lattices in two orthogonal directions. In this way, small quantum

computations could be carried out in parallel in a large number of isolated systems.

However, the entanglement of atoms at a single arbitrary site with another single

arbitrary site would require some additional technique beyond those which have been

presented in this thesis. The issue is that, whilst the accordion and imaging lattice tech-

niques will allow good resolvability in the measurement phase of the experiment, such

resolved manipulations need to be made while the quantum dynamics are still ongo-

ing. This is potentially possible with the accordion lattice using a process of lattice

expansion, resolved manipulation, and then lattice contraction before resumption of the

quantum dynamics. However, the heating that will be incurred during such manipula-

tions, and the comparatively long time needed per manipulation are likely to limit the

utility of such a strategy.



Chapter 8

Novel techniques to prepare ultracold
atomic states suitable for quantum

simulation: theMott insulator phase
transition and beyond

This chapter presents two experimental techniques which are separate from, but poten-

tially complimentary to, the accordion and imaging lattice techniques. The object of

both of these techniques is to decrease the entropy of the starting state for the quan-

tum simulation of a lattice Hamiltonian. Both techniques make use of radio-frequency

fields; the first technique uses these fields to combine different potentials, while the

second technique uses these fields to evaporate atoms from optical potentials.

8.1 Introduction: the importance of a reproducible starting state for quantum
simulators

Experiments to investigate the quantum dynamics of Hamiltonians need the ability to

produce simple and reproducible quantum starting states. The properties of the start-

ing state should be known with enough confidence that the properties of the final states

can be attributed to the subsequent Hamiltonian evolution, and not variation in the ini-

tial state. If the effects of the Hamiltonian evolution cannot be distinguished from the

uncertainty in the starting state, the system cannot perform its function as a quantum

137
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simulator. From a quantum information perspective, starting state preparation is equiv-

alent to the initialisation of the quantum array.

Quantum states are naturally very fragile, so it is not usually possible to measure

the starting state prior to the Hamiltonian evolution; the measurement itself will typi-

cally add significant uncertainty to the state by heating and decoherence processes and

so obscure the effect of the subsequent Hamiltonian evolution. Therefore efficient quan-

tum simulation requires the deterministic preparation of a quantum starting state which

varies to as small an extent as possible between runs of the experiment. Measurements

on copies of the initial and final quantum states can then be performed on different runs

of the experiment, circumventing the above issue.

The simplest and most fundamental starting state is a spatially homogeneous

zero-temperature state, with the same number of atoms in each well of a lattice. This

state cannot be obtained by simply dividing up a non-interacting BEC amongst the wells

of an optical lattice: the resulting atom occupancy would be a Poissonian distribution.

The Mott insulator is a commonly cited method to obtain a fixed number of atoms in

each well of the lattice, since during this quantum phase transition the collisional inter-

actions, which are non-linear in terms of the number of atoms per well, greatly suppress

the width of the number distribution in each well.

The experimental process of making the Mott insulator state is not perfect. In

any experiment there will be decohering processes, as briefly discussed in Section 8.4,

which may stem from noise or jitter of the confining potentials, spontaneous scattering

processes from the dipole trap laser beams, or inelastic collisional processes. Further-

more, the atoms loaded into the lattice will have a small thermal component, in addition

to the BEC. All of these factors lead to a finite temperature in the Mott insulator, which

is manifested as a population of excitations. Analysis of current experiments suggest

that this temperature is non-zero and may be up to one third of U [80, 65]. Clearly, to

use Mott insulator states as starting states for quantum simulation, this temperature must

be reduced as much as possible, in order to increase the purity and so predictability of

the quantum starting state.

The structure of this chapter is as follows. The first few sections discuss the
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properties of the Bose-Hubbard Hamiltonian, particularly those of relevance to forming

a pure Mott insulator starting state. A novel method is presented which can increase

the effect of the collisional interactions in a lattice undergoing the Mott insulator phase

transition, and so potentially increase the purity of starting states for quantum computa-

tion. The outline of a second novel method is then presented which eschews the Mott

insulator transition altogether.

8.2 The parameters of the Bose-Hubbard Hamiltonian

The homogeneous Bose-Hubbard Hamiltonian is

H = −J
∑
⟨i, j⟩

â†i â j +
U
2

∑
i

n̂i(n̂i − 1). (8.1)

In this equation the parameters J and U, the magnitude of the site hopping and on-site

interaction terms respectively, are described in terms of the Wannier functions w(r), the

site-localised single particle wave functions, by [42]

J =

∫
w∗(r − ri)

(
−~

2∇2

2m
+ V(r)

)
w(r − r j) d3r (8.2)

U =
4πas~

2

m

∫
|w(r)|4 d3r. (8.3)

in which sites i and j are neighbours. These formulae assume that the collisional in-

teractions do not greatly broaden the Wannier functions, which is largely correct for

few atoms per well. For a more accurate calculation, or for larger occupation numbers,

collisional broadening must be taken into account, for example by using a variational

method [60].

The phase diagram of the Hamiltonian is shown in Figure 8.1. The transition

point between the superfluid and Mott insulator phases occurs in the homogeneous case

only with commensurate lattice filling (⟨n⟩ being an integer), and can be calculated in a

mean field approximation (Appendix B, [73]) to be(U
J

)
c
≃

{ 5.8z for n = 1
4nz for n ≫ 1 (8.4)

with z as the number of nearest neighbours to each site. This simple mean field approx-

imation is fairly accurate for three-dimensional and to some extent two-dimensional
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systems; in one dimension the approximation becomes inaccurate, so other theoretical

approaches must be pursued, such as density matrix renormalisation group (DMRG)

methods. In one dimension, these methods predict the Mott insulator transition to be at

[55] (U
J

)
c
= 3.37 for n = 1. (8.5)

In the case that the ratio U/J is of order unity, but is not large enough to force

the Mott insulator phase transition, the ground state of the Bose-Hubbard Hamiltonian

is described as number squeezed. Number squeezing is the reduction in the width of the

atom number distribution at each site below the number fluctuations characteristic of

uncorrelated atoms in a superfluid. In the pure superfluid phase, in which all atoms are

delocalised over many sites, the number fluctuations are Poissonian, of width ∼
√
⟨n⟩.

In a pure Mott insulator this fluctuation width is zero. A state is described as number

squeezed if the width of the number fluctuations is less than the number width of the

pure superfluid phase; the Mott insulator state is the most extreme number squeezed

state.

In the inhomogeneous case, the ground state does not go immediately from a

superfluid to Mott insulator, but rather has an intermediate region in which both Mott

insulator and superfluid phases can co-exist (although neither of these phases will be

pure). The ground state of the lattice in a harmonic trap has a characteristic layered (or

‘wedding cake’) structure, which has been probed in recent experiments [7, 23]. Fur-

thermore, the condition on commensurate lattice filling is also lifted, and in the ground

state all atoms are completely localised for high enough U/J.

