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Summary of acronyms

ABC Attenuated backscatter coefficient
AERONET Aerosol robotic network

AOT Aerosol optical thickness
CUV Chilbolton ultraviolet Raman lidar
FOV Field of view

LIDAR Light detection and ranging
PBL Planetary boundary layer

PMT Photomultiplier tube
RACHEL Robust and compact hybrid environmental lidar

SNR Signal-to-noise ratio

Summary of mathematical symbols used in main text

Symbol Description Units
R Range from instrument m
z Vertical height above the instrument m
c Speed of light in vacuum m s−1

t Delay between firing the laser and a measure-
ment

s

λ Wavelength; the subscripts L, X, and N2 indi-
cate the wavelength of the laser radiation, ra-
diation Raman scattered by a species X, and
Raman scattered by nitrogen, respectively

m

P (λ,R) Power of laser-induced scattering detected at a
range R and wavelength λ

W

J(λ,R, r) Laser-induced spectral radiance at a point r in
the plane perpendicular to the telescope axis
and range R

W m−2

q(λ,R, r) Probability that radiation emanating from a
point (R,r) will be observed by the detector

—

dA(R, r) Unit area at r in the plane perpendicular to
the telescope axis and range R

m2

A0 Area of the primary telescope mirror m2

T (λ,R) Transmission of the air column between the
telescope and a range R at wavelength λ

—

η(λ) Fraction of energy incident on the telescope at
λ that is detected

—

ξ(R, r) Probability that a photon from position (R, r)
reaches the detector, based on geometrical con-
siderations

—

β(λ, λL, R) Volume backscattering coefficient; the sub-
scripts m and a denote its molecular and aersol
components, respectively

m−1 sr−1
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Symbol Description Units
I(R) Laser irradiance W m−2

ψ(R, r) Laser beam shape, the fraction of laser irradi-
ance at a position (R,r)

—

NX(R) Number density of a species X m−3

AL(R) Laser cross-sectional area m−2

O(R, ε) Overlap function, which can be parametrised
by ε

—

A(R, ε) Effective area m−2∣∣ dσ
dΩ

∣∣
π,λL,λ,X

Differential cross-section for species X to back-
scatter at λ light of wavelength λL

m2 sr−1

τL Duration of laser pulse s
τd Bin width, the duration over which the detec-

tors integrate a power measurement
s

E(λ,R) Energy detected from the range bin ending at
R; the subscripts ‘el’ and ‘ra’ indicate mea-
surements of the elastic and Raman channel,
respectively

J

α(λ, r) Volume extinction coefficient; the subscripts m
and a denote its molecular and aersol compo-
nents, respectively

m−1

EB(λ) Detector dark count J
B Lidar ratio sr
k Lidar Ångstrom coefficient —

S(R) ln{R2[Eel(λL, R)− EB(λL)]} —
Rm Reference range at which the aerosol extinction

is known
m

CX Raman calibration constant J m3

κ Ansmann coefficient —
y Measurement vector counts
x State vector
xa A priori state vector
b Forward model parameters

F (x, b) Forward model counts
ε Noise vector counts
K ∇xF (x, b); the subscript b indicates the deri-

vative with respect to the components of b in-
stead

Sε,a,y,b Error covariance of measurement and forward
model, a priori, measurement, and forward
model parameters, respectively

x̂ Maximum a posteriori solution
n(λ,R) Photon counts detected from the range bin

ending at R; the subscripts el and ra indicate
measurements of the elastic or Raman channel,
respectively

counts
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Symbol Description Units
nB(λ) Detector dark count counts
v(R) Functions summarising terms of the forward

model independent of the retrieval
h Planck’s constant J s

Cel,ra Forward model calibration constants
ρi State vector range coordinate m

SH(ρ) Halldórsson S function m4

RT Radius of the primary mirror of the telescope m
Ro Radius of the secondary mirror of the telescope m
w(R) Half-width of the laser beam at range R m

A(r1, r2;µ) Area of overlap between two circles, radii r1

and r2, with distance µ between their centres
m2

Ra Radius of the detector aperture m
f Focal length of the telescope m
∆ Displacement of the detector aperture from the

telescope’s focal plane
m

δ Distance between telescope axis and laser pupil m
φ‖,⊥ Angle between the axes parallel or perpendic-

ular to the plane defined by the telescope axis
and laser pupil, respectively

rad

τ Dead time of a PMT s
n0 Number of laser shots averaged to form a pro-

file
—

N Atmospheric number density m−3

p Air pressure Pa
T Air temperature K
kB Boltzmann’s constant J K−1

σR(λ) Rayleigh cross-section m2

M Molar mass of dry air kg mol−1

NA Avagadro’s constant mol−1

g Acceleration due to gravity m s−1

T∞ Aerosol optical thickness of calibration atmo-
sphere

—
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1 Introduction

Active observation of variations in the scattering properties of the atmosphere
have been performed since the 1930’s by photographing the beam of a searchlight
[Hulburt, 1937]. With the development of radar, the concept of using a pulsed
light source to determine the range to a target from the light’s time-of-flight
was applied to the measurement of cloud base height, after which the technique
came to be known as lidar (LIght Detection And Ranging). The development of
the photomultiplier tube (PMT) enabled more accurate, continuous measure-
ments [Friedland et al., 1956], but it was with the advent of the Q-switched
laser that the technique began to be widely exploited. The smaller beam diver-
gence and higher pulse energy afforded by a laser beam enabled observations
to much greater heights over shorter time scales, allowing researchers to probe
the structure and evolution of the atmosphere in unprecedented detail [Collis,
1966]. Since then, improvements in technology and greater usage of the spec-
tral properties of the atmosphere have ensured the technique remains virtually
unrivalled in its resolution of atmospheric variations [Amodeo et al., 2009].

A basic lidar system comprises of a pulsed laser beam directed into the
atmosphere, observed by a telescope. The telescope is focused onto a system
of filters, dichroics, and/or interferometers to separate the light into channels
by its polarisation and wavelength, as required, which are measured by PMTs.
The range to the scattering centre is given by R = 1

2ct, where c is the speed
of light and t is the delay since the emission of the pulse. Lidar profiles span
several orders of magnitude as the received signal attenuates with the square
of the range from the instrument. Multiple detectors and/or telescopes can be
used to observe the full range of the profile and monitor different regions of the
atmosphere reliably. In order to overcome noise, profiles can be averaged over
seconds, minutes, or hours, depending on the application and conditions.

The most widespread usage of meteorological lidar currently are as ceilome-
ters — single-wavelength systems from which cloud base and planetary bound-
ary layer (PBL) height are determined from observations at the transmitted
wavelength (known as the elastic return as the photons are only scattered elas-
tically). These systems, though technically simple, present distinct challenges
when attempting to quantitatively characterise the atmosphere as they make
only one measurement at each height to characterise a complex system.

In order to better constrain the problem, more advanced lidar systems make
several measurements. For example:

• Polarisation lidar monitors the depolarising properties of the atmosphere
on the laser beam. This gives an indication of the degree of sphericity of
the aerosol particles and can useful in distinguishing clouds from aerosols;

• Differential absorption lidar (DIAL) transmits two similar wavelengths of
light — one on a significant absorption feature of a gas under investigation
and another away from this feature. Such systems have been used to
monitor trace gas distributions since the 1970’s [Grant, 1991];

• Raman lidar isolates scattering from a particular species by observing the
strongest line of its Raman spectrum. As the cross-section for Raman
scattering is several orders of magnitude smaller than that for elastic scat-
tering, such systems require a high degree of optical blocking to prevent
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cross-talk between the elastic and inelastic channels;

• Doppler lidar measures the frequency shift of the backscattered light to
monitor wind speeds along the beam line. This provides an insight into
turbulent mixing in the surface layer and a direct, physical measure of
PBL height;

• High spectral resolution lidar utilises the fact that molecular scattering
is Doppler broadened by thermal motions of air molecules whilst aerosol
scattering is negligibly broadened due to the greater mass of the aerosol
particles. Using high resolution optics, the two signals can be separated.

Numerous methods of analysis for lidar data have been developed for a vari-
ety of applications. These generally require assumptions about the composition
of the aerosol under observation and few give a rigorous derivation of the er-
rors produced, most frequently just propagating the Poisson statistics of photon
counting through the calculations. To avoid these difficulties, this report devel-
ops an optimal estimation retrieval scheme for Raman lidar systems. Such a
scheme can be adapted to include as little calibration data is available and re-
turns rigorously derived estimates of the resulting errors. Data retrieved from
this scheme could then be more readily compared to and combined with other
data sources, increasing the value of lidar data in the study of aerosol and clouds.

This is important as, with the increase in the global mean density of aerosols,
their impact on the global energy budget becomes increasingly important [IPCC,
2007]. A significant and poorly understood component of this relates to the
aerosol’s interactions with clouds [Lohmann and Feichter, 2005]. These inter-
actions have been investigated using satellite observations, but require the as-
sumption that cloud and aerosol properties can be averaged over several days
and tens of kilometres [Bulgin et al., 2008; Koren et al., 2005]. Lidar is lim-
ited to investigating a particular location, but can resolve the interactions at a
scale more fundamental to the process expected to be involved, complementing
satellite measurements across the globe.

This report contains five sections and five appendices. Section 2 briefly
summarises the existing algorithms for analysing lidar data. Section 3 outlines
the optimal estimation retrieval scheme devised and the current method for
describing an instrument. The application of this scheme to both simulated
and real data is given in Section 4, with conclusions and plans for future work
presented in Section 5. The appendices contain detailed derivations of the results
used throughout this report that are not required for a reasonable understanding
of the concepts.

2 Laser remote sensing

2.1 The lidar equation

The physics behind a lidar measurement is, to first order, fairly straightforward,
as summarised in figure 1, and are almost universally summarised as a single
lidar equation. Its derivation that follows is adapted from that in Measures
[1992, Chapter 7].
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Figure 1: Schematic of lidar backscattering, showing a parcel of air scattering the
incident laser energy. A fraction of this falls within the telescope’s FOV. [Image
credit: Leibniz Institute for Tropospheric Research (accessed Aug. 2010), http:
//lidar.tropos.de/en/research/lidar.html.]

For a pulsed, monostatic lidar, the power received on the wavelength interval
(λ, λ+ ∆λ) from the parcel of air in the range interval (R,R+ ∆R) away from
the instrument can be written as,

∆P (λ,R) =

∫
J(λ,R, r) ∆λ∆R q(λ,R, r) dA(R, r), (2.1)

where dA represents unit area at the position r in the plane at range R from
the instrument; J describes the laser-induced spectral radiance per unit range
at wavelength λ from a point (R, r) incident on the receiver; and q describes
the probability that the radiation emanating from (R, r) will be observed by the
detector.

The detectors are gated such that observations in a given height bin begin
at a time t after the laser was fired. The leading edge of the laser pulse takes
t = 2R/c to propagate to a range R and back to the detector. The power
received at this instant is,

P (λ, t) =

∫ R=ct/2

0

dR

∫
∆λ

dλ

∫
J(λ,R, r) p(λ,R, r) dA(R, r). (2.2)

The probability q describes the fraction of energy that, after scattering, is
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transmitted into the telescope and then detected. This is written as,

q(λ,R, r) =
A0

R2
T (λ,R) η(λ)ξ(R, r), (2.3)

where A0

R2 is the acceptance solid angle of the receiver; T (λ,R) is the transmit-
tance of the atmosphere over range R, giving the fraction of energy that is not
scattered out of the telescope’s field of view (FOV) en route; η(λ) gives the
fraction of energy incident on the system that is actually detected; and ξ(R, r)
describes the probability that a photon from position (R, r) reaches the detector,
based on geometrical considerations.

The spectral radiance J describes the fraction of energy incident on the
parcel that is scattered towards the instrument and can be summarised by,

J(λ,R, r) = β(λL, λ,R, r) I(R)ψ(R, r), (2.4)

where the laser beam has irradiance I and beam-shape ψ at wavelength λL; and
β is known as the volume backscattering coefficient, a sum across the scattering
properties of all species in the atmosphere,

β(λL, λ,R, r) =
∑
X

NX(R)

∣∣∣∣ dσdΩ

∣∣∣∣
π,λ,X

LX(λ), (2.5)

where NX is the number density of species X; dσ
dΩ is the differential cross-section

for backscattering at wavelength λ, which is assumed constant over the receiver’s
acceptance angle; and LX is the fraction of scattered radiation in the wavelength
interval (λ, λ + ∆λ) (this term will be neglected). Strictly, this represents the
cross-section for any scattering that is observed by the detector, including multi-
ple scattering, but away from dense concentrations of scatterers, this discrepancy
can be neglected.

Substituting (2.3) and (2.4) into (2.2) gives,

P (λ, t) =A0

∫ R=ct/2

0

dR

R2

∫
∆λ

η(λ) dλ

×
∫
β(λL, λ,R, r)I(R)ψ(R, r)T (λ,R) ξ(R, r) dA(R, r). (2.6)

It is assumed that the spectral spread of both the scattered radiation and the
laser is much smaller than the receiver’s spectral window, such that variations
in wavelength dependant quantities can be ignored, and that the scattering
medium is homogeneous over any given cross-section of the laser. Hence,

P (λ, t) =A0η(λ)

∫ R

0

β(λL, λ,R)T (λ,R) I(R)
dR

R2

×
∫
ψ(R, r) ξ(R, r) dA(R, r). (2.7)

The second integral describes the overlap between the FOV of the telescope
and the laser beam at a range R. This is a fairly elaborate function, which is
summarised by, ∫

ψ(R, r) ξ(R, r) dA(R, r) = O(R, ε)AL(R), (2.8)
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where O(R, ε) is the known as the overlap function, which can be parametrised
by ε; and AL(R) is the cross-sectional area of the laser beam.

In addition, it is assumed that the laser emits a short rectangular pulse of
duration τL. This makes the limits of the first integral in (2.7) c(t−τL)/2 to ct/2.
If the pulse is short enough that R� cτL/2, we can treat the range-dependant
parameters as constants and evaluate (2.7),

P (λ, t) ≈ A0η(λ)β(λL, λ,R)T (λ,R) I(R)AL(R)O(R, ε)
cτL/2

R2
. (2.9)

For such a rectangular pulse, containing total energy EL,

I(R) =
ELT (λL, R)

τLAL(R)
. (2.10)

Hence,

P (λ, t) = EL
c

2R2
A0O(R, ε) η(λ)β(λL, λ,R) T (λ,R)T (λL, R). (2.11)

The detectors do not detect instantaneous power incident upon them, but
the total energy over some interval (t, t+ τd). Thus, for R� cτd/2,

E(λ,R) =

∫ 2R/c+τd

2R/c

P (λ, t) dt, (2.12)

≈ EL
cτd
2R2

A0O(R, ε)η(λ)β(λL, λ,R)T (λ,R)T (λL, R) (2.13)

Using the Beer-Lambert law, the transmissions can be written in terms of a
volume extinction coefficient, α(λ,R), to obtain the fundamental lidar equation,

E(λ,R) = EL
cτd
2R2

A0O(R, ε)η(λ)β(λL, λ,R)

× exp

[
−
∫ R

0

α(λ, r) + α(λL, r) dr

]
. (2.14)

The product A0O(R, ε) ≡ A(R, ε) is known as the effective telescope area.

