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Abstract

The rotating annulus is a classic laboratory scale analogue for geophysical fluid
flows. There have been over five decades of research into annulus systems, in
a broad range of regimes and altered geometries. Some annulus regimes con-
tain dynamics on multiple scales, posing challenges for traditional fixed mesh
simulations. Others have complicated physical boundaries, which are difficult
to represent in a satisfactory manner using traditional structured meshes. This
report details the first two years of DPhil work in which the in-development
Imperial College Ocean Model (ICOM) is applied to simulations of the ther-
mally driven annulus. ICOM implements new technologies, including the use
of fully unstructured meshes and dynamic mesh adaptivity techniques. Hence
ICOM simulations can allow meshes to conform to system boundaries, and also
to adapt to the dynamics of the flow as they evolve. Previous annulus research
allows ICOM to be validated against a well-studied, carefully controlled labora-
tory system. In addition to this, the technologies under development in ICOM
present an opportunity to simulate the annulus in previously challenging regimes
and geometries.

In this report, ICOM is applied to the classic heat flow rotating annulus and
compared against existing laboratory data. It is shown that the model is able to
reproduce keys features of the flow. It is further shown that the introduction of
dynamic mesh adaptivity influences the resulting solution in unexpected ways.
The application of fully unstructured dynamic mesh adaptivity to simulations
of geophysical fluids is discussed, with emphasis on open questions that are
introduced when transferring techniques from computational fluid dynamics.

Using knowledge of the strengths (and weaknesses) of ICOM technologies de-
rived from comparisons with the heat flow annulus, ICOM is further applied
to simulations of non-standard and traditionally difficult to simulate annulus
geometries. These focus on full radial barrier annulus simulations. Some nu-
merical results for these configurations are presented, compared with previous
work, and used to investigate the physics of the system.
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Chapter 1

Introduction

In the investigation of any physical system there is a competition between the
observations that are required in order to test hypotheses, and the impacts of
those observations on the system under investigation. It is fundamental to sci-
entific investigation that any measured value has an inherent error introduced
by the very act of measurement. This can make direct observations of character-
istics of a system difficult, leading to more indirect or incomplete observations
and with an impact on the resulting conclusions that can be drawn. Worse,
many physical systems, particularly those in geophysical fluid dynamics, are
difficult if not impossible to measure directly at all. It may not always be prac-
tical or technologically possible to take direct measurements of the interiors of
objects such as the Jovian planets, or not be possible to force a system such
as a rotating fluid tank into conditions of interest, such as for very fast or very
slow rates of rotation.

Instead of investigating the system directly, there is much to be gained by tak-
ing one step back and developing a model of the system to be investigated.
Theoretical models are built upon assumptions, often chosen through necessity
in order for the theories to be tractable, but even where this is the case these
assumptions give an insight into which physical features are essential and which
can safely be neglected without significant loss of behaviour [Lorentz, 1967].
Indeed, it is often failures of theories and the resulting necessary relaxation of
assumptions that leads to insight into new physics.

In a not unrelated manner, laboratory models can be constructed to represent
a system that is difficult to control or measure directly. While it is clearly
impossible to capture the full range of atmospheric dynamics in a table-top
experiment, it is possible nevertheless to create a system including just those
features necessary in order to investigate an essential subset of those dynamics
[Hide, 1969, Hide and Mason, 1975]. These laboratory models can then be made
progressively more complex in order to introduce new features present in the
larger modelled system.
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CHAPTER 1. INTRODUCTION 4

While laboratory experiments can go some way to filling gaps in understand-
ing, they can themselves be limited by technological capabilities or the influence
of measurements on the experiment. This DPhil concerns the investigation of
underlying physics of geophysical fluid dynamics. Hence, while there is undoubt-
edly much to be gained from direct modelling via general circulation models, this
DPhil instead focuses on numerical models of laboratory analogues. Numerical
models can be used to explore otherwise inaccessible physical regimes, and can
diagnose physical quantities without the resulting impact of measurement on
the system under observation. Complementary to this, the focus on laboratory
scale analogues filters out many of the features of atmospheric dynamics, en-
abling the essential processes to be studied while simultaneously enabling direct
comparison between numerical model and experiment, ensuring that the model
is a realistic representation of the physical world.