8.3 Calculation of Hamiltonian parameters

The ground state of the Bose-Hubbard Hamiltonian depends crucially on the ratio of the

on-site interaction energy U to the tunnelling parameter J, as can be seen from the phase

diagram of Figure 8.1. With U/zJ < 1, tunnelling processes dominate, so the atoms are

predominately in a delocalised, superfluid state. With U/zJ > 1 the non-linear collisional

term dominates, so atoms are increasingly localised to individual wells; the width of the

atom number distribution in each well is decreased. At large enough U/zJ (see Eqn.
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Figure 8.1: The phase diagram of the zero-temperature homogeneous Bose-Hubbard
model. At low enough J/U, there is a phase transition from the superfluid phase to the
Mott insulator (MI) phase; here, z is the co-ordination number. The transition parameter
Jc/U can be seen to be a function of the filling factor n and the co-ordination number z.
Calculated in the mean field approximation (see Appendix B).

8.4) will the system will enter the Mott insulator phase.

The parameters U and J can be calculated from the single particle Wannier

functions by using Eqns. 8.2 and 8.3. Alternatively, for a sinusoidal lattice, certain

approximations may be used to find an analytic form for these parameters. Whereas

the harmonic oscillator approximation can usefully applied to calculate U, J cannot be

determined in this way because the harmonic oscillator wave function does not accu-

rately describe the extended tails of the Wannier function. The parameter J can instead

be calculated from the width of the lowest band of the Mathieu equation [104]. These

approximations, in the case of a three-dimensional cubic lattice, lead to the analytic

expressions

Ji =
4
√
π

Er,i

(
V0,i

Er,i

)− 3
4

exp

−2

√
V0,i

Er,i

 (8.6)

U =
4as

~

√
m
π

∏
i

V0,iEr,i


1
4

(8.7)
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with V0,i the lattice depth in the i direction, and Er,i being the lattice recoil energy in the

i direction

Er,i =
~2π2

2md2
i

(8.8)

where di is the distance between lattice sites. The lattice recoil energy is, in general,

different from the photon recoil energy

Er,phot =
2~2π2

mλ2 . (8.9)

In the following discussion, we assume homogeneity and ignore the subscript on J.

The formulae of Equation 8.6 are only valid for J,U, Er,i≪V0,i. In the case that

these conditions is not satisfied, the Bose-Hubbard parameters must be numerically cal-

culated using Eqns. 8.2 and 8.3. The Wannier functions are required for this calculation;

they can be found as a sum of the Bloch functions

w(r − rC) =
1√
Nq

∑
q

ϕq(r)e−iq.rC . (8.10)

The Bloch functions, the eigenstates of quasi-momentum q, can be found from the single

particle Hamiltonian Ĥ = Êk +V(r) under application of Bloch’s theorem

ϕq(r) = eiq.ruq(r) (8.11)

where uq(r) is periodic upon translation by any lattice vector. The resulting modified

Hamiltonian

Ĥquq =

(
− ( p̂+ q)2

2m
+ V(r)

)
uq = Equq (8.12)

may then be diagonalised in a plane wave basis to find the Bloch functions, and so the

Wannier functions, and finally the parameters U and J.

Each Bloch function in the summation of Equation 8.10 can be chosen with

arbitrary phase; this generates a set of possible Wannier functions. However, only one

member of this set is localised around a particular site C. This Wannier function is called

the maximally localised Wannier function (MLWF), which is commonly referred to as

‘the’ Wannier function, neglecting the rest of the set. In the one-dimensional case, it has

been shown that the MLWF may be found by a rephasing procedure on the set of Bloch

functions {ϕq(r)} [66].
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If the potential V(r) is separable, the wave functions factorise, and the problem

is reduced to separate one-dimensional calculations. This is the case the situation we

consider.

8.4 Discussion of factors which can lead to impurities in the Mott insulator

If the tunnelling of atoms between wells occurs at approximately the same rate as the de-

cohering processes, the wave function ceases to evolve unitarily according to the Bose-

Hubbard Hamiltonian. This gives an effective lower limit to the lowest tunnelling rates

possible in an experiment. It can therefore be seen (Eqn. 8.4) that to be able to ex-

perimentally investigate the strongly interacting Mott insulator region the interaction

parameter U must be as high as possible; furthermore, the atomic density should be in

the region of one to a few atoms per well.

Other parameters can determine the observed extent of number squeezing in an

experiment. Having a low temperature in the initial superfluid state is important; if

the initial temperature is greater than the recoil temperature of the lattice, for example,

atoms will thermally populate higher bands of the lattice, and the single band Bose-

Hubbard model will be inadequate to describe the atomic dynamics. For this reason,

it is helpful to weaken the magnetic trap containing the BEC after the evaporation and

before the BEC is loaded into the lattice; the atoms will cool adiabatically as the BEC

expands1.

The degree of adiabaticity in the number squeezing process is also of great im-

portance. Generally speaking, quantum dynamics will be adiabatic if the greatest rate of

change of each Hamiltonian parameter is much less than the energy gap to the nearest

neighbouring state Enr
1
Pi

dPi

dt
≪ Enr ∀ Pi. (8.13)

Applied within the Mott insulator phase, this condition becomes dJ/dt≪ JU, as J will

be the (proportionately) fastest varying parameter, and U will be the excitation energy.

A more complex analysis is needed for the superfluid phase [45]; indeed it can be shown

that true adiabaticity becomes very hard to achieve as the number of wells in the lattice

1This weakening process is needed in any case in order to decrease the offset between sites.
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becomes large. The quasi-phonon analysis used by Ref. [45] showed that the param-

eter that should be minimised when ramping a cold atomic sample in a homogeneous

superfluid state is2

1

J
√

JU

dJ
dt
. (8.14)

For a lattice contained in a weak harmonic magnetic trap, the smallest Hamil-

tonian parameter will typically be the vibrational energy of the magnetic trap, which is

of the order of a few tens of Hertz. The trap will modify the ground state. In this case,

the adiabatic squeezing process will involve a significant mass flow on the scale of the

entire BEC. As an additional complication, the value of U will vary across the lattice

due to the profile of the laser beams making up the lattice. Both these effects will tend to

push atoms radially from the centre of a blue frequency detuned lattice. It is possible to

counteract the mass flow effects by increasing the frequency of the harmonic magnetic

trap as the depth of the optical lattice is increased. By cancelling out major mass flow

processes during the squeezing process, the degree of adiabaticity in the squeezing tran-

sition process can be increased. This method of increasing the magnetic trap frequency

during the squeezing process is similar to the method employed by Greiner et al. [28],

who adjusted the size of the envelope of their red-detuned lattice to reduce these mass

flow effects.

Another consideration that will affect the observed extent of number squeezing

of atoms in the lattice is the rate of decohering processes, such as spontaneous light

scattering events, collisions with background gas atoms, ultracold three-body collisions,

or heating due to noise. The rate of these decohering processes must be less than the

tunnelling rate J/h or else the Bose-Hubbard Hamiltonian cannot adequately describe

the quantum evolution, and the system can no longer be described as a coherent strongly

interacting quantum system. Likewise, if the offset between two neighbouring lattice

sites ϵi j becomes of order J, the lattice bottom potential cannot be considered flat on the

local scale, with consequences for the number squeezing dynamics. In a potential with

2The long phonon wavelength form of Equation 24 of this reference has been used; in some cases the
short phonon wavelength form may be more appropriate.
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random local disorder satisfying ϵi j & J, a Bose glass phase could form [19].