2.2 Elastic backscattering

Considering the elastic scattering, when λ = λL,

Eel(R) = EL
cτd
2R2

A(R, ε)η(λL)β(λL, R)

× exp

[
−2

∫ R

0

α(λL, r) dr

]
+ EB(λL), (2.15)

where EB describes the dark count of the detector. An example profile is shown
in figure 2.

This formulation is widely used throughout the lidar community [Argall and
Sica, 2003; Fujii and Fukuchi, 2005; Grant, 1991]. However, it neglects the ef-
fects of multiple scattering, which can be very significant when viewing high
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Figure 2: Example of an elastic lidar profile observed by RACHEL from 18,000
laser shots on the morning of the 9th of April, 2010. The shape is mostly
dominated by A(R)/R2, with the peak at 4.1 km being a cloud, which is strongly
scattering.

concentrations of aerosol, such as a cloud, or when the illuminated area be-
comes large, such as with space-based observations. A common correction for
this, proposed by Platt [1981], is to multiply the aerosol extinction by a multi-
ple scattering factor, commonly denoted η, which is assumed to be known from
in situ measurements of similar conditions. This can be further developed by
separating the atmosphere into layers expected to have similar scattering prop-
erties, assigning each its own value of the multiple scattering factor [Vaughan
et al., 2004].

Equation (2.15) describes an underconstrained problem with two unknowns
but only one measurement at each height. Without additional data, a solution
can only be obtained by assuming a relationship between the unknowns α and
β. The most common of these, outlined in Klett [1981], assumes that,

β = B−1αk, (2.16)

where the constants B, known as the lidar ratio, and k, known as the Ångstrom
coefficient, are derived from empirical measurements.1 As the extinction and
backscatter coefficients are integrals over the size distributions of gas molecules
and aerosols, this assumption is equivalent to stating that the spectral shape
and composition of the scatterers are spatially invariant and any variations in
backscatter are due solely to variations in scatterer density.

1This was an extension of the work of Fernald et al. [1972], adding the constant k and
deriving a numerically stable solution.
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Using this relationship and neglecting the variation of A(R) above some
height, equation (2.15) reduces to a Bernoulli equation which is solved in Ap-
pendix B.1 to give,

α(λL, R) =
exp

[
S(R)−S(Rm)

k

]
[α(λL, Rm)]−1 + 2

k

∫ Rm
z

exp
[
S(r)−S(Rm)

k

]
dr
, (2.17)

where S(R) = ln{R2[Eel(λL, R) − EB(λL)]} and Rm is a reference range at
which the extinction is known.

With sufficient signal, the lidar profile can resolve the upper troposphere
and stratosphere where it can generally be assumed that aerosol concentrations
are sufficiently low for the scattering to be well described by Rayleigh scattering
theory and so can be calculated from temperature and pressure profiles of the
atmosphere.

The accurate determination of the lidar ratio, B, is a great challenge for
single channel lidars. Generally, standard values are used, using knowledge of
the aerosol composition based on the source of the air mass [Nicolae et al.,
2007]. However, as shown by figure 3 of Ansmann et al. [1992b], the lidar
ratio can vary by up to a factor of five across an atmosphere with a variety of
different scatterers. Klett [1985] attempts to avoid this difficulty by producing
an empirical model for the variation of β, but obviously the preferred solution is
to collect data from more than one channel such that α and β can be determined
independently.

Because of these difficulties, it is common in modern lidar studies to forgo
the calculation of the fundamental backscatter or extinction and instead report
an attenuated backscatter coefficient,

ABC(R) =
[Eel(λL, R)− EB(λL)]R2

ELA(R, ε)
exp

[
2

∫ R

0

αm(λL, r) dr

]
,(2.18)

∝ β(λL, R) exp

[
−2

∫ R

0

αa(λL, r) dr

]
,

where the extinction has been broken down into components due to molecular
(Rayleigh) and aerosol scattering,

α = αm + αa. (2.19)

2.3 Raman scattering

To remove the need for an assumption linking extinction and backscatter, addi-
tional measurements are required. One such measurement utilises a mechanism
known as Raman scattering. Raman scattering is an inelastic molecular scat-
tering process whereby a photon of arbitrary wavelength excites an electron
to a different vibrational and/or rotational state, changing the energy (and,
therefore, wavelength) of the photon with a well-known spectrum for any given
species. Transitions that relax the electron to a lower state are known as anti-
Stokes lines and those that raise its state Stokes lines (fig. 3). As atmospheric
molecules are generally in the ground state, Stokes lines are most frequently
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Figure 3: The mechanism of Raman scattering, where a photon excites an
electron to a virtual state. This then relaxes back to a different vibrational or
rotational level, emitting a photon at a different wavelength. (Image adapted
from Measures [1992], p. 105.)

monitored, though anti-Stokes lines can be used to derive the temperature of
the gas [Nedeljkovic et al., 1993].

Under these conditions, the sum of equation (2.5) is not necessary and the
lidar equation can instead be written as,

Era(R)− EB(λX) = EL
cτd
2R2

A(R, ε)η(λX)NX(r)

∣∣∣∣ dσdΩ

∣∣∣∣
π,λL,λX ,X

× exp

[
−
∫ R

0

α(λL, r) + α(λX , r) dr

]
, (2.20)

=
CX
R2

A(R, ε)NX(R)

× exp

[
−
∫ R

0

α(λL, r) + α(λX , r) dr

]
, (2.21)

where λX is the wavelength of the Raman scattered radiation from a species X;
CX = E0η(λL, λX) c∆t2

∣∣ dσ
dΩ

∣∣
π,λL,λX ,X

; and any possible wavelength dependence

of A(R) is neglected. By monitoring a well-mixed gas, such as nitrogen or
oxygen, NX(r) can be calculated from pressure and temperature profiles such
that this equation depends only on the extinction.

The most common method of deriving the extinction from a Raman profile
was introduced in Ansmann et al. [1990]. It assumes extinction is inversely
proportional to wavelength such that,

αa(λL, r)

αa(λX , r)
=

(
λX
λL

)κ
, (2.22)

where κ = 1 for particles comparable in size to λ and κ = 0 for larger particles.
By differentiating (2.21) with respect to r, it is shown in Appendix B.2 that,

αa(λL, R) =

d
dR

[
ln NX(R)

[Era(R)−EB(λX)]R2

]
− αm(λL, R)− αm(λX , R)

1 + (λL/λX)κ
. (2.23)
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This can be substituted into (2.15) to determine the backscatter coefficient.
Though this method is obviously preferable in that it determines the two un-
knowns separately, the calculation of the derivative requires the data to be sig-
nificantly smoothed in both time and space to give physically sensible results.
Various methods of evaluation exist [Turner et al., 2002; Whiteman, 1999] but
these involve defining an arbitrary window width for the algorithm to consider,
with the width generally increasing with height in some manner.

It should also be noted that by taking the ratio of the Raman profiles for two
species, it is possible to eliminate the absorption of the outgoing pulse, giving
the ratio of their number densities,

NX

NN2

= C
Es(λX , R)− EB(λX , R)

Es(λN2
, R)− EB(λX , R)

exp

[∫ R

0

α(λX , r)− α(λN2
, r) dr

]
, (2.24)

where C is a constant determined by calibration against another measurement of
the densities, such as a radiosonde. The exponential can be modelled with stan-
dard atmospheres or neglected, depending on the conditions [Guerrero-Rascado
et al., 2008]. This is the most common method of measuring humidity with
lidar [Ferrare et al., 1995; Goldsmith et al., 1998].

2.4 Summary

The energy observed at the laser wavelength λL by a lidar from a range bin of
length cτd ending at height R can be expressed in terms of volume extinction
and backscatter coefficients, α and β, by,

Eel(R) = EL
cτd
2R2

A(R, ε)η(λL)β(λL, R)

× exp

[
−2

∫ R

0

α(λL, r) dr

]
+ EB(λL).

The energy observed due to Raman scattering by a species X at wavelength
λX is,

Era(R)− EB(λX) = EL
cτd
2R2

A(R, ε)η(λX)NX(r)

∣∣∣∣ dσdΩ

∣∣∣∣
π,λL,λX ,X

× exp

[
−
∫ R

0

α(λL, r) + α(λX , r) dr

]
.

3 A joint backscatter and extinction retrieval

3.1 Optimal estimation retrieval

Optimal estimation methods have been successfully applied to satellite retrievals
for several years, but have not been widely applied to lidar systems. Volkov
et al. [2002] and Shcherbakov [2007] are examples of linearised retrieval schemes,
though they do not seem to have been applied beyond the scope of the original
papers. A variational method for retrieving ice water path and effective radius
in cirrus clouds from coincident spaceborne lidar and radar measurements was
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developed in Delanoe and Hogan [2008], though the result is found to be highly
dependant on the microphysical assumptions made.

In this work, the intention is to improve existing lidar data products by
providing a rigorous method for the inclusion of prior data and additional mea-
surements (such as analogue and photon counting measurements of the same
channel) and the calculation of the resulting errors. As such, the retrieved prod-
ucts will be the aerosol extinction and backscatter to provide a direct comparison
to existing lidar products. Though it is believed that retrieval of microphysical
properties is possible from a two-channel Raman lidar, it is desired in the first
instance to avoid assumptions about the microphysical properties of the aerosol
and its distribution.

This work uses the retrieval method outlined in Rodgers [2000]. This defines
an inverse problem,

y = F (x, b) + ε, (3.1)

which relates the measurement vector, y, to the state vector, x, through the
forward model, F , dependant on other, known parameters, b, with a measure-
ment error ε. For a lidar, the measurement vector describes the number of
photons observed in each height bin for each channel; the state vector describes
the unknown state of the atmosphere, here summarised by the extinction and
backscatter coefficients; and the forward model is a non-linear function which
maps a state of the atmosphere onto a measurement a lidar system would make.

The solution, x̂, is sought which has the maximum probability of repre-
senting the true state of the atmosphere, given the measurements and any a
priori information, known as the maximum a posteriori solution. This state
will minimise some cost function, which enumerates the divergence of the for-
ward modelled from the measured state. Using Bayesian statistics and assuming
the probability density functions describing all quantities are Gaussian (or at
least symmetric), it is shown in Appendix C that the Levenberg-Marquardt
iteration,

xi+1 = xi + [(1 + γi)S
−1
a +KT

i S
−1
ε Ki]

−1[KT
i S
−1
ε (y−F (xi))−S−1

a (xi−xa)],

converges towards x̂. In this formulation, Ki = ∇xF (xi, b); Sε is the error
covariance matrix of the measurement and forward model; xa describes the
assumed a priori state of the atmosphere with associated covariance matrix Sa;
and γi is a constant chosen with each step of the iteration to reduce the cost
function.2

Following Rodgers [2000], if the cost function is increased after an iteration,
γi is increased by a factor of ten. Otherwise, it is reduced by a factor of two. The
iteration is considered converged when either the decrease in the cost function
is less than some threshold or the change in all elements of the state vector is
much less than the error on those values.

3.2 The forward model

3.2.1 Lidar equations

Equations (2.15) and (2.21) describe the energy observed from a range bin Ri
due to a single laser shot in terms of the extinction and backscatter coefficients,

2The cost function is defined as (y − F (xi))
TSε(y − F (xi)) + (xi − xa)TSa(xi − xa).
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α and β. This fundamentally assumes that these coefficients are sensible de-
scriptions of the volume observed. In practice, this implies that over the scale of
a bin (order 1 m horizontally and 10 m vertically), the scattering properties of
particles are sufficiently homogeneous that their average is physically meaning-
ful. The coefficients are then separated into molecular and aerosol components,
as in (2.19), assuming that all scattering beyond that expected from molecular
Rayleigh scattering is due to aerosols.

This energy is detected as discrete photons and will generally correspond to
less than one photon per bin. Hence, in order to properly resolve this, profiles
over several hundred laser shots must be averaged.3 Assuming that the atmo-
sphere does not change significantly during the period averaged, the existing
equations can still be applied by redefining EL as the total laser energy emitted
by all averaged shots and dividing by the energy of a photon at λL.

For the instruments used in this work, Raman scattering from nitrogen is
observed. The centre of the Raman spectrum of nitrogen is shifted 2329.66 cm−1

from the laser wavelength with a total cross-section of 3.5 × 10−30 cm2 sr−2

[Measures, 1992, table 3.3].
The wavelength dependence of (2.22) is assumed to relate αa(λN2

, R) and
αa(λL, R) in the Raman equation. Particle diameters are assumed to be com-
parable to λL, such that κ = 1 is used throughout. Though this will be a poor
model for ice particles, it is assumed that profiles will not consider sufficient
heights to observe them in significant quantities.

The number of photons observed from a range bin Ri is therefore given by,

nel(Ri) = vel(Ri) [βm(Ri) + βa(Ri)] exp

[
−2

∫ Ri

0

αa(r) dr

]
+nB(λL), (3.2)

nra(Ri) = vra(Ri) exp

[
−
(

1 +
λL
λN2

)∫ Ri

0

αa(r) dr

]
+nB(λN2

), (3.3)

where nB is the dark count of the detector; the wavelength dependence of all
quantities is dropped for brevity; and, using h as Planck’s constant, the functions

3Though the term ‘averaged’ is used throughout this report for reasons of style, what is
actually done is to sum together profiles as this maintains the discrete nature of the data.
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v(R) summarise all terms that are independent of the retrieval,

vel(Ri) =
ELλLτd

2R2
i h

A(Ri, ε) ξ(λL) exp

[
−2

∫ Ri

0

αm(r) dr

]
,

≡ CelA(Ri, ε)

R2
exp

[
−2

∫ Ri

0

αm(r) dr

]
, (3.4)

vra(Ri) =
ELλLτd

2R2
i h

A(Ri, ε) ξ(λN2
)

∣∣∣∣ dσdΩ

∣∣∣∣
π,λL,λN2

NX(Ri)

× exp

[
−
(

1 +
λL
λN2

)∫ Ri

0

αm(r) dr

]
,

≡ CraNX(Ri)A(Ri, ε)

R2
exp

[
−
(

1 +
λL
λN2

)∫ Ri

0

αm(r) dr

]
.(3.5)

These equations are differentiated in Appendix E with respect to α and β
to give an analytic expression for K.