1.1 The Annulus

The annulus is a classic laboratory scale analogue used to allow the investigation
of geophysical fluid dynamics under controllable and reproducible conditions.
Two of the key factors driving the physics of atmospheres, the influence of
rotation and differential heating and cooling [Fultz, 1951], are introduced in
the annulus via rotation of the system about its axis of symmetry and through
differential heating and cooling of the tank inner and outer cylindrical side-walls.

This “base” configuration can be extended depending on the physics of interest
to be studied, through variations in forcing and in geometric or topological char-
acteristics. These experiments have given an extremely detailed picture of the
rotating annulus, allowing much of the physics of the system to be explained and
hence gaining an insight into geophysical fluid dynamics as a whole. However,
the inherent issues with experiment persist. The dynamics of the annulus can
be, depending on the experimental details, highly non-linear, and may be sen-
sitive to intrusive measurement techniques or imprecise experimental control.
A commonly encountered example is the use of in-situ thermocouple measure-
ments, which have been cited as possible causes for inconsistencies between
individual experiments [James et al., 1981], and for inconsistencies between ex-
periment and numerical models [Hignett et al., 1985, Young and Read, 2008a].
Additionally, experiments are limited by what can be physically constructed.
Hence there are significant potential benefits from numerical simulations of the
rotating annulus, in addition to and along side laboratory experiments.

1.2 ICOM / Fluidity

The Imperial College Ocean Model (ICOM) is a next-generation ocean model
being developed by Imperial College London and its collaborators (including
the University of Oxford). ICOM is an application of the general-purpose com-
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putational fluidity dynamics (CFD) framework Fluidity; ICOM simulations are
Fluidity run with a particular set of “ocean mode” model parameters. Fluid-
ity itself is being applied to an extremely wide range of fluid flows, for both
physical and engineering applications. Fluidity includes a range of cutting-edge
numerical techniques, most of which are available for use in ocean-mode ICOM
simulations.

ICOM is, and has been for the duration of this DPhil project, under heavy and
continual development. While this is advantageous, in that new features are
implemented regularly or coding errors are eradicated, it also has a negative
impact on simulation reproducibility and is a source of model instability. This,
combined with the unusually long run-time of ICOM simulations (see chapter
3 for details), acts as an impediment to applied research using ICOM. Several
essential model features have been sufficiently poorly documented, maintained,
or tested, that their use for this project has required their full re-implementation
(details of a new model interface are described in Ham et al. [2008]). In addition
to this, the model is generally lacking diagnostic tools. The use of general
unstructured meshes by the model (described in section 3.1) makes the creation
of new diagnostics technically challenging and time consuming when compared
to structured mesh equivalents. Work to be detailed in the remainder of this
report has been significantly impacted by these issues.

1.3 Projection Description

There are two key motivations for this DPhil project:

1. The advanced numerical techniques implemented and under development
in Fluidity present an opportunity to simulate annulus regimes and ge-
ometries that, due to technical difficulties with existing models, it has
previously proven challenging or impossible to simulate.

2. Fluidity has proven applications in a CFD context, but many of the nu-
merical methods it implements are untested in a geophysical context. The
wealth of previous experimental annulus research, combined with its rel-
ative simplicity (compared to full global ocean modelling), make it an
ideal system for the purposes of validation of ICOM as a geophysical fluid
dynamics model.

Hence the key aims of this project are to:

1. Use the annulus as a validation test case for the purposes of assessing the
applicability (or otherwise) of ICOM technologies in a geophysical context.