Summary

To use the Mott insulator phase transition to make the initial state for quantum simula-

tion and computation, care must be taken to decrease the number of impurities present

in the final state; these impurities would primarily consist of atoms displaced from their

expected position. From the above discussion, it can be seen that both U and J should

be as large as possible during the phase transition in order to decrease the number of

impurities in the final state. Since the phase transition occurs at a certain ratio of U to

J, this means the value of U should be as large as possible for a given value of J.

8.5 RF dressing: a technique to increase the interaction strength of tunnelling
ultracold atoms

This section sets out a way to increase the on-site interaction energy, U, while still main-

taining slow inter-well dynamics, using the technique of radio-frequency (RF) dressing

of optical potentials. The method is appropriate both for optical lattices and arrays of

highly focused laser dipole spots.

8.5.1 Radio-frequency dressing of optical potentials

RF dressing has been used in a variety of experiments to dress magnetic potentials

[37, 16, 36]. Dressing of optical potentials has received much less attention, although

recently both theoretical [100] and experimental [64] studies have been carried out. A

dominant feature of the recent experiment [64] was high loss rates, attributed to non-

adiabatic Landau-Zener transitions [100].

RF dressing uses radio-frequency radiation to couple the magnetic sublevels of

an atom. When the frequency difference between magnetic sublevels is close to the

frequency of the applied RF field, the sublevels are mixed; as some tuning parameter is

swept, there is a classic avoided level crossing.

The energy difference between magnetic sublevels is a function of position if

the optical potential is chosen to be spin-dependant, which occurs largely when the laser

frequency detuning from the D1 and D2 alkali resonance lines around the same order (or
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less) than the frequency difference between the lines. The addition of a radio-frequency

dressing field to a spin-dependent potential can radically change the potential. The

purpose of the RF dressing field in this case is to reshape the optical lattice potential in

order to increase the tunnelling rate J for a given collisional parameter U.

For simplicity of exposition, the discussion is limited to an F = 1 lower hyperfine

state of a bosonic atom, taken to be 87Rb. With the magnetic field of the applied RF

perpendicular to the magnetic bias field there will be equal intensities of σ+ and σ−

RF dressing fields. A state independent lattice is chosen to confine the atoms in the y

and z directions (formed with π polarised light, or with large frequency detuning); the

difference in energy between magnetic substates is therefore independent of y and z. The

Hamiltonian for these three substates is

H =

 V+1(x) + δ+1 Ωr f /2 0
Ωr f /2 V0(x) Ωr f /2

0 Ωr f /2 V−1(x) + δ−1

 (8.15)

with δ±1 =∆E±1,0/~±ωr f . The spin-dependent optical dipole potentials VmF(x) are given

in Equation 2.3.

Using a Born-Oppenheimer-type approximation ([15] p370-2), the internal and

external degrees of freedom of the atom can be decoupled as long as the kinetic energy

of the atoms is much less than the energy spacing of the dressed levels. This is the case

for typical Ωr f , although Landau-Zener losses may occur as a result of this condition

being weakly violated, will be discussed in Section 8.5.3. Under this approximation,

the eigenvalues of the above matrix give the potential energy of the atoms in the corre-

sponding dressed eigenstate. The RF coupling between the magnetic substates gives rise

to avoided crossings, as shown in Figure 8.2, which shows three illustrative examples.

The first two have the optical light at the wavelength such that 2∆D1 =−∆D2 , which is

790.06 nm for 87Rb. This means (see Eqn. 2.3) that the mF = 0 atoms are unconfined.

The ‘truncated’ sinusoidal potential (Fig. 8.2a) can be formed a high magnetic

bias field (to give a substantial non-linear Zeeman effect); the sinusoidal potential of

one mF , 0 level is mixed with the flat mF = 0 state to give a potential sharp minima

and broad maxima. The ‘interpolated’ sinusoidal potential (Fig. 8.2b) is formed at a

low magnetic bias field. In this case, the mF =±1 states have approximately equal and
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opposite potential profiles. When mixed, they form a lattice with spacing λ/4 (c.f. with

the standard spacing of λ/2).

The Gaussian array (Fig. 8.2c) is formed by an array of independently address-

able tightly focussed laser beams. The neighbouring dipole traps are chosen so that they

have the same intensity but opposite σ polarisation. The RF dressing leads to a consid-

erable barrier between the potential minima even when neighbouring Gaussian spots are

optically unresolvable.

For the ‘interpolated’ sinusoidal potential and Gaussian array the atomic spin

adiabatically changes when a single atom tunnels from one site to its neighbour, poten-

tially enabling sublattice addressability and readout.

The cases as treated have the spin dependent potential only along one direction

of the lattice; dressing a spin dependent potential of more than one dimension tends to

lead to structures with extended potential minima [100]. The method described may be

used with or without additional tunnelling in the perpendicular directions (along spin

independent potentials). A low dimensional lattice can already have a larger U than a

higher dimensional lattice due to tight confinement being possible along the perpendic-

ular directions.

8.5.2 Calculation of Hamiltonian parameters

The one-dimensional Wannier functions for the lowest eigenstate of the Hamiltonian

(Eqn. 8.15) corresponding to the local ground state of the atoms can be calculated.

Firstly, the spatially varying energy of the lowest eigenstate of the Hamiltonian is calcu-

lated and the Fourier transform of this potential is taken. This allows the diagonalisation

of the Bloch Hamiltonian (Eqn. 8.12) in a plane wave basis. The maximally localised

Wannier functions at the lattice sites are found by recursively rephasing the eigenstates

[66] before summing over quasi-momentum (Eqn. 8.10). From the lowest band Wannier

functions the Bose-Hubbard parameters can be calculated as

U = 2as~
√
ω⊥1ω⊥2

∫
|w0(x)|4dx (8.16)

J =
1

Nq

∑
q

Eqeiqxr (8.17)
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Figure 8.2: The types of RF dressed potentials considered in this section. Dressed poten-
tials are solid black lines, undressed potentials are broken lines [mF =+ 1/−1 (green/red
dashed), 0 (blue dash-dotted)]. The Wannier functions for the lowest state are displayed
below the potentials for two of the wells. The mF=+1 state of (a) is at an energy substan-
tially higher than the states shown. The optical lattices of (a) and (b) have σ+ polarisa-
tion. The recoil energy is defined as Er = h2/2mλ2. Parameters: (a) λ= 790.06 nm, B0 =

300 G, νr f = 213.65 MHz, Ωr f /2π= 70 kHz, P= 32 mW, w0 = 50 µm, ν⊥1,2 = 30 kHz (b)
λ= 790.06 nm, B0 = 4 G, νr f = 3.295 MHz, Ωr f /2π= 270 kHz, P= 35 mW, w0 = 50 µm,
ν⊥1,2 = 30 kHz (c) λ= 800 nm, B0 = 4 G, νr f = 2.78 MHz, Ωr f /2π= 25 kHz, P= 25 µW,
w0 = 1 µm, ν⊥1,2 = 30 kHz, ∆x= 0.6w0
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with ω⊥1,2 the trapping frequencies in the perpendicular directions, q and Eq the quasi-

momentum and energy of the eigenstate, xr the separation between neighbouring lattice

sites, and as the scattering length in the dressed state (for 87Rb, approximately equal to

the undressed scattering length as as ≈ at [81]). The photon scattering rate is calculated

from the Wannier functions and details of the dressed potential.