3.2.2 Interpolation

Measurements from below a minimum height of 300 m are neglected in this
retrieval as they do not satisfy the assumptions of Section 2.1 and the overlap
function varies rapidly in this region. Further, measurements with a signal-
to-noise ratio (SNR) of less than one are neglected, as these are not expected
to significantly affect the retrieval. This reduces the length of the vector y to
∼2000 elements.

The two components of the state vector can be gridded arbitrarily, with
the model interpolating each onto the measurement grid. Further, these grids
do not necessarily have to be the same or uniform. However, increasing the
distance over which correlations are expected in Sa is equivalent to increasing
the length of bins in the state vector. Thus, identical, equally-spaced grids are
used as this minimises the number of operations required to calculate K. It
should be noted that the value reported for a height bin gives the top of that
bin, such that the first bin represents an assumed uniform surface layer. As this
bin will therefore be at least an order of magnitude larger than other bins, it is
more likely that the values reported there will be averages over several types of
aerosol and should be treated with greater caution in analysis.

In practice, the integrals of equations (3.2) and (3.3) are first evaluated on
the grid of the state vector, ρj , using a simple trapezium rule integration scheme,

∫ ρj

0

αa(r) dr = ρ0αa(ρ0) +

j∑
k=1

[αa(ρk) + αa(ρk−1)][ρk − ρk−1]. (3.6)

The backscatter coefficient and this integral are then interpolated onto the mea-
surement axis using the cubic spline method of Section 3.3 of Press et al. [1992],
outlined in Appendix D.
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Figure 4: Examples of the effective area model, using the parameters of the
RACHEL system (table 2). Alignment parameters summarised in table 5. Black
— a perfectly aligned system; Blue — a slight defocusing of the telescope; Green
— a greater defocusing of the telescope with non-parallel telescope and laser
axis.

3.2.3 Overlap function model

A theoretical parametrisation of the overlap function is presented in Halldórsson
and Langerholc [1978], as outlined in Appendix A. That appendix also outlines
further evaluation of that solution to improve computational efficiency and ac-
curacy by reducing the ranges over which numerical integration is performed,
where possible.

Four parameters are selected to describe the misalignment of the system —
the distance between the focal plane and detector aperture, ∆; the distance
between the optical axes of the telescope and laser in the plane of the telescope,
δ; and the angles between these axes in the planes parallel and perpendicular
to each, φ‖,⊥. Examples of some functional forms are shown in figure 4.

For a lidar system with a telescope with primary mirror of radius RT and
secondary mirror of radius Ro observing a coaxial laser beam of radius w(R)
and circular beam profile,

A(R, ε) ≡ A0O(R,∆, δ, φ‖, φ⊥) =
(γ
ν

)2 SH

(
ν
γRT , R

)
− SH

(
ν
γRo, R

)
w2

, (3.7)
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where,

SH(ρ,R) =



0, α+ ρ ≤ d− w;

πw2 min[α2, ρ2], w + d ≤ |α− ρ|;
πα2ρ2, α+ ρ ≤ w − d;∫ α+ρ

|α−ρ|

√
Υ(α, ρ;µ)A(µ,w; d) dµ

µ , α+ ρ ≤ w + d

and |w − d| ≤ |α− ρ|;∫ α+ρ

d−w

√
Υ(α, ρ;µ)A(µ,w; d) dµ

µ , α+ ρ ≤ w + d

and |α− ρ| < d− w;

B +
∫ α+ρ

w−d

√
Υ(α, ρ;µ)A(µ,w; d) dµ

µ , α+ ρ ≤ w + d

and |α− ρ| < w − d;

πw2A(α, ρ;w + d) w + d < α+ ρ

+
∫ w+d

|α−ρ|

√
Υ(α, ρ;µ)A(µ,w; d) dµ

µ , and |w − d| ≤ |α− ρ|;

πw2A(α, ρ;w + d) w + d < α+ ρ

+
∫ w+d

d−w

√
Υ(α, ρ;µ)A(µ,w; d) dµ

µ , and |α− ρ| < d− w;

πw2A(α, ρ;w + d) + B w + d < α+ ρ

+
∫ w+d

w−d

√
Υ(α, ρ;µ)A(µ,w; d) dµ

µ , and |α− ρ| < w − d,

(3.8)

A(µ,w; d) =
1

π

[
µ2 cos−1

(
d2 + µ2 − w2

2dµ

)
+ w2 cos−1

(
d2 − µ2 + w2

2dw

)
−
√

Υ(µ,w; d)

2

]
,

B =
(w − d)2 − α2 − ρ2

4

√
Υ(α, ρ;w − d)

+2α2ρ2 tan−1

√
(w − d)2 − (α− ρ)2

(α+ ρ)2 − (w − d)2
,

Υ(x, y; z) = [(x+ y)2 − z2][z2 − (x− y)2],

α(R) =
RaR

fγ
,

γ = 1 +
∆

f
,

ν(R) =

∣∣∣∣γ − ∆R

f2

∣∣∣∣ ,
w(R) = RL + φLR,

d(R) =
√

(δ + φ‖R)2 + (φ⊥R)2.

Here, all cases are mutually exclusive where not explicitly stated; πA is the
area of overlap of two circles, radii µ and w, with centres a distance d apart;

B =
∫ w−d
|α−ρ| µ

√
Υ(α, ρ;µ) dµ; Ra is the radius of the aperture of the detector; f

is the telescope’s focal length; RL is the initial radius of the laser beam; and
φL is the divergence of the laser beam. All integrals are evaluated using the
Romberg integration scheme outlined in Section 4.3 of Press et al. [1992].
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3.2.4 Detector nonlinearity

Finally, the nonlinearity of the PMTs in photon counting mode must be ac-
counted for. There is a finite time, τ , needed for the detector to ramp back up
to full voltage after detecting a photon. During this ‘dead’ time, the detector
cannot register another count. As reviewed in Whiteman [2003, Appendix B],
there are two extremes for this effect:

• Paralysable counters, where an additional photon strike during the dead
time extends it a further time τ as it depletes the anode voltage. Assuming
the number of photons striking the detector in a given interval is described
by a Poisson distribution, the measured number of photons can be written
as,

nmeas = nreal exp(−τnreal). (3.9)

• Non-paralysable counters, where the dead time is a constant. If the de-
tector measures a flux nmeas, it was ‘dead’ for a fraction τnmeas of the
observation such that,

nmeas = (1− τnmeas)nreal,

=
nreal

1 + τnreal

. (3.10)

The response of a real detector will lie somewhere between these two ex-
tremes. For this model, count rates are assumed to be low enough that the de-
tector acts non-paralysable. To calculate the expected count rate using (3.10),
the counts per bin defined in (3.2) and (3.3) must be divided by the number of
laser shots, n0, and the duration of a range bin, τd, giving the forward model
equations,

nFel(Ri) =
nel(Ri)

1 + nel(Ri)
n0

τel
τd

, (3.11)

nFra(Ri) =
nra(Ri)

1 + nra(Ri)
n0

τra
τd

, (3.12)

where τel,ra is the dead time of the detector observing the elastic or Raman
profile, respectively.

3.2.5 Error estimates

As the basic measurement made by the lidar is to count photons, the measure-
ment error will be well-described by a Poisson distribution with mean n(Ri).
For values above five, this can be well approximated with a normal distribution
[Riley et al., 1998], as required for the Levenberg-Marquadt iteration, with vari-
ance equal to the mean. Any cross-talk between the channels or bins is currently
assumed to be negligible.

The error covariance matrix also summarises the forward model error,

Sε = Sy +KbSbK
T
b , (3.13)
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Figure 5: The a priori covariance matrix currently used for retrievals, separated
into extinction and backscatter components. Correlation between bins decreases
exponentially with height. The scale height for backscatter ranges from 10 –
100 m and from 500 – 1000 m for extinction. There is no correlation assumed
between the two.

where b are all parameters of the retrieval not described by y or x;4 Kb =
∇xF (x, b); and Sb gives the covariance of each element of b. These have
not yet been successfully integrated into the retrieval, such that the algorithm
currently underestimates the retrieval error. This is expected to be a small
underestimation as these errors should be individually much less than 1%.

The a priori state vector would preferably be a climatological average of
the extinction and backscatter. However, as regular measurements of these
quantities are not currently made at any site used in this study and there have
been difficulties in deriving them using existing methods, the a priori state is
taken to be zero everywhere. Alternative sources of data are being considered,
but the a priori should not significantly affect the result of the retrieval where
there is sufficient information content.

The a priori variance is set to be 10−6 everywhere for both extinction and
backscatter as a weak constraint that does not introduce a shape to the retrieval.
Using a larger value for the variance increases the range of states away from
the first guess investigated by the algorithm, giving better fits to features not
included in that guess, but also permitting unrealistically large variations in
the extinction profile. This value needs to be more rigorously determined and
should probably be decreased in favour of a more reasonable first guess (such

4In full: the dark count and calibration constant of each channel; the laser power; the PMT
dead times; the surface pressure; the four parameters of the overlap function; the pressure
profile; and the number density profile
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as identifying clouds and adding peaks to the first guess profiles).
The correlation between bins is assumed to decay exponentially with their

vertical displacement, over a scale height that itself increases with height. This
increasingly smooths the profiles as the SNR decreases with height and is para-
mount to assuming that the vertical extent of air masses increases with height
as vertical mixing decreases. The vertical scales chosen were guided by consid-
eration of the width of the averaging kernel of the forward model (without a
priori) for each channel and are currently set to 10 – 100 m for the backscatter
and 500 – 1000 m for the extinction for retrievals from 300 m to 10 km. These
values should be reassessed as the algorithm develops to ensure they make best
use of the information available.

3.3 Determining the forward model parameters

3.3.1 Meteorology

Knowledge of the state of the atmosphere is needed to determine the number
density term in equation (3.5) and the molecular scattering component of the
extinction and backscatter. This is commonly deduced from radiosonde mea-
surements [Mattis et al., 2008; Ansmann et al., 1992b; Di Girolamo et al., 1999]
or a standard atmosphere [Reagan et al., 1989; Ansmann et al., 1992a; Bock-
mann et al., 2004]. For intensive measurement campaigns, it is possible to launch
radiosondes from the same site as the lidar to obtain the most representative
atmospheric profiles. For continuous campaigns, as in this work, such measure-
ments are prohibitively expensive. Instead, regular sonde launches performed
at a nearby location for weather prediction are utilised. The uncertainty in-
troduced by using non-local measurements is approximately 1% above the PBL
if the sonde was launched within 100 km and 6 hours of the lidar observation,
assuming no frontal movements in that time [Russell et al., 1979]. Errors within
the PBL will be greater and need to be assessed.

At ten sites across the UK, the UK Meteorological Office manages regular
radiosonde measurements. These consist of two or three almost daily launches,
reporting pressure, air and dew point temperature, altitude, wind speed and
direction at synoptic pressure levels and other levels deemed necessary to char-
acterise the atmosphere, though only pressure is reported at each level. The
number density is derived assuming an ideal gas with pressure p and tempera-
ture T ,

N =
p

TkB
, (3.14)

where kB is Boltmann’s constant. Nitrogen is assumed well mixed with number
mixing ratio 0.78084 [NOAA, 1976].

To translate this data onto the vertical grid of the lidar, the altitude mea-
surements available are linearly interpolated onto the logarithm of the pressure
to estimate the altitude of each pressure level. The temperatures are then lin-
early interpolated onto the lidar’s grid, an example of which is shown in figure 6.
Each point is further linearly interpolated in time to the next radiosonde mea-
surement to give a smoothly varying field for each lidar profile.5 Where there

5This neglects to note the time elapsed before the next sonde launch.
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Figure 6: Example of interpolating radiosonde measurements, plotted as crosses,
onto a lidar’s vertical axis, plotted as a line. Sonde launched at Larkhill, Wilt-
shire on 2 Jul 2007 at 0549.

is a gap in the radiosonde data, a standard atmosphere [NOAA, 1976] is used,
calibrated to surface observations.6

These fields are then used to estimate the transmission of the atmosphere
due to molecular scattering. For a vertical beam (R = z),

Tm(λ, z) = exp

[
−
∫ z

0

αm(λ, z′) dz′
]

= exp

[
−
∫ z

0

σR(λ)N(z′) dz′
]
, (3.15)

where σR is the Rayleigh scattering cross-section. This is calculated from the
empirical fit derived in Bucholtz [1995],

σR(λ) = Aλ−(B+Cλ+D/λ), (3.16)

where the constants are given in table 1. This demonstrates a fit of better than
0.2% to detailed calculations in the wavelength region this report considers.

For a gas with molar mass M and density ρ,∫ z

0

σR(λ)N(z′) dz′ = σR(λ)

∫ z

0

NA
M

ρ(z′) dz′, (3.17)

=
σR(λ)NA

M

∫ p(z)

p(0)

−dp′

g
, (3.18)

6The errors related to this have not yet been considered.

22



λ0(µm) A B C D

0.2 – 0.5 3.01577× 10−28 3.552142 1.35579 0.11563

> 0.5 4.01061× 10−28 3.99668 1.10298× 10−3 2.71393× 10−2

Table 1: The parameters of equation (3.16) for the empirical fit of the Rayleigh
scattering cross-section from Bucholtz [1995].

=
σR(λ)NA
Mg

[p(0)− p(z)] , (3.19)

where NA is Avagadro’s constant; g is the gravitational acceleration; and hy-
drostatic balance has been assumed in (3.18).

The Rayleigh backscatter coefficient is given by King [1923] as,

βm(λ, z) =
8π

3
σR(λ)N(z). (3.20)

3.3.2 Overlap function and constants

Whilst the meteorology changes continuously over time, the properties of the li-
dar system itself should remain constant until the system is adjusted by an oper-
ator. In the forward model, these are summarised by the calibration coefficients
Cel,ra and the overlap function A(R, ε). In an ideal lidar system, these would
be measured directly using spectroscopic equipment and ray tracing techniques.
However, for a system with manual adjustment, it is impractical to determine
the exact alignment of the laser and telescope for these calculations. Instead,
these parameters can be estimated by calibration against a sky clear of aerosols,
where the extinction and backscatter are known from Rayleigh scattering and
the lidar equation can be solved for A(R) [Wandinger and Ansmann, 2002].
Further, at most wavelengths, there is a significant error in the measurement of
the Raman cross-section. This will dominate the uncertainty on Cra, such that
an absolute calibration of the system does not give a significant improvement
[Sherlock et al., 1999; Leblanc and McDermid, 2008].