2. Based on this assessment, to use applicable technologies for the purposes of
investigating the physics of the rotating annulus in previously inaccessible
regimes and geometries.
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1.4 Summary

The format of this report will be as follows: Chapter 2 will give a brief in-
troduction to the physics of the rotating annulus, from the early experiments
through to the more modern investigations into the higher order dynamics of
the system. It will go on to present key open questions that remain in under-
standing the physics of the rotating annulus, with emphasis on those questions
that have the potential to be addressed through numerical modelling. Chapter
3 will discuss ICOM, listing the technologies that present new opportunities for
simulations of the rotating annulus. Chapter 4 will discuss a validation exercise
conducted using the rotating annulus as a test case, and questions that have
arisen from this validation. Chapter 5 will go on to discuss simulations of a
previously challenging annulus configuration: simulations of the annulus with
a full radial barrier. The report will conclude in chapter 6 with an outline of
work to be conducted in order to complete this DPhil project, together with a
timetable for project completion.



Chapter 2

The Thermally Driven
Annulus

The rotating annulus is a classic laboratory scale analogue for geophysical flows
with over a half a century of research already conducted. In this chapter an
overview of the justifications for the use of annulus experiments as an analogue
for geophysical flows will be given. A key feature of annulus dynamics, baroclinic
instability, will be described, and an overview of observed flow behaviours will
be supplied. To conclude, a summary of more recent research conducted in this
field will be given, together with a summary of key avenues that are open for
numerical research.

2.1 Motivation: The Annulus as a Laboratory
Scale Analogue

There have been efforts to capture the physics of global atmospheric dynamics
on small scales since the mid 19th century. The goals of these experiments, to
quote Lorentz [1967] “consist of suppressing certain supposedly irrelevant details
so that the important processes may be more readily examined” 1. Hence while
atmospheric dynamics are undoubtedly complex, they contain distinct layers
of complexity and may, largely, be driven by a small number of underlying
principles.

Early attempts to produce such analogues were conducted by Vettin [1857].
These experiments, an example of which is shown in figure 2.1, initially used
point-wise heating on a rotating disc of air. Later experiments used ice at the
disc centre, giving a more atmospheric-like thermal forcing and constituting

1This exact quote is in a discussion of theoretical models, although the scope can be
extended as it is stated in the context of laboratory models

7



CHAPTER 2. THE THERMALLY DRIVEN ANNULUS 8

Figure 2.1: A rotating air disk experiment, from Vettin [1857]. A cardboard
disk with glass base and lid is rotated, and heated from below at
a single point. Smoke is blown into the disk (point “e” left) as a
passive tracer. The heating produces a convective cyclone [Fultz
et al., 1959].

an early “dishpan” type laboratory analogue for atmospheric dynamics [Fultz,
1951, Fultz et al., 1959]. The dishpan laboratory analogue is a logical first step
in the construction of a laboratory model for the atmosphere, but it suffers from
setbacks in terms of interpretation - in particular is lacks reproducibility.

In 1950 Raymond Hide, while studing for a PhD in geodesy, applied a similar
principle to the research of motion of the Earth’s outer core, postulating that
a differentially heated rotating annulus could prove a useful analogue for this.
This annulus system was constructed using spare materials, with a configura-
tion as shown in figure 2.2 [Hide, 1953, 2006], and can be thought of as the
standard annulus configuration. On the first run of the experiment a stable
wavenumber four type disturbance was observed within the annulus. This has
since been recognised to be a manifestation of a dynamical shear instability
known as baroclinic instability [Hide and Mason, 1975], early theories of which
are described by Charney [1947] and Eady [1949]. These annulus experiments
were only later recognised for their relevance to atmospheric dynamics [Hide,
2006], and for their similarities to atmospheric flows (see figure 2.3). A key
advantage of these experiments was their reproducibility - this was one of the
breakthroughs supporting early work on deterministic chaos [Lorenz, 1963].