The on-site interaction energy is compared, for a certain value of Hubbard J,

between the dressed and undressed potentials. We choose J/h= Jlim/h= 25 Hz so that

the tunnelling time τtun = h/2zJ is τtun = 10 ms (z being the coordination number). This

tunnelling time is chosen so that slow coherent inter-well dynamics still occur on a

typical experimental time scale; if J is decreased much further the phase transition will

go from being an adiabatic to a non-adiabatic process because of the increasing role

of decohering processes (see Sect. 8.4). When the quantum state decoheres, inter-well

dynamics will tend to be inhibited, with the final purity of the Mott insulator depending

on Ulim, the value of U when J = Jlim.

8.5.3 Discussion of results

The lowest adiabatic potential of the ‘truncated sinusoidal’ case (Fig. 8.2a) differs greatly

from a sinusoidal shape, with ‘pockets’ of strong confinement separated by an almost

flat potential. One would expect that this tight confinement would increase the colli-

sions at each lattice site, while also encouraging tunnelling between lattice sites due to

the truncated maxima of the potential. The potential is such that there is typically only

a single bound state at each site. The enhancement of Ulim for the chosen value of Jlim

is given in Figure 8.3a for Ωr f = 2π× 70 kHz and 2π× 10 kHz; the maximum increase

in Ulim is around 70% and 80% respectively. The enhancement factor is only weakly

dependent on Ωr f for a large range of RF power.

The ‘interpolated sinusoidal’ potential (Fig. 8.2b) halves the distance between

neighbouring sites of the lattice. The enhancement of Ulim in this potential is given in

Figure 8.3b; the typical increase is around 150%.

The for the Gaussian array (Fig. 8.2c), the enhancement of Ulim is shown in

Figure 8.3c; the maximum enhancement due to the dressing is around 80%. To use the
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Figure 8.3: Calculated properties of atoms in the ground state of the dressed potentials.
The optical power P is the independent variable; dressing parameters νr f and Ωr f are
chosen subject to the conditions that the neighbouring wells are the same depth and that
the tunnelling parameter J/h is 25 Hz. These conditions specify νr f and Ωr f for (b) and
(c). For (a) the conditions only specify νr f , soΩr f can be chosen arbitrarily; two choices
are shown. The dashed horizontal line gives the undressed U for comparison, a single
value calculated for J/h= 25 Hz in the undressed σ+ or σ− potential. The scattering
rates are from the dressed lattice beams only. Aside from P, νr f and Ωr f , the parameters
of the potentials are as given in Figure 8.2.
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Wannier function method we assume that the region of interest is far enough away from

the edge of the array that we can neglect the finite array size.

The results of these calculations show that the dressed Ulim is largely independent

of the optical power, but is dependent on the scheme. The results for the ‘truncated’ si-

nusoidal potential show that radically altering the shape of the periodic potential, to con-

fine tighter while still allowing tunnelling, but without changing the distance between

wells, can only increase Ulim by a modest amount. On the other hand, Ulim becomes

substantially larger if atoms are confined in the ‘interpolated’ sinusoidal potential, with

neighbouring wells separated by λ/4. The interpolation method would therefore seem

the most promising way to increase Ulim by RF dressing an optical lattice.

The results show that the on-site interaction energy of atoms confined in a fo-

cussed Gaussian array can also be increased by the interpolation technique. The typi-

cal values of Ulim in this case are not greatly less, for our chosen parameters, than for

atoms in an undressed 3D counter-propagating lattice. This raises the prospect of site-

addressable highly number squeezed states in a hybrid focussed Gaussian / 2D optical

lattice apparatus, with a comparable on-site interaction energy per atom to that observed

in a Mott insulator in a 3D optical lattice [28].

Even a modest increase in Ulim could be useful as the number of imperfections

is likely to be a strong function of Ulim. Estimates of the thermal excitations would

be nth ≈ Ae
−U
kT (the J≪U, kT ≪U limit of the Bose-Einstein distribution) and of non-

adiabatic excitations nna ≈ Be−CU2
; the latter from the form of the Landau-Zener avoided

crossing transition probability [102] in the limit J≪U ≈ ϵ01, where ϵ01 is the energy

difference between the ground and first excited states of the many body system. In both

cases, the number of excitations would be exponentially suppressed by the increase in

U at the phase transition.

The loading of atoms into these potentials (when J >U) is a bit more compli-

cated than for a standard optical lattice. Adiabatic loading of the ‘truncated’ sinusoidal

potential can be seen to be accomplished by simply increasing the RF frequency once

atoms are trapped in the bare lattice. Adiabatic loading of the ‘interpolated’ sinusoidal

potential and Gaussian array would be accomplished by ramping the laser intensity (with
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the RF already on), but the mechanism is less obvious. In effect, during the final stages

of the ramping of the lattice intensities, the atoms will adiabatically delocalise between

the two sets of potential minima as long as the rate of change of the offset between the

two sublattices ϵi is much less than the other Hamiltonian parameters.

It is important to note that spin-changing collisions and other 2-body collisional

loss rates are greatly suppressed for atoms trapped in the lowest eigenstate [69, 93, 37].

This is because a collision which changes the internal states of the atoms needs an

input of energy which is significantly greater than the energy available from kinetic

or potential energy (of order J or U).

The other possible loss mechanism is Landau-Zener losses arising from atomic

motion at the avoided crossings, which have dominated the only RF dressed optical

potential experiment carried out to date [64]. However, Landau-Zener losses become

negligible when the atoms are trapped in the lowest eigenstate, as the transition from

the lower to the upper dressed level needs energy which is required to come from the

kinetic energy of the atoms; this kinetic energy ∼J is typically very much less than Ωr f ,

so Landau-Zener losses can be expected to be negligible for atoms in the lowest trapped

state.

A remaining loss mechanism, specific to the truncated lattice, is the coupling of

weakly bound states to the continuum. This can only occur when the highest energy

state in the lowest band becomes greater than the binding energy of the site. When

niU and J are significantly less than the binding energy of the site, as is the case in the

examples given above (assuming around one atom per site), this loss mechanism is, to

a large extent, suppressed; however with higher numbers of atoms per site there is a

chance that some atoms will be ejected from the lattice.

The calculations shown do not specify whether tunnelling is proceeding in the

perpendicular (spin-independent) directions; J along the dressed lattice direction is in-

dependent of J in the other directions. The lattice parameters in the other directions only

influence U through a multiplicative factor in Equation 8.16. Therefore, when there is

tunnelling in all directions in such a lattice, the enhancement factor for U arising from

dressing along a single direction will be the same whether or not there is also tunnelling



Inter-line optical trap evaporation 153

in the perpendicular directions. Thus this technique could be used in a 3D lattice (com-

posed of 1D spin-dependent and 2D spin-independent lattices), to enhance Ulim by the

same factor as in purely 1D lattices.

If spin-dependent potentials are present along more than one direction, the 2D

or 3D RF dressed potential cannot be simply expressed as a sum of 1D potentials; one

consequence is that the potential minima occur along lines or surfaces rather than at

points; a short discussion is found in Reference [100].