However, the atmosphere is never completely clear of aerosols, especially near
the surface. Therefore, any knowledge of the aerosol distribution can improve
the estimation of the overlap function from measurements. It has been observed
that stable PBLs have similarly structured extinction profiles [He et al., 2008;
Wiegner et al., 2006; Maurya et al., 2010]. Here, this is approximated as a
constant value up to some height (not necessarily the top of the PBL), z0, and
a rapid exponential decay above that over scale height H,

αa(λ, z) =

{
α0, z ≤ z0;

α0 exp
[
z0−z
H

]
, z > z0.

(3.21)

The most readily obtained constraint on this profile is a measurement of its
aerosol optical thickness (AOT) with a sun photometer. If the atmosphere has
a total AOT of χ∞, the optical depth profile can be approximated by,

χa(z) =

{
χ∞z
H+z0

, z < z0;
χ∞
H+z0

[
z0 +H

(
1− exp z0−z

H

)]
, z ≥ z0.

(3.22)
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Using this aerosol profile, the Raman profile (3.5) can be inverted to give
what will be called the calibration curve,

CraA(Ri) exp[−χa(z)] =
[nra(Ri)− nB(λX)]R2

i

NX(Ri)

× exp

[∫ Ri

0

αm(λL, r) + αm(λX , r) dr

]
,(3.23)

where nra(Ri) and nB have been corrected for PMT nonlinearity.
This inversion is well-suited to optimal estimation, taking a Raman profile

and the AOT as its measurement vector, using equations (3.7) and (3.23) as
its forward model, and having seven elements to its state vector — the four
parameters of the overlap function (∆, δ, φ‖, and φ⊥), z0, H, and the calibration
constant of the Raman channel, Cra. The derivatives of the forward model
equations with respect to z0, H, and Cra are elementary and those with respect
to the overlap function parameters are summarised in Appendix E.4.

In the absence of weather, the PBL is most stable at night [Oke, 1987]. In
addition to permitting an estimate of the extinction profile, a stable PBL per-
mits the averaging of a lidar profile over several hours, giving excellent SNR
into the stratosphere. Further, the lack of solar background gives substantially
greater SNR for a lidar profile of the same duration than during the day. As
such, though sun photometer measurements are not possible at night, this cal-
ibration scheme is best applied to night observations. If a star photometer is
not available, the AOT can be estimated from the average of measurements at
dusk and dawn.7

The selection of the most suitable data from that available is currently a
qualitative choice. The period selected should be at least one hour from sunset
to allow the mixing layer to collapse and be free of obvious clouds, haze, or other
weather. The PBL height should remain constant during the period (±50 m),
which can be assessed using the observed attenuated backscatter coefficient,
(2.19), as the height at which the ABC decreases significantly. If available,
Doppler lidar wind measurements can also be used to assess the PBL winds.
Average winds should be consistent with zero.

The a priori state defines an almost perfectly aligned system (∆ = δ =
φ‖,⊥ = 10−6) as the derivatives at perfect alignment are exactly zero and the
algorithm will not deviate from that state. The height and scale height of the
aerosol layer are estimated to be of order 100 m and the order of magnitude of
the calibration constant can be estimated from manufacturer’s specifications of
the efficiency of the PMT, interference filters, and other optics and the Raman
cross-section.

The variances are determined from dimensional considerations. For example,
in a coaxial system where the laser beam is reflected off the telescope’s secondary
mirror, δ is no greater than the size of the secondary mirror and, thus, the
variance is estimated as order (10 cm)2. The variance of the height and scale
height of the aerosol layer are both taken as (100 m)2 as the scale of stable
boundary layers [Oke, 1987, chapter 2].

It then remains to determine the calibration constant of the elastic channel,

7The errors related to this have not been assessed.
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assuming the overlap function is the same for each channel.8 Small variations
in the backscatter coefficient have a substantially greater effect on the elastic
profile than equivalent variations in the extinction have on the Raman profile.
As such, only data above the tropopause is considered, where aerosol scattering
will be negligible compared to molecular scattering (in the absence of recent,
significant volcanic activity). The tropopause is defined as where the lapse rate
tends to zero and is found by fitting against a temperature profile with lapse
rate −6.5 K km−1 through the tropopause [NOAA, 1976].

Here, equation (3.4) can solved for the elastic calibration constant,

Cel =
[nel(Ri)− nB(λL)]R2

i

A(Ri, ε)βm(Ri)
exp

[
2

∫ Ri

0

αm(r) dr

]
(3.24)

This is then estimated by taking the mean of points above the tropopause with
an SNR greater than unity.

3.3.3 Other parameters

A measure of the power emitted by the laser, EL, can be obtained by directing
a small fraction of the output beam to a calibrated power meter. For systems
without this capability, a proxy for laser power was developed. It is the mean
return in the first six bins of the elastic profile. This is successful in visually
smoothing the data and will be compared to actual power measurements on
such a system once a power meter can be installed.

The detector dark count can be estimated by averaging measurements when
there should be no laser-induced radiance. Preferably, this would be measured
just before the laser is fired, but for the systems used in this work, such mea-
surements are not available. The last 300 bins of each measurement are used
instead. For systems which report measurements beyond 30 km, this is an
accurate estimate for all practical timescales, as the laser-induced radiance is
negligible compared to the dark count. However, not all systems report to such
heights, for which this method will overestimate the dark count. This is not yet
accounted for in the retrieval.

The dead time of photon-counting PMTs can be determined using the meth-
ods described in Whiteman [2003]. Two profiles are acquired in quick succession
— once with a neutral density filter attenuating the return and once without.
The non-paralysable correction (3.10) is then applied to both profiles. The dead
time is estimated as the value for which the ratio between the two signals is most
constant with range. For detectors with an analogue mode, the comparison can
be made against the analogue signal instead.

3.4 Summary

This retrieval scheme determines the maximum a posteriori solution of the equa-
tion, (

nFel

nFra

)
= F

[(
βa

αa

)
, b

]
+ ε

8This implies that the light collected by the telescope is either well collimated in the optical
system or the beam in that system is sufficiently small compared to the optics involved.
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where the forward model, F , is summarised by the equations,

nFj (Ri) =
nj(Ri)

1 +
nj(Ri)
n0

τj
τd

,

nel(Ri) = vel(Ri) [βm(Ri) + βa(Ri)] exp

[
−2

∫ Ri

0

αa(r) dr

]
+nB(λL),

nra(Ri) = vra(Ri) exp

[
−
(

1 +
λL
λN2

)∫ Ri

0

αa(r) dr

]
+nB(λN2

),

vel(Ri) =
CelA(Ri, ε)

R2
exp

[
−2

∫ Ri

0

αm(r) dr

]
,

vra(Ri) =
CraNX(Ri)A(Ri, ε)

R2
exp

[
−
(

1 +
λL
λN2

)∫ Ri

0

αm(r) dr

]
.

4 First applications of the retrieval

4.1 Instruments

4.1.1 RACHEL

Transmitter Receiver

Wavelength, 354.7 nm Primary mirror diameter, 203 mm

Average pulse energy, ∼ 45 mJ Secondary mirror diameter, 75 mm

Repetition rate, 20 Hz Focal length, 2 m

Beam diameter, 35 mm Field of view, 0.2 mrad

Beam divergence, < 0.3 mrad Bin length, 9 m

Maximum range reported, 36.9 km

Table 2: Summary of the parameters of the RACHEL system, deduced from
direct measurements and the manufacturer’s specifications. The bin length can
be altered by the operator, but this not been utilised.

The Robust and Compact Hybrid Environmental Lidar (RACHEL), devel-
oped by Hovemere Ltd., is the first of two Raman lidar systems used in this
work. RACHEL is a four-channel, coaxial system designed to be cost-effective
and easily transported for unattended operation as and when required in the
field. It was designed after the introduction of the Kyoto Protocol to monitor
carbon dioxide emissions from factories to enable monitoring and enforcement
of the carbon trading scheme. Though this eventually proved infeasible due to
the minuscule CO2 signal, the scanning system developed for following indus-
trial plumes provides the rare capacity of a lidar that can automatically scan
the entire hemisphere of the sky. This enables monitoring of aerosol and cloud
variations over the region around the lidar system rather than the more typical
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Figure 7: Schematic of the optical components of the RACHEL system, showing
the scanning system, telescope, and optical system.

single zenith view. Further, with sufficient software, it should be possible to
track a feature as it moves past the instrument.

To keep costs low, its utilises many ‘off-the-shelf’ components. The laser is
a fairly common Continuum Nd:YAG model, frequency-tripled to 355 nm, ob-
served by a commercially-available Meade Schmidt-Cassegrain telescope. The
optical system, summarised in figure 7, uses dichroics to split the beam into
four channels, which are further screened by interference filters. Though these
are purpose-built components, they can be easily replaced to allow the moni-
toring of any species with sufficient concentration to be observable. Currently,
the system is configured to observe, in addition to the elastic return, the Ra-
man scattering from nitrogen (386.7 nm), water vapour (407.5 nm), and carbon
dioxide (373.1 nm).

Measurements are made with photon-counting Hamamatsu PMT modules.
Though ideal for the Raman signal, the elastic signal is sufficiently large for the
first few kilometres to saturate this detector. Currently, this signal is attenuated
with a neutral density filter in the elastic channel. In future, it is hoped to
better utilise the available signal by using a beam splitter to instead direct the
majority of the signal to a different PMT with lower gain. Though an internal
power meter is installed within the laser cavity, it has not yet been possible to
log these measurements. As such, the laser power proxy outlined in Section 3.3.3
is used with this data. This is necessary as, during 2010, the laser showed signs
of damage and exhibited irregular and significant power fluctuations.

4.1.2 Chilbolton UV lidar

The other system used in this research is the Chilbolton UV Raman lidar (CUV).
Designed and built by a team at the Rutherford Appleton Laboratory to monitor
water vapour mixing ratio during the day, it is now permanently stationed
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Transmitter Receiver

Wavelength, 354.7 nm Primary mirror diameter, 460 mm

Average pulse energy, 200 mJ Secondary mirror diameter, 100 mm

Repetition rate, 50 Hz Focal length, 2.0 m

Beam diameter, 10 mm Field of view, 0.5 mrad

Beam divergence, 1.0 mrad Bin length, 7.5 m

Maximum range reported, 13.5 km

Table 3: Summary of the parameters of the CUV system, as reported by J. Ag-
new.

at the STFC Chilbolton Observatory at a rural site in Hampshire, England
[Agnew, 2003]. The CUV monitors the elastic backscatter, the Raman scattering
from nitrogen and water vapour, and the rotational anti-Stokes scattering from
nitrogen (353.0 nm) and oxygen (353.9 nm) with two PMTs on each each channel
— one in the high-count rate analogue mode for observations in the PBL and
the other in the photon-counting mode.

The system has been operated on a case study basis since 2002, reporting
profiles of the attenuated backscatter coefficient (20 s, 7.5 m for 0.2 – 13 km)
and water vapour mixing ratio (5 min, 22.5 m for 0.2 – 6 km) derived from the
analogue measurements. As the instrument must be attended during operation,
data is mostly from 10 AM to 4 PM on weekdays, though some exceptions exist.

For this work, access was kindly provided to the raw data for 30 clear or
partly cloudy days from 2006 to 2010 [Agnew and Wrench, 2010]. As of yet,
only the photon counting measurements have been used, though it is intended to
consider both channels eventually. The relatively low maximum range reported
has caused problems in the estimation of the dark count, but this is not believed
to have caused significant difficulties in the retrievals.

4.2 Simulated data

The most controlled manner in which to investigate the performance of a re-
trieval scheme is through the use of simulated data. This is easily generated in
an optimal estimation framework as the forward model determines the measure-
ment that should be made from a given input state of the atmosphere. However,
in the simulation of data, any processes that were neglected or simplified for the
model used in retrievals should be reintroduced where possible. Though this
will still omit any processes or inconsistencies that have not been considered at
all, a retrieval scheme must be able to reliably retrieve data generated by its
own forward model.

The significant effects to have been neglected in this work are multiple scat-
tering and the exact nonlinearity of the detectors. In these simulations, these
remain neglected as a full description of these effects has not yet been prepared.

4.2.1 Aerosol profile

Some thought must be given to the form of the atmospheric states that are
input into the simulations. For a Levenberg-Marquadt retrieval scheme, it is

28



Figure 8: Retrievals from data simulated for the RACHEL system (table 2). The
aerosol profiles, plotted in black, are modelled by equations (4.1) and (4.3) using
the parameters summarised in table 4. Dark Blue — retrieval with parameter
values used to generate the data with noise; Light blue — same but without
noise; Green — retrieval with parameter values from calibration method with
noise; Orange — same but without noise.
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Plots a (10−4 m−1) b (10−4 m−1) c d (km)

(a) & (b) 0.50 0.25 8.67 1.2

(c) & (d) 0.38 0.19 9.27 1.5

Plots R0 (km) R1 (km) B (sr−1)

(a) & (b) 3.0 10.0 35

(c) & (d) 4.0 15.0 35

Table 4: Parameters of (4.1) used in the generation of the simulated data for
figure 8.

preferable for the profile to be continuous in its first derivative such that the
scheme is more likely to converge to sensible solutions quickly.

As discussed in Section 3.3.2, the aerosol profile can be approximated as con-
stant to some height, followed by a sharp, exponential decay. This is constructed
as a function continuous in the first derivative with,

αa(λ,R) =


a− b tan−1[c(R− d)], R < R0;

e+ fR+ gR2 + hR3, R0 ≤ R ≤ R1;

0, R > R1,

(4.1)

where a, b, c, d control the shape of the profile and e, f, g, h solve,
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 . (4.2)

The boundaries R0,1 are chosen arbitrarily.
The backscatter profile is determined by assuming a constant lidar ratio,

β(λ,R) =
α(λ,R)

B
. (4.3)

Two examples of such profiles are plotted in black in figure 8, using the param-
eter values given in table 4.

Features can be easily added to this profile, provided they tend to zero away
from their centre. For example, it has been found in studies of algorithms to
automatically detect clouds in ceilometer data that the backscatter profile of a
cloud is well-modelled by a Gaussian (or a sum of Gaussians) [Biavati, 2011].