More precisely, the equations governing the dynamics of a system can be re-
expressed in terms of non-dimensional variables (normalisation) generating a
series of dimensionless parameters expressing the scale of a system relative to
system coordinates. The dynamics of two systems with matched dimensionless
parameters in the non-dimensional coordinates (more precisely, the trajectory
of the two systems through phase space) which have an identical initial condi-
tion (starting at the same point in phase space) and boundary conditions must
necessarily be identical, and hence two such systems are said to be “dynamically
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Figure 2.2: A standard thermally driven annulus configuration. The annulus is
rotated about its axis of symmetry at constant rate Ω and the flow
is driven by differential heating and cooling of the inner and outer
side walls, which are held at temperatures TA and TB respectively
(TA 6= TB). The upper lid may be free or in contact with a rigid
boundary.

similar” [Batchelor, 1967]. Hence for an annulus configuration with a given set
of external parameters there is an infinite (in each parameter) set of config-
urations which, in non-dimensional co-ordinates, exhibit the same behaviour.
There are, for a standard free-surface annulus configuration, 30 such dimension-
less parameters [Fowlis and Hide, 1965]. For a Boussinesq model with linear
equation of state and rigid lid only six of these are retained: these are given in
appendix B.

Beyond this standard configuration there are a series of higher order effects that
can be introduced for more realistic representations of certain aspects of atmo-
spheric dynamics. The effect of the variation of rotation influence with latitude
can, to a limited extent due to fluid baroclinicity, be introduced via sloping
upper and/or lower boundaries [Mason, 1975]. The effect of topography can be
introduced with still more complex upper and lower boundaries [Risch, 1999]
and the effect of continental boundaries on ocean dynamics can be simulated
via the insertion of radial barriers [Hide, 1997, Rayer et al., 1998, Wordsworth,
2008].



CHAPTER 2. THE THERMALLY DRIVEN ANNULUS 10

Figure 2.3: Left: A transient wavelike structure (wavenumber 4 to 5) observed
in the antarctic (Galileo composite image) [NASA/JPL]. Right: A
baroclinic wave observed in a thermally driven annulus (from Hide
and Mason [1975], figure 4).

2.2 Sloping Convection

One of the most striking features of a typical (i.e. weakly non-linear with well-
defined waves [Read, 1992]) thermally driven annulus experiment is a wave or
series of wave dominating the flow, as shown in figure 2.3.

Consider a simplified 2D case: fluid in a square cavity subject to gravity and
differentially heated on its side walls. Let this fluid be given an initial condition
of linear temperature variation, varying from left to right. With this initial con-
dition there is a potential energy density gradient creating a gravitational torque
[Hide and Mason, 1975] and driving an overturning circulation. At large time
(and for sufficiently high Rayleigh number) the flow has two distinct regions:
a viscosity dominated region, in which the fluid relaxes towards a non-rotating
stably stratified temperature profile with quasi-horizontal temperature contours
[Read, 1992], and a diffusion dominated boundary layer region with near vertical
temperature contours [Gill, 1966, Read, 1992].

Now let this geometry be extended into the third dimension to form an annular
chamber. In the non-rotating case the dynamics are as in the 2D case, albeit
with a small geometric modification. If the annulus is now rotated about its axis
of symmetry the radial overturning circulation is inhibited by the Coriolis force
- a geostrophically balanced flow cannot be supported in the radial direction, as
no single valued azimuthal pressure gradient can exist to balance an azimuthal
Coriolis force. This inhibits thermal transport from the outer to inner annulus
side walls, leading to an increasingly diffusion dominated interior and acting
to tilt interior temperature contours. Hence density isosurfaces (isopycnals -
parallel to temperature contours for a fluid with a linear equation of state)
become tilted away from the horizontal [Hide and Mason, 1975, Read, 1992]
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Figure 2.4: Two dimensional ICOM simulations of the natural convection in a
square cavity problem for a Boussinesq Prandtl number 0.71 fluid
as described by de Vahl Davis and Jones [1983]. Left: At Rayleigh
number 103 the thermal boundary layers have thickness ∼ 0.2 [Gill,
1966, MORALS] and the dynamics are largely diffusion dominated.
Right: At Rayleigh number 106 the thermal boundary layers have
thickness 0.03/L [Gill, 1966, MORALS] and there is an extensive
advection dominated inner region [Read, 1992, Donea and Huerta,
2003]. 10 temperature contours shown. Typical annulus Rayleigh
numbers are ∼ 107, putting it well in the advection dominated
regime.

creating a definitively baroclinic fluid [Vallis, 2006]. Hence there is a region of
instability (as shown in figure 2.5) within which there is an opportunity for,
in parcel exchange across isopycals, potential energy release. In the rotating
thermally driven annulus the flow is conditionally unstable against “sloping”
convection, with the instability gaining energy via the extraction of potential
energy of the system.