A practical complication with this scheme, in common with other RF dressed

optical potential schemes, lies in the use of magnetic field sensitive transitions. The

typical magnetic field drift in a laboratory environment is of order ∼1 mG [6]; this would

manifest as a sublattice-dependent energy offset of order ∼1 kHz. Clearly this site-

dependent offset needs to be less than U; practically this would mean using a magnetic

shielding technique such as mu-metal cladding, which can decrease these ambient fields

by a factor of around 100 [75].

In conclusion, a substantial enhancement of on-site interactions can be achieved

by RF dressing optical potentials; the purity of the resulting Mott insulator state should

be improved by the use of this technique.

There are variety of other methods which can be adapted to increase on-site

interactions in a lattice, including tunable scattering lengths and Feshbach resonances

[94, 39], and other methods proposed to give sub-half-wavelength structure to optical

lattices, for example Raman processes [33, 103].

8.6 Inter-line optical trap evaporation

I have been developing a further method to prepare a pure quantum starting state which

does not rely on the Mott insulator transition. Instead, it relies on an evaporation process

to transfer states with energy over a certain value into untrapped (continuum) states. This

method offers the possibility that the quantum starting state can be directly prepared

from a cold sample of atoms with non-zero temperature.

The dynamics of the Mott insulator transition rely on atoms being able to tunnel

between lattice sites. For tunnelling to occur, it is required that the tails of one Wannier
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Figure 8.4: Making a spin-dependent lattice suitable for inter-line optical trap evapo-
ration (ILOTE), or an immersed optical lattice [29], in the standard λ/2 cubic lattice
geometry. Figure (a) shows possible arrangements for the lattice beams and magnetic
field; each counter-propagating pair of lattice beams would be frequency detuned from
the other pairs, as is standard practice. Figure (b) shows the effective optical fields along
the B field (the quantisation axis); the intensity of σ+ in the lattice is greater than the
other two polarisations. At the optical frequency such that 2∆D1 =−∆D2 , the π light does
not trap the atoms, and the σ− light counterbalances an equal amount of σ+; the nature
of the resultant lattice therefore has σ+ character for all three sets of beams. Other con-
figurations can give the same effect, in particular n+1 beam configurations to form a
lattice in n dimensions.

function overlaps with the Wannier functions of neighbouring sites. This contradicts the

requirement for a large collisional energy U, which is that each Wannier function must

have as small a spatial extent as possible. One advantage of not using the Mott transition

is that a much tighter optical potential can be used, to confine the atoms tighter and

so generate a greater collisional parameter U; this would further discriminate against

impurities.

Evaporation is not commonly used for atoms in optical potentials. This is be-

cause, in general, optical potentials confine atoms in every magnetic and hyperfine sub-

level of the ground state manifold, so a transition from a trapped state to a stable con-

tinuum state is not possible. However, for a particular wavelength between the alkali D

lines, the mF = 0 states become untrapped whilst the mF , 0 states can still be trapped,

as can be seen from Equation 2.3 (and as discussed in Sect. 8.5.1). In the presence of

gravity the mF = 0 atoms will fall away from the trapping region. More detailed con-

sideration shows that such a state-dependent lattice (which can be used as an immersed

lattice [29]) can also be constructed in three dimensions (see Fig. 8.4).
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Radio-frequency transitions can then be used to selectively transfer atoms to the

continuum, based on their energy. This could be used for the classic evaporative cooling

process of a thermal sample (Fig. 8.5(a)), in which the atoms in the highest energy

states are removed from the well. In the right circumstances, the remaining atoms in

the well will rethermalise amongst the available states, lowering the temperature of the

remaining atoms; the process can then be repeated. This is analogous to the commonly

used technique of evaporative cooling in a magnetic trap. Small optical dipole traps

would be much tighter and deeper, giving a much larger level spacing; consequently

fewer atoms can be present in the trap, as too many atoms would lead to a large 3-body

loss rate.

Besides the evaporation of a thermal sample, this process can be used to select

the number of atoms in the vibrational ground state of the well (Fig. 8.5b). The inter-

action energy of N bosonic atoms in the ground state of the well is UN(N−1) ; a state

with N+1 atoms has a higher interaction energy than a state with N atoms. If the radio-

frequency intersection is tuned so that the higher energy states have enough energy to

escape to the continuum, while the lower energy states do not, then the number of atoms

will decrease only if there are greater than a certain number of atoms in the well. In this

way, evaporation may be performed to reach a desired number of atoms in the well, as

long as there are at least that number of atoms in the ground state of the well to start

with. As the process described does not require tunnelling between wells, the lattice po-

tential can be very deep and tight, thus making the collisional energy U for this process

greater than during a Mott insulator transition.

The evaporation rates for one and two identical bosonic atoms at a site can be

derived from Fermi’s Golden Rule No. 2

Ri→ j =
2π
~
|⟨ f |V |i⟩|2 ρ (8.18)

and shown to be

R2→1 =
πΩ2

r f

~

∣∣∣∣∣∫ ϕ∗i (x)ϕt(x)d3x
∣∣∣∣∣2 (∫ ∣∣∣∣∣∫ ϕ∗i (x)ϕu(x; E, κ)d3x

∣∣∣∣∣2 ρ (E, κ) d2κ

)
R1→0 =

πΩ2
r f

2~

(∫ ∣∣∣∣∣∫ ϕ∗i (x)ϕu(x; E, κ)d3x
∣∣∣∣∣2 ρ (E, κ) d2κ

)
. (8.19)
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(a) C Evaporation from an excited (thermal) stateooling:

(b) S Evaporation due to inter-atomic repulsiontate preparation:

1.

1.

2.

2.

3.

U
2

Figure 8.5: The inter-line optical trap evaporation (ILOTE) technique for bosons.
Bosonic or fermionic atoms can be used; processes for fermionic atoms in one or two
spin states are similar. Single particle energy levels are shown. (a) ILOTE as used to
cool an excited state. The two atoms shown are mixed into different vibrational levels
by the interatomic collisions. The atom with energy greater than the radio-frequency
(RF) intersection can then escape the trap by a transition to the untrapped mF = 0 state.
(The RF intersection corresponds, in the dressed atom picture, to the energy of a station-
ary untrapped atom.) This is a cooling process as the average energy of the remaining
atoms is reduced. Only two atoms are shown participating in this process, but there can
be more in the atomic sample. (b) ILOTE as used to prepare a definite number state. The
repulsive interaction between the atoms raises the energy of the 2-atom ground state by
U. By placing the RF intersection at an energy between this state and the non-interacting
ground state, over time a singly occupied ground state is deterministically prepared. The
process can be used to prepare a number state of any number, assuming that at least this
many atoms are present in the initial ground state.
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Figure 8.6: The result of the evaporation process as used to purify a mixture state.
For this simulation, the starting quantum state is a mixed state containing 50% n= 1
and 50% n= 2 bosonic atoms at a site. The trajectories give the probability of the site
having the pure n= 1 state after a period of evaporation. The four trajectories show
the outcome of the process using different frequencies of the applied RF; throughout
this discussion we define the detuning frequency δ as relative to the frequency of the
transition |mF , 0⟩→ |mF = 0⟩ in the absence of any optical potentials. This calculation
has been performed in three dimensions, and includes the effect of gravity. The non-zero
evaporation rates of the single atom state when δ= -ν/2, and the double atom state when
δ= -ν/2 - U/h, are due to the effects of gravity; the atom can escape by a downwards
quantum tunnelling process. The parameters used for this calculation are ν= 30 kHz (the
vibrational frequency of the trap), U = 2 kHz and Ωr f = 1 kHz. The effects of exchange
symmetry, spin-changing collisions, and the perturbative effect of the trapped atom on
the wave function of the untrapped atom are incorporated into these calculations.