For plots 8c and 8d, to investigate the resolution limits of the algorithm, an
oscillatory structure is added within the PBL of the form,

A exp

[
−1

2

(
R− 0.6

0.16

)2
]

sin
R

0.08π
, (4.4)

where A = 2 × 10−7 for backscatter; A = 9 × 10−6 for extinction; and R is in
kilometers. A cloud is modelled by the Gaussian,

B exp

[
−1

2

(
R− 3.3

0.08

)2
]
, (4.5)
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Figure 9: Application of the calibration scheme of section 3.3.2. Data simulated
on the RACHEL system (table 2) using the parameters outlined in table 5.
Black — calibration curve from simulated data with noise; Red — same but
without noise; Light blue — first guess of an almost aligned system; Dark blue
— result of the fitting (retrieved parameters listed in table 5).

where B = 10−5 for backscatter and B = 4 × 10−4 for extinction. The exact
parameter values used have no theoretical basis and were selected as being within
the ranges observed in plots presented in a variety of lidar studies referenced in
this report.

4.2.2 Calibration scheme

The calibration scheme outlined in Section 3.3.2 is most readily explored through
simulated data, as the parameters it determines are not easily measured inde-
pendently. Figure 9 shows the results of a fitting to simulated data. The black
curve shows the simulated calibration curve, with a noiseless version plotted in
red. A first guess of a well-aligned system is plotted in light blue and the result
of the retrieval in dark blue. Errors are under assessment and are not given.

Up to 4 km, the retrieved function closely corresponds with the true form.
Above that, the retrieved curve underestimates the true value by up 10%. It is
likely that this underestimation is related to the large noise on measurements
above 10 km. This impact of this region could be reduced by using a more
stringent threshold on the SNR.

The parameters of the overlap function used to simulate the data and those
retrieved are given in lines 4 and 5 of table 5. The retrieved value of ∆ is
consistent with the truth, but the other values are significantly different. This
may demonstrate a significant degeneracy in these parameters to a given func-
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Figure ∆ (m) δ (m) φ‖ (deg) φ⊥ (deg)

4 (black) 0 0 0 0

4 (blue) −4.0× 10−3 0 0 0

4 (green) 7.0× 10−3 0 9.0× 10−3 7.0× 10−3

8 & 9 (black) 7.2× 10−3 2.7× 10−3 1.0× 10−3 1.0× 10−5

9 (dark blue) 7.1× 10−3 4.2× 10−6 1.3× 10−6 1.6× 10−3

Table 5: Parameters of the overlap function used throughout this report.

tional form, which concurs with the assumption that the beam shape assumed
is not important to the final result. The Raman calibration constant was set
as 1.70× 10−17 and was retrieved to be 1.76× 10−17 and the elastic calibration
constant, set to 4.10× 1013, was retrieved as 3.96× 1013. Neither is consistent
within the errors reported, which is believed to be related to the poor fit to
the calibration above 5 km as this is the region with the greatest information
content pertaining to the calibration constants.

As will be shown, these errors do not affect the shape of the retrieved pro-
file, merely its magnitude. As the eventual aim is to produce extinction and
backscatter retrievals with rigorously derived errors, this is not currently ac-
ceptable, but it is hoped with corrections in the implementation of the overlap
function and the use of more stringent SNR limits, the scheme will produce
suitable results.

4.2.3 Retrievals

The retrieval has been applied to a variety of different model atmospheres, two
of which are highlighted in figure 8. These pairs of extinction and backscatter
plots show the simulated aerosol profile in black. A retrieval initialised with the
parameters used to generate the data is plotted in light blue (dark blue with
noise) and one initialised from the calibration scheme is plotted in orange (green
with noise). Errors are not plotted as the forward model errors have not yet
been fully integrated.9

An example of a simple, stable atmosphere with an AOT of 0.125 is shown
in figs. 8a and 8b. A more complex atmosphere with AOT of 0.189, featuring
a thin, Gaussian cloud at 3.3 km and a sinusoid added to the PBL to mimic
aerosol layers, is presented in figs. 8c and 8d. These are used to simulate profiles
from five minutes of observations at night by RACHEL. The parameters used
for the simulation are summarised in tables 2, 4, and 5.

The retrieval initialised to the true parameter values produces a very good
fit of the backscatter for each model atmosphere, with or without noise, cap-
turing the top of the PBL and the cloud very clearly. The smaller sinusoidal
variations are only just detectable above the noise, the limits of which should
be investigated more thoroughly, but are well fit in the absence of noise. An
almost identical backscatter profile is retrieved when initialised with the cali-
bration scheme, but with a high bias. The retrieval is capturing the shape of the

9Current estimates compare favourably to existing schemes for the backscatter retrieval,
of order 1%, but the error on the extinction is reported as significantly greater than 100%.
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aerosol profile, but is incorrectly determining its magnitude due to a calibration
error.

The extinction retrievals are less impressive. Without noise, the retrieval
indicates the degree of smoothing applied to the data is too large, as the top of
the PBL is spread over almost 2 km in fig. 8b and the cloud in fig. 8d is very
poorly fit. However, with noise, the profiles are perturbed to such an extent that
distinguishing features from noise is impossible. They do, on average, follow the
truth and it appears to have fit the cloud, though at a slightly greater height,
but this cannot be distinguished from coincidence. The fit to the boundary
layer is visually better in fig. 8b than the noiseless case, but, in general, there
does not currently appear to be enough sensitivity from the Raman channel.

Normally, such lack of sensitivity would be compensated by increasing the
correlation length expected in the data, but this length is already known to
be too great. As such, it may be necessary to retrieve extinction from Raman
measurements averaged over longer periods than the backscatter. This would
require separating the elastic and Raman signals in the existing code, but by
using a sliding window average rather than strictly adding values together, suf-
ficient signal can be found to improve the retrieval.

4.3 Field measurements

4.3.1 Chilbolton Observatory

The RACHEL system was given its first extensive field test at the Chilbolton
Observatory (51.14◦ N, 1.44◦ W, 84 m) from February to April of 2010. This
rural site hosts a wide variety of meteorological instruments, including a Doppler
lidar, a commercial ceiliometer and Raman lidar, several clear air and cloud
radars, particle sensors, and surface meteorology observations [STFC, 2011]. It
also hosts an AERONET solar radiometer [Woodhouse and Agnew, 2011] and is
only 16 km from radiosonde launches at Larkhill [UK Met Office, 2011], making
the observatory an ideal site to calibrate and validate RACHEL.

In particular, RACHEL can be directly compared to the CUV, which uses a
more energetic beam, fired more rapidly, and observed with a larger telescope,
which should provide an understanding of the limitations of the new system.
An example from during the flight ban after the Eyjafjallajökull eruption in
April 2010 is shown in figure 10. The superior SNR of the CUV is obvious,
clearly resolving layering of the volcanic ash in and just above the PBL10 and
high clouds throughout the day. With minor averaging, RACHEL satisfactorily
resolves features within the PBL during the morning, but observes only the
thickest cloud. It should be noted that at this time, the RACHEL system was
overdue for regular maintenance and the laser was performing at significantly
less than full power.

In the afternoon, it appears that RACHEL gives a different response to the
CUV, with the aerosol more strongly concentrated near the surface. This is
partially a result of the use of a logarithmic colour scale and partially due to
the fact that the RACHEL overlap function peaks at ∼500m and then decreases
to an asymptote as in the green plot of figure 4 whilst the CUV more closely
resembles the black plot, only reaching its maximum value at 1.5 km. This

10The aerosol is identified as ash due to the large depolarisation ratio observed by a Leo-
sphere EZ lidar operated at the site for the University of Reading.
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Figure 10: Uncalibrated ABC (2.19), not corrected for the overlap function,
observed on 19 Apr 2010 during the Eyjafjallajökull eruption at the Chilbolton
Observatory by (a) CUV at its raw resolution of 7.5 m and 20 s (1000 shots);
and (b) RACHEL at raw 9 m resolution averaged over 1 min (1200 shots).

means the systems are most sensitive to PBL aerosols at different heights, giving
visually different fields and demonstrating the importance of calibrating the
systems to properly assess their results.

Despite the outstanding issues with the retrieval scheme developed in this
work, it was applied to the available CUV data as an exploration of its response.
An example of such a retrieval is shown in figure 11, compared to the results of
the Klett algorithm outlined in Section 2.2 at the same resolution. Qualitatively,
the optimal estimation scheme gives a superior result, both with and without
cloud. As expected, the Klett scheme performs poorly in the presence of a cloud
as this will reduce the SNR at the reference level. As the scheme integrates
down from that level, deviations due to noise will be more significant and affect
the quality of the result. In the clearer regions, the difficulties suffered by the
Klett method would indicate that the reference level, here taken at 7 km, is not
actually clear of aerosol. Either the profile should be averaged over a longer
period, such that the reference height may be taken at a greater height which is
more likely to be clear of aerosols or the scattering at the reference level should
be estimated by an ad hoc method [Klett, 1985; Gross et al., 1995].

The optimal estimation scheme performed fairly well, as shown in the bot-
tom two plots of figure 11. It mostly converged within a reasonable number
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Figure 11: Aerosol backscatter on 29 Aug 2007 as derived by the Klett elastic
algorithm (2.17), assuming a clear atmosphere at 7 km and a constant lidar ratio
of 45 (top), and by optimal estimation retrieval, at a resolution of 20 s and 17 m
(second down). For the optimal estimation scheme, the cost per measurement
(third down) and number of iterations to convergence (bottom) are also shown.
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Figure 12: AOT at 355 nm retrieved by optimal estimation from CUV profiles
against simultaneous, co-located AERONET measurements at 340 nm. The
dotted line is the one-to-one line and the solid line, described by the parameters
given on the plot, is the result of a least-squares regression of all black points.
Blue points were found to have a cloud in the lidar’s field of view and were
neglected from the fit.

of iterations to a cost approximately equal to the length of the measurement
vector. However, profiles containing thick cloud cover did not converge.11 The
strong backscatter of a cloud is a long way from the first guess of a clear sky
and it may be that the application of a too stringent a priori variance con-
strains the retrieval to values smaller than are necessary. It is also possible
that multiple scattering within the clouds makes the forward model no longer a
good description of the system, causing the retrieval to fail. More investigation
is required, but if a representation of multiple scattering is deemed necessary
to model cloud observations, the methods outlined in Hogan [2008] should be
appropriate, having been developed from the work of Eloranta [1998] for use in
a joint lidar-radar optimal estimation scheme.

Intriguingly, despite the poor quality of the extinction profiles, it was found
that there is merit in total AOT retrieved. Figure 12 was presented earlier this
year [Povey et al., 2011], where 60 CUV profiles, averaged over one minute,
which were taken coincident with an AERONET measurement at the same site
were processed. The retrieved AOT was taken to be the total optical thickness
retrieved at 10 km (the top of the profile). The AOT at 355 nm was estimated
from AERONET measurements at 340 and 380 nm, assuming AOT is inversely
proportional to wavelength. The plot shows the results of a linear least-square

11The maximum number of iterations was 20.
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regression between the two measures of AOT, where 6 profiles have been ne-
glected from the fit (plotted in blue) as the lidar profile was found to contain a
cloud. A correlation coefficient of 0.9501 was found, with a gradient of 0.9719,
demonstrating a significant one-to-one relationship between the retrieved and
measured quantities, though with a high bias. This plot was produced before
the development of the calibration scheme and it is hoped that, with its com-
pletion, the bias will be corrected in future versions of this plot, serving as a
validation of the retrieval scheme.

In all results presented, each retrieval starts from the same first guess —
the a priori of a clear atmosphere. If, instead, the first guess is taken as the
result of the previous retrieval, the number of iterations required for converge
is significantly reduced. However, by running both forwards and backwards
through the data, different results are obtained. This indicates that the retrieval
is not properly converging and a more stringent threshold needs to be applied.

4.3.2 Central Oxford

In late July 2011, RACHEL was stationed on the roof of the Atmospheric
Physics Building in central Oxford (51.43◦ N, 1.26◦ W, 70 m). Due to technical
difficulties, data collection has not yet begun at this site, but it is hoped that
regular observations of aerosol and cloud over Oxford can begin soon. A first
sample of the data that RACHEL can provide is given in figure 13, showing the
ABC at one minute resolution observed along the zenith. During the afternoon,
a haze layer can clearly be seen and, through the night, cloud at all levels is ob-
served, including the intrusion of a front from 3 AM and possible precipitation
around 5 AM. The system is evidently much better prepared for regular obser-
vations than during its previous deployment, demonstrating greater stability of
laser power.

5 Conclusions

Lidar is a powerful tool for atmospheric profiling, providing unprecedented tem-
poral and spatial resolution within the troposphere. The response of a lidar is
summarised by the lidar equation (2.14), describing the scattering properties of
the atmosphere in terms of volume extinction and backscattering coefficients.
To derive these independently requires measurements beyond just the elastic
scattering of the laser beam. One possibility is the inelastic Raman backscat-
tering of the beam by a well-mixed species in the atmosphere, as summarised
by (2.21).

Retrieval schemes such as those described in Section 2 have proven success-
ful in presenting qualitative observations of the evolution of clouds and aerosols
and in observing turbulent motions, using aerosol as a tracer. However, these
often rely on assumptions about the composition of the aerosol observed, re-
quire extensive smoothing, and cannot provide the rigorously-derived errors of
satellite data products. Considering the small scales over which cloud-aerosol
interactions occur, lidars are well placed to produce results that can complement
satellite data to help understand these processes if data analysis techniques can
be developed to allow better comparison between lidar and satellite data.

As such, an optimal estimation scheme for lidar is under development. This
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Figure 13: ABC observed over Oxford by RACHEL, averaged to 1 min. The
dark region on the morning of the 10th of August is where a neutral density
filter was installed in the channel to reduce detector saturation in the BL. Before
this time, results below 1.5 km should be neglected due to saturation.

derives the aerosol extinction and backscatter from measurements of the elas-
tic scattering and the Raman scattering of nitrogen. A calibration scheme has
also been developed to estimate an instrument’s response when it is impractical
to measure in the laboratory. This uses a simple model of the aerosol extinc-
tion profile in a stable PBL to fit a parametrisation of the overlap function to
observations of a clear night.

Neither scheme is yet complete. The calibration scheme has been shown
to retrieve parameters that permit the primary scheme to accurately retrieve
the shape of the aerosol backscatter profile, but with significant bias in its
magnitude. There is also currently insufficient information available for the
retrieval of the extinction profile, though the aerosol optical thickness derived
from this profile was found to be highly correlated with coincident measurements
by a solar radiometer, indicating the retrieval scheme is qualitatively working.
It is hoped that with alterations to the formulation of the overlap function and
further debugging, the calibration scheme will converge to sufficient accuracy
to permit the primary retrieval scheme to work accurately. If it doesn’t, the
calibration scheme should be abandoned and the methods of Wandinger and
Ansmann [2002] used instead, though this will require an assessment of the
error involved in that method.