Figure 2.5: Sloping convection - geopotential contours in black, isopycnals in
red [Hide and Mason, 1975]. In fluid parcel exchanges between the
regions indicated there is a net potential energy release.

Note that the presence of baroclinicity is in no sense a sufficient requirement
for sloping convection to actually occur - it is merely a superficial explanation
of the energetics of the instability. It fails to take into account conservation
principles, in particular conservation of potential vorticity. The conservation
principles can be built into more mathematical analyses, often conducted using
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quasi-geostrophic models. Two early such models for this process are described
by Charney [1947] and Eady [1949], with its extension for the annulus in Hide
[1969] and Hide and Mason [1975]. In particular, it should be noted that,
for the annulus, the inclusion of Ekman layer boundary conditions is essential
for Eady-type models to give a realistic description of the instability region
[Barcilon, 1964, Hide, 1969] - the Ekman layers are “active” boundary layers.
Eady-type models themselves appear to be rather an unsatisfactory explanation
of the annulus system, with many of the built-in assumptions (particularly the
assumption of zero bulk potential vorticity and constant stratification) being
generally poorly satisfied in the annulus. Also, the zero bulk potential vorticity
assumption is an apparent violation of the Charney-Stern-Pedlosky conditions
for baroclinic instability [Vallis, 2006], requiring more exotic boundary modified
potential vorticity formulations in order for this contradiction to be resolved
[Bretherton, 1966]. These modifications are not universally accepted as valid
[Green et al., 1987]. These failings have led to attempts to generate more ad-
vanced models incorporating more realistic flow profiles [Bell and White, 1988].
However, the simple “zero potential vorticity” models provide a remarkably ac-
curate description of mode transitions in the annulus [Hide and Mason, 1975].

2.3 Annulus Regimes

For varied choices of external parameters the annulus exhibits a number of
distinct behaviours, or regimes. The broad regimes are, in order of increasing
rate of rotation [Mason, 1975, Read, 1992]:

1. Axisymmetric: There are two distinct axisymmetric regimes, a super-
stratified “upper-symmetrical” Hadley regime with thermal wind balance
in the bulk leading to a prevailing “westerlies” flow, and a diffusion dom-
inated “lower symmetrical” regime.

2. Weakly non-linear: The axisymmetric regime becomes unstable and baro-
clinic instability is observed. The linear instability is equilibrated by non-
linear effects (finite amplitute equilibration).

3. Irregular: A transition to turbulent dynamics.

Within the weakly non-linear regime there are a series of wavenumber mode
transitions (see figure 2.6) together with a number of observed sub-regimes cor-
responding to higher order instabilities. These include amplitude vacillation
(periodic variation in wave amplitude) and structural vacillation (low dimen-
sional chaotic regimes). In addition to this, solutions are not unique for a given
set of external parameters - hysteresis is observed, with wavenumber transition
points being a function of the direction from which they are approached in phase
space [Read, 1992, Sitte and Egbers, 2000].

While there are a number of non-dimensional parameters defining the flow,
annulus regimes are typically defined in terms of just two: the thermal Rossby
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Figure 2.6: A typical annulus regime diagram for thermally driven annulus ex-
periments (here with a free surface), from Fowlis and Hide [1965]
figure 3. Here Π4 = Θ = [gαρ′d]/[(b − a)2Ω2] is the thermal
Rossby number, and Π5 = T = [4(b − a)5Ω2]/[ν2d] the Taylor
number (symbols as in appendix A). The diagonal full lines indicate
lines of constant (TB−TA). The full curved lines indicate centres of
regime transitions, and the bars their width and wavenumber. The
curved dashed lines indicate wavenumber transitions.