158 Novel techniques for making low-entropy quantum states

Here, the subscripts i, t and u refer to the initial, final trapped and final untrapped single

particle wave functions, and κ uniquely specifies the quantum state of the evaporated

atom which has energy E. The influence of gravity and the effect of interatomic interac-

tions, both inelastic and spin-changing, must be included to calculate an accurate figure

for the rates; Figures 8.6 and 8.7 show the results of such a calculation.

It can be seen in Figure 8.6 that there exists an ideal range for the RF frequency

detuning δ, for which a mixture state of one and two atoms per site is reduced to a nearly

pure state of one atom per site on a time scale of 10 ms. Outside this range, if δ is too

small, the n= 1 state begins to evaporate, too; conversely, if δ is too large, the rate of the

purification process becomes very slow.

The simultaneous 2 atom escape channel is energetically prohibited (in the ab-

sence of gravitationally induced tunnelling) if the frequency of the applied RF is δ < -

ν/2 - U/2h. Even if the RF frequency is such that this channel is not energetically pro-

hibited, the rate of such a simultaneous escape is typically much less than the single

atom escape due to a smaller overlap integral.

The relative performance of the technique against the frequency of the trap ν is

shown in Figure 8.7. The data is shown at constant RF Rabi frequency Ωr f , and with RF

frequency detuning such that δ= -ν/2 - 0.5 U/h. The rate of both transitions falls with

increasing ν, but the rate of the unwanted transition falls much faster. The decrease in the

rate R1→0 can be simply explained by the suppression of downward quantum tunnelling

from the trap at high trap frequencies, due to the decrease in the relative influence of

gravity. The rate R2→1 also decreases with increasing ν; this stems from the decrease in

the matrix element of the transition as ν is increased, due to the smaller spatial extent of

the trapped wave function; this outweighs the increase in the phase space density of the

untrapped atom. However, it is still possible to increase the rate R2→1 as ν is increased,

by a corresponding increase in Ωr f
3.

Figure 8.7 shows that this technique can produce a pure state from a mixed state

in a few milliseconds with a high probability; this would be of use for deterministic

3The condition Ωr f ≪ 2πν is assumed; if this is violated, the spatial wave function will become
perturbed by the RF field, and unwanted transitions may result. Therefore, as ν is increased, there is
scope to increase Ωr f in proportion to ν, without increased perturbation of the trapped wave functions.
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state preparation. The limitation in this technique lies with the properties of the initial

distribution of atoms. As no atoms are exchanged between wells, if the initial state

has zero atoms in the well, there will be a defect in the final state. For a Poissonian

distribution with mean atom occupation ⟨n⟩ the zero-occupation probability is

P0 = e−⟨n⟩ . (8.20)

This technique shows good promise in circumstances it which it can be guaran-

teed that there is at least a single atom in each well at the start of the process. There are

two situations in particular in which this would be the case. The first is if the initial state

is a number squeezed distribution (with mean atom number per well greater than one);

the ITOLE technique can then be used as a further purification step to remove defects.

The second is if the initial state is a (possibly thermal) Poissonian distribution of atoms

with high mean occupation number; for example, with ⟨n⟩= 9, P0 ≃ 10−4, and a quantum

state can be prepared with very few defects.
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Figure 8.7: The performance of the inter-line optical trap evaporation (ILOTE) tech-
nique, relative to the trap frequency ν. (a) The evaporation rates as a function of the trap
frequency. (b) The logarithm of the ratio of the evaporation rates R2→1 and R1→0. For
the purposes of these plots, the calculations are performed in three dimensions, includ-
ing the effects of gravity, exchange symmetry, spin-changing collisions and interatomic
repulsion. Throughout, the RF Rabi frequency is kept constant (Ωr f = 1 kHz) and the
frequency detuning is set at δ= -ν/2 - 0.5 U/h. Note that U ∝ ν3/2 (Eqn. 8.7).



Chapter 9

Closing remarks

During the period of my DPhil I have carried out both theoretical and experimental

research with the primary aim of developing techniques to probe strongly interacting

many-body quantum systems in periodic potentials at the resolution of individual atoms.

This has involved experimental work, to build a Bose-Einstein condensation apparatus,

and to optimise the apparatus to make the condensates. In addition, I have developed

several techniques during the course of my DPhil which should be of immediate rele-

vance to the nascent field of quantum simulation, primarily dealing with the direct and

precise observation of many-body quantum states at single-site and single-atom reso-

lution, along with some work on the preparation of pure many-body starting states for

quantum simulation.

In order to probe strongly interacting quantum systems of ultracold atoms at

single atom resolution, I have developed two complimentary techniques. The accor-

dion lattice, an optical lattice which can be dynamically altered on the millisecond time

scale, allows quantum tunnelling between sites at small separations, but is also able to

quickly separate the lattice sites, so that each site can be resolved in the subsequent

measurement. Lock-in lattice fluorescent imaging offers a way to dramatically increase

the signal from individual atoms in an ultracold atomic sample, whilst greatly suppress-

ing inelastic light-assisted collisions, which plague all previous measurements of this

type; as such it has the capability of mapping the spatial distribution of dilute samples

of ultracold atoms with unprecedented confidence.
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During my work on these techniques it has gradually become apparent to me that

there is potential to use these techniques not only to directly probe strongly interacting

ultracold atoms in optical lattices, but also to probe arbitrary samples of ultracold atoms,

whether in a lattice, another type of optical trap, a magnetic trap, or expanding in free

space. The accordion and imaging lattice techniques are most useful when they are

used to probe a small volume of this arbitrary atomic distribution, containing perhaps

a few hundred to a few thousand atoms. Within this volume, the potential spatial and

number resolution of these techniques is impressive, as is the ability to view the spatial

distribution in three dimensions. In my assessment, the development of such techniques

(for atoms confined in lattices or otherwise) is the most significant part of my DPhil

work.

Furthermore, I have developed two methods to increase the purity and pre-

dictability of the starting states for quantum simulation. Both these methods rely on

increasing the interaction energy of atoms trapped at a site of an optical lattice, as a

way to select a specific number of atoms per lattice site. Radio-frequency dressing of

an optical lattice can be used to increase the interaction energy of atoms as they un-

dergo a transition from a superfluid to Mott insulator state by the manipulation of the

shape of the lattice potential between the sites. Alternatively, by using the technique of

inter-line optical trap evaporation, a definite number state can be prepared in the ground

state of each well of a lattice from a thermal starting state, by a process that involves the

evaporation of atoms residing in higher energy and number states.