The sensitivity of the algorithms to their initial conditions needs to be prop-
erly assessed and, if found to be significant, the values used need to be justified.
Further, the convergence criterion need to be reviewed. However, all of this
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Year three Planned tasks

First quarter Initial data collection in Oxford with RACHEL and outline
of measurement strategy; Installation of weather station;
Validation of retrieval scheme against Chilbolton data;
Submission of paper summarising scheme to peer-reviewed
journal

Second quarter Semi-continuous observation of Oxford and confirmation
of measurement strategy; Streamlining of retrieval code
for more efficient computation; Analysis of data collected
at Chilbolton, including the Eyjafjallajökull eruption

Third quarter Final observations in Oxford with RACHEL; Possible
transfer of RACHEL to new site; Analysis of Oxford data;
Transfer of knowledge of retrieval algorithm to Hovemere
Ltd. for usage in commercial applications; Thesis writing

Fourth quarter Thesis writing; Advising Hovemere

Table 6: Plan of work for year three.

work should be completed this year and both schemes should be submitted for
peer-reviewed publication by Christmas. This would ensure that feedback from
the review process is available before the main work of thesis writing begins.

That thesis is expected to contain eight chapters:

1. Introduction — an overview of the concepts covered in the thesis, includ-
ing a summary of the use of lidars in the study of the atmosphere, the
importance of aerosol to the global energy budget and a review of current
methods of measuring its concentration, and the physics of Raman lidar.

2. The analysis of lidar data — this will derive from section 2 of this report,
summarising the existing methods of interpreting lidar data. Primarily
concentrating on the Klett and Ansmann algorithms, it will review the
known applications and limitations of these methods and discuss how lidar
data is used in conjunction with other data sources, particularly with
regard to aerosol studies.

3. Techniques of Raman lidar — this chapter will outline the technical details
of the lidar systems utilised later in the report, currently the Chilbolton
UV lidar and RACHEL. Schematics of the apparatus and a summary of
the control software and standard practices will be provided.

4. Calibration of a lidar system — a substantial expansion of section 3.3.2,
describing the scheme to determine the overlap function and calibration
constants of a lidar system by fitting an analytic form of the overlap
function and simple model of the extinction profile to measurements of
a clear night with stable PBL. There will also be an assessment of the
accuracy of the scheme compared to existing methods and its application
to simulated and real data.

5. Backscatter and extinction retrieval by optimal estimation — similar to
section 3 of this report, detailing the optimal estimation retrieval scheme
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and evaluating its performance against simulated data.

6. Application of the retrieval — the validation of the retrieval scheme. Fig-
ure 12 will be re-evaluated, comparing AOT retrieved from CUV data
over several years to coincident AERONET measurements. Similar com-
parisons will be performed between retrievals from RACHEL in Oxford
and a portable sun photometer (if a photometer can be obtained). Re-
trieved profiles will be compared with the results of the algorithms dis-
cussed in chapter 2, evaluating the capabilities of the new scheme and its
consistency with existing knowledge.

7. Case studies — this chapter would apply the retrieval algorithm to address
some matters of scientific interest. The content of this chapter is highly
dependant on the success of the data collection campaign with RACHEL
in Oxford, but at the very least would consider two existing data sets.
Firstly, the available CUV data would be processed with an aim to identify
any correlations between the scattering properties of aerosols and distance
from a cloud. If found, such correlations could potentially demonstrate
interactions between clouds and aerosols on scales not usually resolved.
Secondly, observations of the Eyjafjallajökull eruption of April 2010 were
made with several lidars. These will be processed with the aims of (a)
estimating the mean ash concentration for comparison against other esti-
mates from a variety of platforms and (b) investigating the changes in the
aerosol over several days, such as an increase in the lidar ratio which would
indicate a settling of larger particles (which have smaller lidar ratios).

8. Conclusions — a summary of the thesis and assessment of the value of the
retrieval scheme to measurement of aerosols.

The RACHEL system will be deployed in central Oxford until at least April
and preferably for a year. It is important to begin regular measurements as
soon as possible by ensuring the necessary repairs and upgrades are completed
during October. Then a measurement strategy should be developed dependant
on the capabilities of the repaired system. Two particular investigations are
currently considered and one should be selected and pursued.

In the worst acceptable case that the instrument only performs to the stan-
dards observed at Chilbolton in 2010, RACHEL would be used to investigate
the horizontal homogeneity of aerosol in an urban environment. Retrievals of
extinction and backscatter from a single channel can be performed, assuming
horizontal homogeneity, by processing several profiles at different zenith angles
[Althausen et al., 2000; Kovalev et al., 2007]. The validity of such methods can
be investigated utilising RACHEL’s scanning capacity to retrieve extinction and
backscatter around Oxford and determine the length and time scales over which
the aerosol can be considered homogeneous. It is hoped that it will be possible
to resolve sources of aerosol, such as lorry traffic on the A34, in which case the
length scales over which such forcing acts can be investigated.

Oxford is an interesting location as it is a relatively compact city surrounded
in fields and rural terrain. If RACHEL is capable of resolving aerosols up to 10
km away, it should be possible to investigate the mixing of the more polluted
urban air in the city centre with cleaner rural air beyond the ring road, which
should provide insight into the impact of new settlements on surrounding air
quality.
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These case studies all aim to investigate the scales over which aerosol prop-
erties vary. Current satellite studies assume aerosol properties can be averaged
over several hundred kilometers and periods of weeks. However, the processes
by which aerosols are produced, such as combustion, occur over significantly
smaller temporal and physical scales. Further, numerous published lidar papers
detail small-scale variations in aerosol activity under a variety of conditions,
such as urban pollution plumes. This raises the question if the scales at which
aerosols are currently studied is the most suitable compared to the rate with
which they disperse to larger scales. A scanning Raman lidar is the most suit-
able instrument to investigate these interactions due to its superior temporal
and spatial resolution.
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Figure 14: A schematic of the optical axes of a lidar system.

A Derivation of effective area

The overlap function defined in equation (2.8) will have a value of zero very
close to the instrument, where there is no overlap between the laser beam and
telescope’s FOV and will ideally equal unity above some height where they
overlap completely. As such, it is common in lidar work to neglect the overlap
function by only considering measurements from beyond that range. For work
in the free troposphere, this assumption is generally found to be valid [Velotta
et al., 1998]. However, when considering the PBL and ranges less than 2 km, it is
possible that the effective area will be varying in a significant way. A knowledge
of the instrument’s effective area is required to avoid underestimating the true
backscatter in these regions. If the arrangement optical system is well known,
this can be determined from ray tracing software. If not, geometrical optics can
be used to determine an approximate functional form. This appendix derives
such a function, summarised by equations (3.7) and (3.8).

A.1 Overlap of the laser beam and telescope FOV

This section outlines with the method of Halldórsson and Langerholc [1978],
using the notation of Measures [1992, chapter 7.4].

Assume, at first, a simple model of the beam shape with constant intensity
across a circular cross-section of radius w(z),

ψ(z, r) = H[w(z)− |r|], (A.1)

where |r| is the radial distance from the centre of the vertical beam; and H is
the Heaviside step function.

By defining a cylindrical coordinate system (µ, θ, z) about the axes of the
telescope, as shown in figure 14,

|r| =
√
µ2 + d2 − 2dµ cos θ, (A.2)

dA(z, r) = µdµdθ, (A.3)

where d is the perpendicular distance between the optical axis of the laser and
telescope.
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Figure 15: A Cassegrain telescope modelled by a lens, radius RT and focal
length f , with a central obstruction, radius Ro. An object at distance z from
the lens plane and radial distance r from the optical axis is imaged through an
aperture, radius Ra, in a plane a distance ∆ beyond the focal plane. The image
is focused a distance z′ from the focal plane. It produces a spot of radius p on
the lens and a spot of radius p′, centre a distance r′ from the optical axis, in
the image plane.

Substituting (A.1), (A.2), and (A.3) into (2.8),

A(z) =
A0

AL(z)

∫
ψ(z, r) ξ(z, r) dA(z, r),

=
R2
T

w2(z)

∫ ∞
0

∫ 2π

0

H[w(z)− |r|] ξ(z, µ, θ)µdµdθ. (A.4)

The flux that couples with the detector, ξ, is the fraction of the image spot
that passes through the detector’s aperture. The function A(r1, r2;µ) is defined
as the overlap area of two circles, radii r1 and r2, with distance µ between their
centres. Using this,

ξ(r, z) =
A(Ra, R

′
T ;µ′)−A(Ra, R

′
o;µ
′)

πR′2T
, (A.5)

where the second term represents the area obscured by the secondary mirror;
R′T,o are the radii of image spots in the detector’s plane produced by the entire
lens and the obstruction, respectively; and µ′ is the distance between their
centres in that plane.

A Cassegrain telescope, focal length f , can be modelled by the lens system of
figure 15. The radii of the lens, central obstruction, and exit aperture are taken
as the radii of the telescope’s primary and secondary mirrors and the detector’s
aperture, respectively.

Considering the central ray of the lens, the displacement of the centre of the
image spot on the detector from the optical axis, r′, is found to be,

tan Θ =
r

z
=

r′

f + ∆
(A.6)

r′ =
(f + ∆)r

z
≡ γ fr

z
, (A.7)
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where γ = 1 + ∆/f ; ∆ is the displacement of the detector from the focal plane;
and the object is a distance z from the telescope’s plane and radial distance r
from its optical axis.

A similar expression for the radius of the image spot in the detector plane,
p′, can be found in terms of the radius of the illuminated area on the lens, p,
by considering similar triangles about the angle ρ,

p′

p
=
|z′ −∆| cos Θ

(f + z′) cos Θ
=
|z′ −∆|
f + z′

. (A.8)

By the lens maker’s formula,

1

f
=

1

z
+

1

f + z′
, (A.9)

f + z′ =
fz

z − f
, (A.10)

z′ =
f2

z − f
. (A.11)

Substituting this into (A.8),

p′ = p

∣∣∣∣ f2

z − f
−∆

∣∣∣∣
/

fz

z − f
, (A.12)

=
fp

z

∣∣∣∣1 +
∆

f
− ∆z

f2

∣∣∣∣ , (A.13)

= ν(z)
fp

z
, (A.14)

where ν(z) =
∣∣∣γ − ∆z

f2

∣∣∣. The z dependence will be dropped from this expression

for brevity.
Using (A.7) and (A.14) in (A.5),

ξ(µ, z) =
A
(
Ra,

νfRT
z ; γfµz

)
−A

(
Ra,

νfRo
z ; γfµz

)
π (νfRT /z)

2 . (A.15)

It is shown in Appendix A.3 that,

A(r1, r2;µ) =


0, µ ≥ r1 + r2;

πmin[r2
1, r

2
2], µ ≤ |r1 − r2|;

r2
1 cos−1

(
µ2+r21−r

2
2

2µr1

)
+ r2

2 cos−1
(
µ2+r22−r

2
1

2µr2

)
− 1

2 [[(r1 + r2)2 − µ2][µ2 − (r1 − r2)2]]1/2, otherwise.
(A.16)

Using the fourth-order symmetry of this expression,

A(r1, cr2; cµ) ≡ c2A(c−1r1, r2;µ). (A.17)

Hence, equation (A.15) can be rewritten as,

ξ(µ, z) =
1

π

(
γ

νRT

)2 [
A
(
νz

γf
Ra,

ν

γ
RT ;µ

)
−A

(
νz

γf
Ra,

ν

γ
Ro;µ

)]
,
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≡ 1

π

(
γ

νRT

)2

[A (α, ρT ;µ)−A (α, ρo;µ)] , (A.18)

where α = νz
γfRa and ρT,o = ν

γRT,o, again neglecting to denote the z depen-
dence.

Substituting into (A.4),

A(z) =
(γ/ν)2

πw2(z)

∫ ∞
0

∫ 2π

0

H[w(z)− |r|]

× [A (α, ρT ;µ)−A (α, ρo;µ)] µdµdθ. (A.19)

In this, H[w(z) − |r|] represents a circle of radius w(z) centred at a radial
distance d(z) from the optical axis and µdµdθ represents a circle of radius µ
about that axis. Hence, the function A can be used to rewrite (A.19) as,

A(z) =
(γ/ν)2

πw2(z)

∫ w(z)+d(z)

µ=0

[A(α, ρT ;µ)−A(α, ρo;µ)] dA[µ,w(z); d(z)]. (A.20)

where, when there is a misalignment in the axes of the laser and telescope,

d(z) =
√

(δ + φ‖z)2 + (φ⊥z)2, (A.21)

using φ‖,⊥ as the angles between the laser and telescope axes parallel and per-
pendicular to the plane defined by the telescope axis and the laser pupil.

The overlap function can then be expressed as,

A(z) =

[
γ

νw(z)

]2

[SH(ρT , z)− SH(ρo, z)], (A.22)

where the problem is now reduced to solving the integral,

SH(ρ, z) =
1

π

∫ w(z)+d(z)

µ=0

A(α, ρ;µ) dA[µ,w(z); d(z)]. (A.23)

When w(z) + d(z) ≤ |α − ρ| the integrand is constant as the laser beam is
completely within the telescope’s FOV, giving case 2 of (3.8),

SH(ρ, z) =

∫ w(z)+d(z)

µ=0

min[α2, ρ2] dA[µ,w(z); d(z)], (A.24)

= πw2(z)min[α2, ρ2]. (A.25)

Otherwise, integration by parts gives,

SH(ρ, z) =
1

π

{
{A[α, ρ;µ]A[µ,w(z); d(z)]}w(z)+d(z)

0

−
∫ w(z)+d(z)

µ=0

A[µ,w(z); d(z)]dA(α, ρ;µ)

}
. (A.26)

In Appendix A.4 it is shown that,

dA(α, ρ;µ) =

{
−
√

Υ(α, ρ;µ)dµ
µ , |α− ρ| ≤ µ ≤ α+ ρ

0, otherwise,
(A.27)
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Figure 16: Examples of the Halldórsson and Langerholc [1978] model of effective
area for the RACHEL system. The solid lines use a continuous beam profile
and the dashed a Gaussian beam profile. Black — a perfectly aligned system;
Blue — a misaligned system.

where Υ(α, ρ;µ) = [(α+ ρ)2 − µ2][µ2 − (α− ρ)2].
Correcting the original paper of Halldórsson and Langerholc [1978], the limits

of the integral (A.26) are altered such that dA 6= 0. Hence, using (A.16) to
evaluate A[w(z) + d(z), w(z), d(z)],

SH(ρ, z) = w2(z)A[α, ρ;w(z) + d(z)]

+
1

π

∫ Λ

|α−ρ|
A[µ,w(z); d(z)]

√
Υ(α, ρ;µ)

dµ

µ
, (A.28)

where Λ = min[w(z) +d(z), α+ρ]. The first term is non-zero for w+d < α+ρ,
as in cases 7 – 9 of (3.8).