number (or Hide number):

Θ =
gα(TB − TA)

Ω2

d

(b− a)2
, (2.1)

and the Taylor number:

T =
Ω2

ν2

4(b− a)5

d
. (2.2)

Here a is the minor annulus radius, b is the major annulus radius, d is the tank
depth, g is the gravitational acceleration, α is the thermal expansion coefficient,
ν is the kinematic viscosity, Ω is the strength of rotation and TA and TB are the
temperatures of the inner and outer tank walls respectively. The Taylor number
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is essentially a rotational Reynolds number, expressing the strength of rotation
relative to viscosity [Lorentz, 1967, Hide and Mason, 1975]. It is empirically
found to be the ordinate that best collapses annulus regimes onto a single regime
diagram in experiment [Fowlis and Hide, 1965] and is a free parameter defining
the location of the regime diagram “knee” (the turning point in the anvil of
instability in a regime diagram as in figure 2.6) when performing linear stability
analysis for the annulus [Hide, 1969]. The thermal Rossby number defines the
strength of buoyancy to rotation. Hence, combined, the Taylor number and
thermal Rossby number give an indication of the two dominating features of
geophysical flows [Lorentz, 1967].

2.4 Previous Work

The original annulus experiments were conducted in the PhD work of R. Hide
[Hide, 1953] with a discussion of the history of the experiments in Hide [2006] and
a definitive summary of the first two decades of research given in Hide and Mason
[1975]. Fultz et al. [1959] details more modern dishpan experiments alongside
annulus experiments. Work on the internally heated annulus is described in Hide
and Mason [1970], while a study of annulus experiments with sloping boundaries
is given in Mason [1975].

More recently, research into annulus experiments with radial barriers has been
conducted by Rayer [1992] and Rayer et al. [1998], with particular reference to
the influence of rotation on simply connected systems and the consequences for
the system thermal transport. Work on finite dimensional chaos is detailed in
Fruh and Read [1997] observed in a “modulated” amplitude vacillation annulus
mode.

In terms of numerical simulations, early work was conducted by Williams [1969]
in which the Navier-Stokes equations were solved on a regular structured mesh
in cylindical coordinates. These simulations reproduced a (quote) “finite ampli-
tude Eady wave”. A somewhat more advanced model for the annulus of a similar
type was developed by Farnell and Plumb [1975, 1976] using a tanh stretched
mesh to concentrate computational resources in the side-wall (thermal) and lid
and base (Ekman) boundary layers (an a-priori adapted mesh). These simula-
tions were compared with experiment in James et al. [1981], where it was noted
that the model gave a good representation of low wavenumber flows, while at
higher wavenumbers discrepencies were attributed to limited grid resolution.
Also, the wavenumber transitions points were found to not correspond exactly
with experiment. Further comparison work was conducted by Hignett et al.
[1985], in which the accuracy of the same finite difference model was tested over
a wider range of regimes, including comparison of the system heat transport to
experiment. The heat transport of the system was found to be poorly repre-
sented by the model, attributed to limitations on model resolution. Still more
recently, this model has been used to investigate heat transport in the context of
eddy parameterisations in Read [2003], for more detailed regime diagram tracing
in Young and Read [2008a] and for work on forecasting techniques in Young and
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Read [2008b]. Taking a slightly different approach, a quasi-geostrophic model
for the annulus is described by Williams et al. [2009], while regime diagram trac-
ing for an annulus-type hemispherical shell geometry using a general circulation
model is described by Geisler et al. [1983].

Simulations of non-standard annulus geometries have been attempted, but are
limited in scope. More general mesh representations were attempted in the
DPhil work of Elliott [1995]. Here, a control volume finite element model was
created, with the aim of being able to study a wide range of annulus problems,
such as sloping annulus geometries. Technical issues prevented this being ap-
plied to full 3D annulus simulations. In Risch [1999] topographic simulations
were conducted, initially using a modified version of the Farnell and Plumb
[1975, 1976] code and (as this was found to be unsuccessful) with a modified
version of an early MIT model. Both implementations suffered from boundary
conforming issues. Simulations of the full radial barrier annulus were conducted
using another modified version of the Farnell and Plumb [1975, 1976] code in
Rayer [1992, 1994], although the model was found to a poor representation of
the horizontal flow in the region of the inner tank wall.