I expect that aspects of the techniques I have developed during my DPhil will,

in the near future, be implemented on experiments within the Oxford ultracold atomic

physics research group, and further afield. In particular, once the accordion and imaging

lattice techniques have been successfully demonstrated in an experiment, a wide vari-

ety of strongly interacting quantum lattice systems will be opened to detailed study, as

outlined in Chapter 2.

I hope that these techniques will become useful tools for probing the substantial

complexities of strongly interacting many-body quantum systems.
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Publications

Part of the work I have carried out during the period of my DPhil has already been pub-

lished; I will submit further publications over the next few months. Of the papers that

have already been published, the basic design of a electro-optically controlled accor-

dion lattice is set out in Reference [99], and the effect of RF dressing on the tunnelling

properties of atoms in optical lattices is set out in Reference [91]. I anticipate writing

two papers on the direct imaging techniques using the accordion and imaging lattices;

one of these will be more theoretical description of the system (including a description

of the extended version of the Monte Carlo technique), and the other focussing on the

experimental design. In addition, I am writing a paper with my supervisor on the ef-

fects of exchange symmetry in collisional 2-qubit quantum gates, which I expect to be

published in the American Journal of Physics.



Appendix A

Abbreviations and terminology

Abbreviation Full name
AOM Acousto-optic modulator
AOD Acousto-optic deflector
BEC Bose-Einstein condensate
CCD Charge-coupled device
CMOT Compressed magneto-optic trap
DMRG Density matrix renormalisation group
ILOTE Inter-line optical trap evaporation
MI Mott insulator
MLWF Maximally localised Wannier function
MOSFET Metal oxide semiconductor field effect transistor
MOT Magneto-optic trap
NA Numerical aperture (of a lens)
OBE Optical Bloch Equations
QMCW Quantum Monte Carlo wave function (method)
RF Radio-frequency
SF Superfluid
TA Tapered amplifier (laser diode)
TOF Time of flight (measurement)
UV Ultra-violet
1(2,3)D One (two, three) dimensions / dimensional
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The Bose-Hubbard model in the mean
field approximation

The homogeneous, zero-temperature Bose-Hubbard model may be easily solved in the

mean field approximation. The true Hamiltonian, expressed in the grand canonical form,

is

H = −J
∑
⟨i, j⟩

â†i â j +
U
2

∑
i

n̂i(n̂i − 1) − µ
∑

i

n̂i. (B.1)

We replace the operators âi by fluctuation operators about the expectation value δ̂i =

âi − ⟨âi⟩. When in the mean field approximation we discard terms depending on the

product of fluctuation operators, and subsequently re-substitute for âi, to obtain the mean

field Hamiltonian

H = −J
∑
⟨i, j⟩

(
â†i ⟨â j⟩ + ⟨â†i ⟩â j − ⟨â†i ⟩⟨â j⟩

)
+

U
2

∑
i

n̂i(n̂i − 1) − µ
∑

i

n̂i. (B.2)

By rearrangement and summation over the nearest neighbours of the site i, the Hamilto-

nian can be expressed as a sum of single-site Hamiltonians

H =
∑

i

Hi ; Hi = −zJ
(
⟨âi⟩â†i + ⟨âi⟩∗âi − ⟨âi⟩∗⟨âi⟩

)
+

U
2

n̂i(n̂i − 1) − µn̂i (B.3)

where z is the co-ordination number of the lattice, and we have used ⟨âi⟩= ⟨â j⟩ as a con-

sequence of homogeneity. The single site Hamiltonian is now just a matrix equation.
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The ground state of this equation can be found in a number of ways; for example, by

propagating the Hamiltonian in complex time using the Cayley form of the unitary evo-

lution operator (see Eqn. 5.33). For the method to be self-consistent, the Hamiltonian

coefficient ⟨âi⟩ must be calculated at each time step.

The results of such calculations are given in Figure 8.1. In the situations in which

the ground state has a non-zero ⟨âi⟩, the ground state is a superposition of more than one

Fock state, and so is a superfluid. If ⟨âi⟩ = 0, the ground state is a Fock state, and is a

Mott insulator. Thus ⟨âi⟩ is an order parameter of this phase transition.
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Aspects of the derivation of the
dynamical equations of polarisation

gradient cooling

C.1 The direction of spontaneously emitted radiation

The classical intensity of the radiation obeys the relation

I(r) ∝ ⟨E∗(r)E(r)⟩ . (C.1)

For the quantum mechanical equivalent of this expression, the electric field must be

replaced by the electric field operator; the correct order of the field operators must be

used, which can be shown to be ([63] p173)

I(r) ∝ ⟨
E−(r)E+(r)

⟩
. (C.2)

The electric field of the spontaneously scattered light in the far field can determined

from the source-field expression ([63] p328) to have the relation

E+α(r) ∝ eα
(
eα · D−

)
(C.3)

in which the unit vector eα is the polarisation vector of the radiation mode labelled by α.

If we divide the intensity into two perpendicular polarisations, conveniently θ̂

and ϕ̂ in spherical polar coordinates, we get the following relationships for intensity:

Iθ(r) ∝
⟨
(θ̂(κ) · D+) (θ̂(κ) · D−)

⟩
(C.4)

Iϕ(r) ∝
⟨
(ϕ̂(κ) · D+) (ϕ̂(κ) · D−)

⟩
(C.5)
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in which mode α has been identified by the unit wave vector κ together with the po-

larisations, and the expectation value runs over the internal degrees of freedom of the

atom.

It is convenient to express θ̂ and ϕ̂ in the ∓ (x̂ ± iŷ), z co-ordinate basis; in eval-

uating C.4 we need to remember that we have defined D+−1 = D+x − iD+y in Equation 5.6.

Thus the scattered intensity may be shown to be

Iσ(κ) ∝
∑
σεε′

f σε,ε′
⟨

D+ε D−ε′
⟩
. (C.6)

Integrating over κ, we set the total scattered power to be ~ωΓ⟨P⟩ :

Iσ(κ) =
~ωΓ

r2

∑
σεε′

f σε,ε′
⟨

D+ε D−ε′
⟩
. (C.7)

The coefficients f σε,ε′ are listed in Table C.1 with this normalisation.

The tensor ηεε′i j of Equation 5.18 are related to the functions f σε,ε′ by

ηεε′i j =
∑
σ

∫
d2κ(κ · x̂i)(κ · x̂ j) f σε,ε′ (C.8)

in which x̂i is the unit vector in the i direction. The tensor ηεε′i j is given in Table C.2.

C.2 The semiclassical approximation

As outlined above, the semiclassical approximation is taken by terminating the expan-

sion of Taylor series of functions on the right hand side of the Wigner function evolu-

tion equation 5.18. In this section, we concentrate on the unitary evolution terms of this

equation (those involving V), so the relevant expansion is that of 5.17.