Thus, the overlap function can be determined by numerical integration of
equation (A.28). A generic beam profile may be applied by replacing the H[x]
function of equation (A.19) and evaluating both the radial and angular integrals.
Figure 16 shows examples of the overlap functions for the RACHEL system (see
section 4.1.1) for continuous and Gaussian beam profiles, plotted as solid and
dashed lines respectively, using the same system parameters.

In this work, a flat beam profile is used as it is significantly faster. Though
a flat profile will be a poor model for the beam, this form will be fit to mea-
surements rather than be determined from known parameters. As such, the
parameters derived will not be physically meaningful, but the curve produced
should be a good estimate of the truth.
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A.2 Further evaluation

The integral of equation (A.28) can be cumbersome to evaluate numerically
and often does not converge under a Romberg integration. The efficiency of
this calculation can be significantly improved by moving beyond the work of
Halldórsson and Langerholc [1978] to evaluate this term in various limits. z
dependences will be neglected throughout this section. Firstly, define,

κH(ρ, z) =
1

π

∫ Λ

|α−ρ|
A[µ,w; d]

√
Υ(α, ρ;µ)

dµ

µ
. (A.29)

The integrand is zero where µ ≤ d − w. Hence, if α + ρ ≤ d − w, κH = 0,
being case 1 of (3.8). In general, the lower limit is changed to,

κH(ρ, z) =
1

π

∫ Λ

Γ

A[µ,w; d]
√

Υ(α, ρ;µ)
dµ

µ
, (A.30)

where Γ = max[|α− ρ|, d− w].
The integrand takes one of two forms, depending on if µ ≤ w − d. Hence,

κH(ρ, z) =

∫ w−d

Γ

µ
√

Υ(α, ρ;µ) dµ+

∫ Λ

w−d
A[µ,w; d]

√
Υ(α, ρ;µ)

dµ

µ
, (A.31)

where,

A(µ,w; d) =
1

π

[
µ2 cos−1

(
d2 + µ2 − w2

2dµ

)
+ w2 cos−1

(
d2 − µ2 + w2

2dw

)
−
√

Υ(µ,w; d)

2

]
.

The remaining cases of (3.8) then derive from considering this in various
limits:

• d − w < |α − ρ| < α + ρ < w − d < w + d — The second term of (A.30)
doesn’t exist and κH can be evaluated exactly to give case 3 of (3.8),

κH(ρ, z) =

∫ α+ρ

|α−ρ|
µ
√

Υ(α, ρ;µ) dµ, (A.32)

=

[
µ2 − α2 − ρ2

4

√
Υ(α, ρ;µ)

+2α2ρ2 tan−1

√
µ2 − (α− ρ)2

(α+ ρ)2 − µ2

]α+ρ

|α−ρ|

, (A.33)

= πα2ρ2. (A.34)

• |w − d| < |α − ρ| < Λ — The first term of (A.30) doesn’t exist to give
cases 4 and 7 of (3.8). For α+ ρ < w + d, κH is then integrated by parts
to avoid rounding errors for ρ� 1,

κH(ρ, z) =

∫ Λ

|α−ρ|
A[µ,w; d]

√
Υ(α, ρ;µ)

dµ

µ
, (A.35)
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= [−A(µ,w; d)πA(α, ρ;µ)]
α+ρ
|α−ρ|

+

∫ α+ρ

|α−ρ|
2µ cos−1

(
d2 + µ2 − w2

2dµ

)
A(α, ρ;µ)dµ, (A.36)

= πmin[α2, ρ2]A(|α− ρ|, w; d) (A.37)

+ 2

∫ α+ρ

|α−ρ|
µ cos−1

(
d2 + µ2 − w2

2dµ

)
A(α, ρ;µ)dµ. (A.38)

• |α− ρ| < d−w < Λ — The first term of (A.30) doesn’t exist to give cases
5 and 8 of (3.8),

κH(ρ, z) =

∫ Λ

d−w
A[µ,w; d]

√
Υ(α, ρ;µ)

dµ

µ
. (A.39)

• d − w < |α − ρ| < w − d < Λ — Both terms of (A.30) exist and the first
can be evaluated exactly to give cases 6 and 9 of (3.8),

κH(ρ, z) =

∫ w−d

|α−ρ|
µ
√

Υ(α, ρ;µ) dµ+

∫ Λ

w−d
A[µ,w; d]

√
Υ(α, ρ;µ)

dµ

µ
,

(A.40)

=
(w − d)2 − α2 − ρ2

4

√
Υ(α, ρ;w − d)

+ 2α2ρ2 tan−1

√
(w − d)2 − (α− ρ)2

(α+ ρ)2 − (w − d)2

+

∫ Λ

w−d
A[µ,w; d]

√
Υ(α, ρ;µ)

dµ

µ
. (A.41)

A.3 Overlap area of two circles

A brief consideration is given to the form of A(r1, r2;µ). In the event the circles
completely overlap or do not overlap at all, its evaluation is trivially,

A(r1, r2;µ) =

{
0, µ ≥ r1 + r2;

πmin[r2
1, r

2
2], µ ≤ |r1 − r2|.

(A.42)

Otherwise, consider figure 17. The shaded area A1 is obtained by subtracting
the area of the triangle from that of the sector,

A1 = r2
1 cos−1

(
x∗

r1

)
− x∗y∗. (A.43)

Similarly,

A2 = r2
2 cos−1

(
r − x∗

r2

)
− (r − x∗)y∗. (A.44)

Adding these,

A(r1, r2;µ) = r2
1 cos−1

(
x∗

r1

)
+ r2

2 cos−1

(
µ− x∗

r2

)
− ry∗. (A.45)
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Figure 17: The overlap area of two circles, radii r1 and r2, with a distance µ
between their centres.

The values of x∗ and y∗ are derived by solving the simultaneous equations,

r2
1 = x∗2 + y∗2, (A.46)

r2
2 = (x∗ + µ)2 + y∗2, (A.47)

to give,

x∗ = (µ2 + r2
1 − r2

2)/2µ, (A.48)

y∗ =
√

[(r1 + r2)2 − µ2][µ2 − (r1 − r2)2]/2µ. (A.49)

Hence,

A(r1, r2;µ) =


0, µ ≥ r1 + r2;

πmin[r2
1, r

2
2], µ ≤ |r1 − r2|;

r2
1 cos−1

(
µ2+r21−r

2
2

2µr1

)
+ r2

2 cos−1
(
µ2+r22−r

2
1

2µr2

)
− 1

2 [[(r1 + r2)2 − µ2][µ2 − (r1 − r2)2]]1/2, otherwise.
(A.50)

A.4 Derivative of A
It is obvious from (A.16) when |r1−r2| ≥ µ or µ ≥ r1+r2 that dA(r1, r2;µ) = 0.
By considering where |r1 − r2| ≤ µ ≤ r1 + r2 and using the identity,

Υ(r1, r2;µ) = [(r1 +r2)2−µ2][µ2− (r1−r2)2] = −µ4 +2µ2(r2
1 +r2

2)− (r2
1−r2

2)2,

it can be shown that,

dA(r1, r2;µ)

dµ
= −r2

1

[
1−

(
µ2 + r2

1 − r2
2

2µr1

)2
]−1/2 [

4µ2r1 − 2r1(µ2 + r2
1 − r2

2)

4r2
1µ

2

]
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− µ2
2

[
1−

(
µ2 + r2

2 − r2
1

2µr2

)2
]−1/2 [

4µ2r2 − 2r2(µ2 + r2
2 − r2

1)

4r2
2µ

2

]
− 1

4
[Υ(r1, r2;µ)]−1/2[−4µ3 + 4(r2

1 + r2
2)µ], (A.51)

= −r2
1

[
2µ2r1 − 2r3

1 + 2r1r
2
2

2µr1

√
4µ2r2

1 − (µ2 + r2
1 − r2

2)2

]

− r2
2

[
2µ2r2 − 2r3

2 + 2r2r
2
1

2µr2

√
4µ2r2

2 − (µ2 + r2
2 − r2

1)2

]

− (r2
1 + r2

2)µ− µ3√
Υ(r1, r2;µ)

, (A.52)

= −r1

[
2r1(µ2 − r2

1 + r2
2)

2µ
√
−µ4 + 2µ2(r2

1 + r2
2)− (r2

1 − r2
2)2

]

− r2

[
2r2(µ2 − r2

2 + r2
1

2µ
√
−µ4 + 2µ2(r2

1 + r2
2)− (r2

1 − r2
2)2

]

− (r2
1 + r2

2)µ− µ3√
Υ(r1, r2;µ)

, (A.53)

= −r
2
1(µ2 − r2

1 + r2
2)

µ
√

Υ(r1, r2;µ)
− r2

2(µ2 − r2
2 + r2

1)

µ
√

Υ(r1, r2;µ)
− (r2

1 + r2
2)µ− µ3√

Υ(r1, r2;µ)
,

(A.54)

= −2µ2(r2
1 + r2

2)− (r4
1 + r4

2 − 2r2
1r

2
2)− µ4

µ
√

Υ(r1, r2;µ)
, (A.55)

= −
√

Υ(r1, r2;µ)

µ
. (A.56)

B Common solutions of the lidar equation

B.1 The Klett solution for elastic lidar

The most basic mode of operation for any lidar is its elastic mode. This col-
lects a single profile of the atmosphere, such the backscatter and attenuation
coefficients must be derived from a single measurement at each height. As this
mode should provide the signal of the greatest magnitude, it is important to be
able to analyse it without additional lidar measurements. This is obviously im-
possible without assuming a relation between the backscatter and attenuation
coefficients. The most common of these was first outlined in Klett [1981] and
expanded in Klett [1985].

For a vertically-pointing (R ≡ z), elastic backscatter lidar (λL = λX ≡ λ),
equation (2.14) may be written,

z2E′(λ, z) = EL(λ)
cτd
2
η(λ)A(z)β(λ, z) exp

[
− 2

∫ z

0

α(λ, z′) dz′
]
, (B.1)

S(z) = S0 + ln
A(z)

A(0)
+ ln

β(λ, z)

β0
− 2

∫ z

0

α(λ, z′) dz′, (B.2)
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where S(z) = ln[z2E′(z)]; E′(λ, z) = E(λ, z) − EB(λ); and S0 and β0 are
constants. Differentiating with respect to z and assuming the variation of A(z)
is negligible above some limiting height,

dS

dz
=

1

β

dβ

dz
− 2α. (B.3)

The Klett method assumes that when particulate backscattering dominates
over molecular scattering,

β = B−1αk, (B.4)

where the lidar ratio, B, and the Ångstrom coefficient, k, are determined em-
pirically from field studies. As the extinction and backscatter coefficients are
integrals over the size distributions of gas molecules and aerosols, this assump-
tion is equivalent to stating that the spectral shape and composition of the scat-
terers are spatially invariant and any variations in backscatter are due solely to
variations in scatterer density.

Using this relation, equation (B.3) can be written as,

dS

dz
=
k

α

dα

dz
− 2α. (B.5)

This is a Bernoulli equation which can be solved by introducing the change of
variable w = α−1 to give,

α = exp

[∫
1

k

dS

dz′
dz′
] [
C −

∫
2

k
exp

[∫
1

k

dS

dz′′
dz′′
]

dz

]−1

, (B.6)

where C is an integration constant.
Using the obvious boundary condition at z = 0 regrettably produces a solu-

tion that is not stable to numerical integration and demonstrates an exponential
increase in errors with increasing range [Hughes et al., 1985; Klett, 1981]. By
instead integrating from a reference range zm to z, a stable solution is obtained,

α(z) =
exp

(
S(z)−S(zm)

k

)
α(zm)−1 + 2

k

∫ zm
z

exp
(
S(z′)−S(zm)

k

)
dz′

. (B.7)

When using equation B.4, it is common to assume k = 1 [Gaumet et al., 1998;
Reagan et al., 1989], though the work of Klett [1985] demonstrates that for
transitional regions where spectral characteristics are changing it is better to
use k = 1.3.

B.2 The Ansmann solution for Raman lidar

The nitrogen or oxygen Raman profile alone can be used to derive the ex-
tinction coefficient of the atmosphere. As outlined in Ansmann et al. [1990],
equation (2.21) is rearranged as,

α(λ0, R) + α(λX , R) =
d

dR

[
ln

NX(R)

E′(λX , R)R2

]
, (B.8)

αa(λ0, R) + αa(λX , R) =
d

dR

[
ln

NX(R)

E′(λX , R)R2

]
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−αm(λ0, R)− αm(λX , R), (B.9)

where E′(λX , z) = E(λX , z)− EB(λX).
A wavelength dependence for the aerosol coefficients is assumed,

αa(λ0, R)

αa(λX , R)
=

(
λX
λ0

)k
, (B.10)

where k = 1 for particles comparable in size to λ and k = 0 for larger particles
[Ansmann et al., 1992b].

Hence,

αa(λ,R) =

d
dR

[
ln NX(R)

E′(λX ,R)R2

]
− αm(λ,R)− αm(λX , R)

1 + (λ/λX)k
. (B.11)

C Levenberg-Marquadt iteration

This work uses the methods outlined in Chapter 7 of Rodgers [2000]. This
defines an inverse problem,

y = F (x, b) + ε, (C.1)

which relates the measurement vector, y, to the state vector, x, with an error,
ε, through the forward model, F , which uses the known parameters, b.

The solution, x̂, with the maximal probability of representing the true state
of the atmosphere, given the measurements, known as the maximum a posteriori
solution, is sought. This can be found by using Bayesian statistics and assuming
the probability density functions describing all quantities are Gaussian (or at
least symmetric). In such circumstances,

−2 ln P(y|x) = [y − F (x, b)]TS−1
ε [y − F (x, b)] + c1, (C.2)

where c1 is a constant; S−1
ε =

〈
[y − F (x, b)][y − F (x, b)]T

〉
is the error co-

variance of the measurement; and P(x) stands for the probability of observing
a state x. The prior knowledge of the system is summarised by an a priori
state vector, xa, which, though not necessarily realistic, is also modelled with a
symmetric probability density function such that,

−2 ln P(x) = [x− xa]TS−1
a [x− xa] + c2, (C.3)

where S−1
a is the covariance matrix of the a priori.