Despite the enormous wealth of experimental data available for the annulus,
there have been remarkably few numerical simulations of the system. The nu-
merical simulations that have been conducted have generally been confined to
the simplest annulus geometries, with a rigid in-contact upper boundary (so
that no prognostic equation for free surface need be solved) and horizontal up-
per and lower boundaries. More exotic simulations such as with radial barriers
or topography have been given little attention. Although this would have been
possible through the work of Elliott [1995], this model has not been success-
fully applied to the full 3D problem. Further to this, many comparison works
have cited lack of model resolution as a source of inconsistency between model
and experiments. Hence unstructured mesh techniques present an opportunity
to simulate more complex domains, while dynamic mesh adaptivity techniques,
in which the mesh can be optimised based upon the flow dynamics, have the
potential to produce simulations of increased accuracy and physical relevance.

2.5 Summary

The thermally driven annulus is a classic analogue for geophysical flows with
decades of previous research. It contains a number of possible flow regimes, in-
cluding laminar axisymmetric, non-linear with fully developed baroclinic waves
with unstable or chaotic sub-regimes, and turbulent regimes. The large wealth
of experimental data makes the thermally driven annulus an ideal test case for
geophysical simulations, while at the same time there are few numerical simu-
lations of non-standard annulus configurations.

The next chapter will described the Imperial College Ocean Model, an ocean
model currently under development with the potential to simulate the ther-
mally driven annulus with increased detail and accuracy, and in regimes and
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geometries that have not previously been studied numerically.



Chapter 3

The Imperial College Ocean
Model

The Imperial College Ocean model (ICOM) is a next-generation ocean model,
currently under development. It is itself an application of the more general
computational fluid dynamics code Fluidity, which has a diverse range of appli-
cations in the study of fluid flows.

This chapter will describe the technologies implemented and being developed for
ICOM, and will detail their potential advantages to simulations of the thermally
driven annulus. The three key technologies implemented in ICOM presenting
opportunities to conduct new annulus related research are that [Pain et al.,
2005]:

1. ICOM uses 3D, anisotropic, unstructured meshes;

2. ICOM has techniques for accurate representation of physical balance on
unstructured meshes;

3. ICOM uses dynamic mesh optimisation techniques.

Each of these technologies will now be described in turn, together with their po-
tential benefits for simulations of the thermally driven annulus and identification
of possible issues.

3.1 Unstructured Finite Element Methods

The current state-of-the-art global ocean models, as well as the Boussinesq
Navier-Stokes model of Farnell and Plumb [1975, 1976] used in Hignett et al.
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[1985], Read [2003] and Young and Read [2008a], are built upon structured finite
difference technologies [Griffies et al., 2000]. ICOM, on the other hand, is being
developed using full 3D anisotropically unstructured finite element methods.

In any numerical simulation, unstructured or otherwise, a finite dimensional
computational domain must be defined, usually through a partitioning into a
computational mesh1. The defining feature of structured meshes is that there is
a prescribed mesh topology with some common, usually simple, neighbourhood
relationship between adjacent nodes and elements (sub-volumes) in the mesh.
This has significant benefits in terms of computational efficiency, as well as
implementation simplicity [Griffies et al., 2000, Chen et al., 2007]. However,
these methods struggle to conform to domain boundaries that are inconsistent
with the prescribed structured mesh connectivity [Chen et al., 2007], as shown in
figure 3.1. This issue can, to some degree, be overcome using shaved or partial
cell methods, or using more exotic space filling curve techniques such as the
Sierpinski curve method of Bader et al. [2008]. However, the point is still valid
that structured meshes, by their very definition, impose constraints upon the
topology that they can support. As will be discussed later in section 3.3, this
imposes limitations upon the application of mesh adaptivity to these methods.