We then must interpret terms such as∫
d3seip·s/~

[
ρ
(
r +

s
2
, r − s

2
, t
)
∇V (r) ·

(
− s

2

)]
. (C.9)

These terms may be expressed in terms of the derivative of the Wigner function with

respect to momentum:

∇p

∫
d3s

⟨
r +

s
2

∣∣∣∣∣ ρ ∣∣∣∣∣r − s
2

⟩
e−ip·s/~ = − i

~

∫
d3s

⟨
r +

s
2

∣∣∣∣∣ ρ ∣∣∣∣∣r − s
2

⟩
e−ip·s/~s . (C.10)
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Table C.1: The parameters f σε,ε′ of Equation C.7, in terms of the polar angle θ and az-
imuthal angle ϕ.

f θε,ε′ ε′ = −1 ε′ = 0 ε′ = 1

ε = −1
3

16π
cos2 θ − 3

16
√

2π
sin 2θe−iϕ − 3

16π
cos2 θe−2iϕ

ε = 0 − 3

16
√

2π
sin 2θeiϕ 3

8π
sin2 θ

3

16
√

2π
sin 2θe−iϕ

ε = 1 − 3
16π

cos2 θe2iϕ 3

16
√

2π
sin 2θeiϕ 3

16π
cos2 θ

f ϕε,ε′ ε′ = −1 ε′ = 0 ε′ = 1

ε = −1
3

16π
0

3
16π

e−2iϕ

ε = 0 0 0 0

ε = 1
3

16π
e2iϕ 0

3
16π

Table C.2: The tensor ηεε′i j of Equation 5.18.

ηεε′i j ε′ = −1 ε′ = 0 ε′ = 1

ε = −1 1
10

 3 0 0
0 3 0
0 0 4

 1

10
√

2

 0 0 −1
0 0 i
−1 i 0

 1
10

 1 −i 0
−i −1 0
0 0 0


ε = 0 1

10
√

2

 0 0 −1
0 0 −i
−1 −i 0

 1
5

 2 0 0
0 2 0
0 0 1

 1

10
√

2

 0 0 1
0 0 −i
1 −i 0


ε = 1 1

10

 1 i 0
i −1 0
0 0 0

 1

10
√

2

 0 0 1
0 0 i
1 i 0

 1
10

 3 0 0
0 3 0
0 0 4
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Likewise,

∂2

∂pi∂p j

∫
d3s

⟨
r +

s
2

∣∣∣∣∣ ρ ∣∣∣∣∣r − s
2

⟩
e−ip·s/~ = − 1

~2

∫
d3sis j

⟨
r +

s
2

∣∣∣∣∣ ρ ∣∣∣∣∣r − s
2

⟩
e−ip·s/~ .

(C.11)

We thus gain the V-containing terms of Equation 5.18.

C.3 The recoil term: Wigner transformation and small recoil momentum approx-
imation

The transformation of the terms containing the constant matrix P is trivial, so this section

will concentrate on the last term of Equation 5.11:

Γ
∑
ε,ε′,σ

∫
d2κ eikRκ.r′ D−ερD+ε′ e−ikRκ.r f σεε′(κ) . (C.12)

It is easiest to use the Wigner transformation expressed in the momentum representation,

which can be found to be

W Â(p, t) =
1
h3

∫
d3q

⟨
p+

q
2

∣∣∣∣∣ Â
∣∣∣∣∣p− q

2

⟩
eir·q/~ . (C.13)

The application of this transform onto the term C.12 involves expressions such as

e−ikRκ.r|p⟩ = |p− ~kRκ⟩, (C.14)

which can be evaluated by identification of the momentum translation operator. The ma-

trices D±ε are constant in spatial coordinates, so we end up with the Wigner transformed

term

Γ
∑
ε,ε′,σ

∫
d2κD−εW(r, p+ ~kRκ, t)D+ε′ f

σ
εε′(κ) . (C.15)

In the small momentum approximation, we expand terms on the right hand side of the

evolution equation 5.18 in a Taylor series around r and p:

W(r, p+ q′, t) =W(r, p, t) + q′ · ∇pW(r, p, t) +
1
2

(
q′ · ∇p

)2
W(r, p, t) + . . . . (C.16)

We then need to perform the integrals over the unit sphere, and sum over the polarisa-

tions; the terms containing odd powers of kappa will vanish, leaving the term

Γ~2k2
R

2

∑
ε,ε′,i, j

ηεε′i j D−ε
∂2W
∂pi∂p j

D+ε′ (C.17)

with the tensor ηεε′i j defined in Equation C.8.
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C.4 Conversion to Langevin form

The conversion of Equation 5.18 to Langevin form is achieved the substitution the trial

solution 5.21. We wish to have a trajectory characterised by quantum internal states

but classical external states. This means we should take the expectation value over all

external quantum states when finding the equation of motion for the internal coordinates;

when finding the equation of motion for the external classical coordinates (which are

themselves expectation values), we should integrate over all quantum coordinates, i.e.

internal and external.

The evolution equation for the internal state 5.22 follows simply, so we will

concentrate on the derivation of the equations of motion for the external coordinates

5.23 to 5.26. A key relation concerns the derivatives of the delta distribution∫
dx f (x)

∂nδ

∂xn = −
∫

dx
d f (x)

dx
∂n−1δ

∂xn−1 . (C.18)

Using this relation we can find the equations of motion for r̃ = ⟨r⟩ etc. The non-zero

expectation value for the second moments of momentum should be interpreted as a

Langevin force.

C.5 The quantum Monte Carlo wave function method and the optical Bloch equa-
tion

The object of this section is to show that the Quantum Monte Carlo wave function, as set

out in Equations 5.28 to 5.32 in Section 5.8, satisfies the optical Bloch Equation (Eqn.

5.22).

Without a quantum jump, the un-normalised density matrix at time t+ δt is

|ψ(t + δt)⟩⟨ψ(t + δt)| =
(
1 − i
~
δtH′

)
|ψ(t)⟩⟨ψ(t)|

(
1 +

i
~
δtH′†

)
. (C.19)

Substituting for H′ and ignoring terms of order (δt)2 we find

|ψ(t+δt)⟩⟨ψ(t+δt)| = |ψ(t)⟩⟨ψ(t)|− i
~
δt

[
V, |ψ(t)⟩⟨ψ(t)| ]−1

2
Γδt {P, |ψ(t)⟩⟨ψ(t)| } ; . (C.20)

Normalising this density matrix requires division by

1 − Γδt⟨P⟩ . (C.21)
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On the other hand, with a quantum jump, the normalised density matrix at time

t+ δt is

|ψ(t + δt)⟩⟨ψ(t + δt)| = D−ε |ψ(t)⟩⟨ψ(t)|D+ε⟨
D+ε D−ε

⟩ . (C.22)

Combining the alternatives using the definition of the density matrix

w =
∑

i

pi|ϕi⟩⟨ϕi| (C.23)

we find

w(t + δt) = (1 − Γδt⟨P⟩)
w(t) − i

~
δt [V,w(t)] − 1

2Γδt {P,w(t)}
1 − Γδt⟨P⟩

+
∑
ε

Γδt
⟨

D+ε D−ε
⟩ D−εw(t)D+ε⟨

D+ε D−ε
⟩ (C.24)

which reduces to the optical Bloch equation 5.22.
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[75] A. Öttl, S. Ritter, M. Köhl, and T. Esslinger, Hybrid apparatus for Bose-Einstein

condensation and cavity quantum electrodynamics: single atom detection in

quantum degenerate gases, Review of Scientific Instruments, 77, 063118 (2006).

[76] B. Paredes, A. Widera, V. Murg, O. Mandel, S. Fölling, I. Cirac, G. V. Shlyap-
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