Substituting these into Bayes’ Theorem,

P(x|y) =
P(y|x)P(x)

P(y)
, (C.4)

gives the cost function,

−2 ln P(x|y) = [y−F (x, b)]TS−1
ε [y−F (x, b)]+[x−xa]TS−1

a [x−xa]+c3, (C.5)

where it has been assumed that P(y) is a normalising constant.
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The maximum probability state, x̂, is found by equating the derivative of
(C.5) to zero,

0 = ∇x {−2 ln[P(x|y)]} = −[∇xF (x, b)]TS−1
ε [y − F (x, b)] + S−1

a [x− xa].
(C.6)

Defining K(x) = ∇xF (x, b),

−KT (x̂)S−1
ε [y − F (x̂, b)] + S−1

a [x̂− xa] = 0. (C.7)

For a quasi-linear problem, a straightforward Newton iteration can be used.
It states that for the general vector equation g(x) = 0, the solution can be
found by the iteration,

xi+1 = xi − [∇xg(xi)]
−1g(xi). (C.8)

Hence, to solve equation (C.7),

g = −KT (x̂)S−1
ε [y − F (x̂, b)] + S−1

a [x̂− xa], (C.9)

∇xg = S−1
a +KTS−1

ε K − [∇xK
T ]S−1

ε [y − F (x, b)]. (C.10)

For the quasi-linear case the last term of (C.10) is neglected, giving the
Gauss-Newton iteration,

xi+1 = xi + (S−1
a +KT

i S
−1
ε Ki)

−1{KT
i S
−1
ε [y − F (xi, b)]− S−1

a (xi − xa)}.

However, if the forward model is not necessarily quasi-linear, the last term
of (C.10) is instead approximated by γiS

−1
a , where γi is chosen at each step

to reduce the cost function (C.5). This is known as the Levenberg–Marquardt
method,

xi+1 = xi+[(1+γi)S
−1
a +KT

i S
−1
ε Ki]

−1{KT
i S
−1
ε [y−F (xi, ε)]−S−1

a (xi−xa)}.

General practice is that after an iteration, if the cost has increased, γi is
increased by a factor of ten. Otherwise, it is reduced by a factor of two. Iteration
ceases when either the cost function or all elements of the state vector change
by less than some threshold after a step.

D Cubic spline interpolation

The forward model uses the cubic spline scheme outlined in Press et al. [1992,
Section 3.3] to interpolate the backscatter and AOT from the state vector’s
coarse vertical axis, R, onto the measurement vector’s finer axis, z. In this
scheme, the backscatter at an arbitrary point, β(zi), may be expressed in terms
of the backscatter on the state vector axis just below and above this point,
β(Rj) ≡ βj and β(Rj+1) ≡ βj+1 respectively, and their second derivatives as,

β(zi) = Aijβj +Bijβj+1 + Cijβ
′′
j +Dijβ

′′
j+1, (D.1)

where,

Aij =
Rj+1 − zi
Rj+1 −Rj

; Bij = 1−Aij ;
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Cij =
(A3

ij −Aij)(Rj+1 −Rj)2

6
; Dij =

(B3
ij −Bij)(Rj+1 −Rj)2

6
.

By requiring that β(R) has a continuous first derivative, it can be shown
that,

Rj −Rj−1

6
β′′j−1+

Rj+1 −Rj−1

3
β′′j +

Rj+1 −Rj
6

β′′j+1 =
βj+1 − βj
Rj+1 −Rj

− βj − βj−1

Rj −Rj−1
.

(D.2)
This represents a set of N − 2 equations, where N is the number of points on
the state vector axis. This is solved using standard liner algebra routines and
the constraint,

β′′0 = β′′N−1 = 0. (D.3)

E Forward model derivatives

By defining a state vector,
x = [β,α], (E.1)

and a measurement vector,

y = [nel
F ,nra

F ], (E.2)

the K matrix will consist of four sections — Kβ,el, Kβ,ra, Kα,el, and Kα,ra.

E.1 Backscatter

For the calculation of the backscatter component of the forward model’s K
matrix using the cubic spline scheme, it is evident from equation (D.1) that,

K
(β)
ki ∝

∂β(zi)

∂βk
= Aijδjk +Bijδ(j+1)k + Cij

∂β′′j
∂βk

+Dij

∂β′′j+1

∂βk
, (E.3)

where 0 ≤ k ≤ N − 1 and δab is a delta function.
By (D.3), for j = 0 the third term disappears, as does the final term for

j = N − 1. To evaluate these terms for arbitrary j, note that (D.2) is a series
of linear equations of the form,

Eβ′′ = Fβ, (E.4)

where the non-zero terms of E and F are,

E(i−1)i =
Ri −Ri−1

6
; Eii =

Ri+1 −Ri−1

3
; E(i+1)i =

Ri+1 −Ri
6

;

F(i−1)i =
1

Ri −Ri−1
; Fii = − Ri+1 −Ri−1

(Ri+1 −Ri)(Ri −Ri−1)
; F(i+1)i =

1

Ri+1 −Ri
,

for 1 ≤ i ≤ N − 2.
Hence, assuming E is invertible,

β′′j =

N∑
k=1

(E−1F )jkβk, (E.5)
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⇒
∂β′′j
∂βk

= (E−1F )jk. (E.6)

Thus,

∂β(zi)

∂βk
=



Aijδj0 +Bijδ(j+1)0 +Dij(E
−1F )(j+1)0, k = 0;

Aijδj(N−1) +Bijδ(j+1)(N−1)

+Cij(E
−1F )j(N−1) k = N − 1;

Aijδjk +Bijδ(j+1)k + Cij(E
−1F )jk

+Dij(E
−1F )(j+1)k, otherwise.

(E.7)

The elements of the Kβ matrix can then be determined from,

Kβ,el
ki = vel(Ri)A(Ri, ε) exp [−2χi]

∂β(zi)

∂βk
, (E.8)

Kβ,ra
ki = 0. (E.9)

E.2 Extinction

As summarised by equation (3.6), the forward model integrates the extinc-
tion, α(Rl) ≡ αl, by a simple trapezium rule scheme to determine the AOT,
χ(Rl) ≡ χl. This is then interpolated with the cubic spline algorithm onto the
measurement’s vertical axis. Considering the total derivative,

dχ(zi) =

N−1∑
l=0

∂χ(zi)

∂χ(Rl)
dχ(Rl) =

N−1∑
l=0

∂χ(zi)

∂α(Rl)
dα(Rl), (E.10)

≡
N−1∑
l=0

∂χ(zi)

∂χl
dχl

As χ(zi) is interpolated from the values χl, the terms ∂χ(zi)
∂χl

are identical

those described in (E.7) for β. Further, the terms ∂χ(zi)
∂α(Rl)

are proportional to

the terms of the K matrix.
Hence, dividing both sides of (E.10) by dαk,

K
(α)
ki ∝

∂χ(zi)

∂αk
=

N−1∑
l=0

∂χ(zi)

∂χl

∂χl
∂αk

. (E.11)

By (3.6), for 0 ≤ l ≤ N − 1,

χl =

{
R0α0, l = 0;

R0α0 +
∑l
m=1

1
2 (αm + αm−1)(Rm −Rm−1), otherwise.

(E.12)

Hence,

dχl
dαk

=



0, l < k;
1
2 (Rk −Rk−1), l = (k 6= 0);
1
2 (Rk+1 −Rk−1), l > (k 6= 0);
1
2 (R1 +R0), l > (k = 0);

R0, l = k = 0.

(E.13)
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Substituting this and (E.7) into (E.11),

∂χ(zi)

∂αk
=



1
2 (RN−1 −RN−2) ∂χ(zi)

∂χN−1
, k = N − 1;

1
2 (Rk −Rk−1)∂χ(zi)

∂χk

+ 1
2 (Rk+1 −Rk−1)

∑N−1
l=k+1

∂χ(zi)
∂χl

, 0 < k < N − 1;

R0
∂χ(zi)
∂χ0

+ 1
2 (R1 −R0)

∑N−1
l=1

∂χ(zi)
∂χl

, k = 0,

(E.14)

where the partial derivatives are defined in (E.7).
The elements of the Kα matrix can then be determined from,

Kα,el
ki = −2nel(Ri)

∂χ(zi)

∂αk
, (E.15)

Kα,ra
ki = −

(
1 +

λL
λX

)
nra(Ri)

∂χ(zi)

∂αk
. (E.16)

E.3 PMT correction

The correction for the non-linearity of the PMT will change the columns of the
K matrix as,

K∗,el
ki =

Kel
ki(

1 + nel(zk)
n0

τ
(el)
P

τd

)2 , (E.17)

K∗,reki =
Kre
ki(

1 + nre(zk)
n0

τ
(re)
P

τd

)2 . (E.18)

E.4 Overlap function

The parameter retrieval scheme of Section 3.3.2 requires derivatives of the over-
lap function derived in Appendix A with respect to ε. As equation (3.8) is
evaluated using numerical integration, the derivatives of y with respect to the
elements of ε will also require some numerical integration.

E.4.1 With respect to d

The parameters δ, φ‖, and φ⊥ only enter the expression for A(R) through the
variable d. Hence, we consider,

∂A(zi)

∂d
=
( γ

νw

)2
[∣∣∣∣∂SH∂d

∣∣∣∣
zi,

ν
γRT

−
∣∣∣∣∂SH∂d

∣∣∣∣
zi,

ν
γRo

]
, (E.19)

where,

∣∣∣∣∂SH∂d
∣∣∣∣
zi,ρ

=


α+ ρ ≤ d− w

0, or w + d ≤ |α− ρ|
or α+ ρ ≤ w − d;∫max[|w−d|,|α−ρ|]

min[w+d,α+ρ]

√
Υ(α,ρ;µ)Υ(µ,w;d)

πµd dµ, otherwise,
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where the derivatives of A(α, ρ;w + d) and B cancelled with those of the limits
of the integral.

Hence,

K
el|ra
1i =

nel|ra

A(zi, ε)

∂A(zi, ε)

∂di

δ + φ‖zi

di
, (E.20)

K
el|ra
2i =

nel|ra

A(zi, ε)

∂A(zi, ε)

∂di

(δ + φ‖zi)zi

di
, (E.21)

K
el|ra
3i =

nel|ra

A(zi, ε)

∂A(zi, ε)

∂di

φ⊥z
2
i

di
. (E.22)

E.4.2 With respect to ∆

The derivative with respect to ∆ is more involved, as ∆ enters the overlap
function in both γ and ν. Here,

∂γ

∂∆
≡ γ′′ =

1

f
, (E.23)

∂ν

∂∆
≡ ν′′ = sign(ν)

[
γ′′ − zi

f2

]
, (E.24)

∂α

∂∆
≡ α′′ = −Razi

fγ2
γ′′, (E.25)

∂ρX
∂∆
≡ ρ′′X = RX

[
ν′′

γ
− νγ′′

γ2

]
. (E.26)

Thus,

∂A(zi)

∂∆
=
( γ

νw

)2
[∣∣∣∣∂SH∂∆

∣∣∣∣
zi,

ν
γRT

−
∣∣∣∣∂SH∂∆

∣∣∣∣
zi,

ν
γRo

+2
[
SH

(
zi,

ν
γRT

)
− SH

(
zi,

ν
γRo

)](γ′′
γ
− ν′′

ν

)]
, (E.27)

where, integrating
∫

d
d∆

√
Υ(α, ρ;µ)A(µ,w; d) dµ

µ by parts in order to avoid a
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pole in the integrand for numerical evaluation,

∣∣∣∣∂SH∂∆

∣∣∣∣
zi,ρ

=



0, α+ ρ ≤ d− w;

2πw2ς, w + d ≤ |α− ρ|
2παρ(α′′ρ+ αρ′′), α+ ρ ≤ w − d;

πς[A(α+ ρ, w; d) + A(|α− ρ|, w; d)] α+ ρ ≤ w + d

−
∫ α+ρ

|α−ρ| D(ρ, µ) dµ, and |w − d| ≤ |α− ρ|;

πςA(α+ ρ, w; d)−
∫ α+ρ

d−w D(ρ, µ) dµ, α+ ρ ≤ w + d

and |α− ρ| < d− w;

πςA(α+ ρ, w; d)− (w − d)2E(w − d) α+ ρ ≤ w + d

+B′′ −
∫ α+ρ

w−d D(ρ, µ) dµ, and |α− ρ| < w − d;

w2[A′′ + E(w + d)] + πςA(|α− ρ|, w; d) w + d < α+ ρ

−
∫ w+d

|α−ρ| D(ρ, µ) dµ, and |w − d| ≤ |α− ρ|;

w2[A′′ + E(w + d)]−
∫ w+d

d−w D(ρ, µ) dµ, w + d < α+ ρ

and |α− ρ| < w − d
w2[A′′ + E(w + d)]− (w − d)2E(w − d) w + d < α+ ρ

+B′′ −
∫ w+d

w−d D(ρ, µ) dµ, and |α− ρ| < w − d,

ς =

{
αα′′, α < ρ;

ρρ′′, α > ρ,

A′′ = 2

[
αα′′ cos−1 (w + d)2 + α2 − ρ2

2(w + d)α
+ ρρ′′ cos−1 (w + d)2 − α2 + ρ2

2(w + d)ρ

]
B′′ = 4αρ(ρα′′ + αρ′′) tan−1

√
(w − d)2 − (α− ρ)2

(α+ ρ)2 − (w − d)2

−
√

Υ(α, ρ;w − d)(αα′′ + ρρ′′),

D(ρ, µ) =
2µ

π
E(µ) cos−1 d

2 + µ2 − w2

2dµ
,

E(µ) = (αα′′ + ρρ′′) tan−1

[
µ2 − α2 − ρ2√

Υ(α, ρ;µ)

]

+(αα′′ − ρρ′′) tan−1

[
α4 + ρ4 − µ2(α2 + ρ2)− 2α2ρ2

(α2 − ρ2)
√

Υ(α, ρ;µ)

]
,

where E(µ) =
∫

d
d∆

√
Υ(α, ρ, µ) dµ

µ and the the identities A(w + d,w; d) = w2,

A(w − d,w; d) = (w − d)2 and,

E(α+ ρ) = −E(|α− ρ|) =

{
παα′′, α < ρ;

πρρ′′, α > ρ,

have been used.
Hence,

K
el|ra
0i =

nel|ra

A(zi, ε)

∂A(zi, ε)

∂∆
. (E.28)
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