Figure 3.1: Above: A computational mesh used in simulations of the topo-
graphic annulus from Risch [1999] figure 4.5, using a modified ver-
sion of the early MIT model. Note boundary staircasing. Below:
A structured, non-uniform conforming mesh for simulations of the
topographic annulus using ICOM. The apparent mesh complexity
in the latter is caused by visualising slices through tetrahedra.

Unstructured mesh techniques, on the other hand, relax the simple neighbour-
hood relationship constraint on the mesh. In their most common implementa-

1Mesh free (or “particle”) methods are a notable exception.
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tion, domains are divided into simple polytopes with elements sharing adjacent
faces. These can conform to an arbitrary bounding topography in a natural
way. Furthermore, it is, once a general unstructured mesh implementation is
in place, relatively trivial to choose a mesh that resolves internal features with
either a priori or dynamic mesh adaptivity.

Finite difference techniques, while being undoubtedly at present the dominant
method for large scale atmosphere and ocean models, are extremely difficult
to extend to unstructured meshes. In a finite difference discretisation an ap-
proximation for the governing equations is made by replacing derivatives with
differences between nodal values on the mesh. Finite element methods on the
other hand (and related finite volume methods) instead define finite dimensional
basis functions within each element in the mesh. These basis functions are then
used to find an approximate solution to the governing equations (technically a
projection of the solution field onto a discrete subspace). This has the benefit
of defining a solution over the entire computation domain, but more signifi-
cantly can be applied to unstructured mesh methods in an entirely natural way.
Furthermore, the element basis functions used can be chosen to suit the prob-
lem simulated - for example using upwinding of the element basis functions for
advective stabilisation methods, or choosing appropriate solution continuity at
element boundaries with varying degrees of differentiability. This idea will be
returned to in section 3.2, where it will be seen how element choice impacts
balance errors in physical systems.

Figure 3.2: Discretisation comparison. Left: Finite difference - the solution is
defined node-wise. Centre: Piecewise linear continuous finite el-
ement (P1). Right: Piecewise linear discontinuous finite element
(P1D). Note how the discontinuous method captures the sharp gra-
dients, illustrating how element types can be chosen depending on
the application.

There are three primary types of finite element discretisations implemented in
Fluidity; continuous Galerkin (CG), discontinuous Galerkin (DG), and control
volume (CV). In a continuous Galerkin finite element formulation a strong con-
tinuity constraint is imposed on the solution, by insisting that the solution itself
must be continuous everywhere within the simulation domain. In a discontin-
uous Galerkin discretisation this condition is relaxed, and a weak continuity
constraint is applied at element interfaces by imposing that integrated fluxes
over adjoining element boundaries are equal [Donea and Huerta, 2003], but al-
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lowing the solution itself to be discontinuous. DG methods necessarily have an
increased number of degrees of freedom over CG methods for a given set of ele-
ments, but have be shown to give improved accuracy for a given numerical cost
for certain (particularly non-smooth) applications [Sherwin, 2007]. In contrast
to these, in a control volume finite element formulation differential equations
are cast to integral equations concerning fluxes integrated about control volumes
around nodal points (integrated over the dual mesh).

An introduction to finite element methods from the perspective of linear alge-
bra is given in Strang [1988]. A more detailed discussion with application to
flow problems is given in Zienkiewicz and Taylor [2000] and Donea and Huerta
[2003]. Details of upwind stabilisation methods for CG advection problems
are given in Raymond and Garder [1976], Brooks and Hughes [1982], Hughes
[1987], Donea and Huerta [2003] and Ford et al. [2004a]. Detailed discussions
of the control volume finite element method are given in Risch [1999], while de-
tails of flux limiters for control volume methods are given in Sweby [1984] and
Leonard [1991]. The details of the discretisation of the Navier-Stokes equation
and accompanying heat transport equation by Fluidity are given in Ford et al.
[2004a,b] for cubic elements and in Piggott et al. [2008] for simplex elements.
The exact equations solved by Fluidity are given in appendix A

The key benefits of unstructured mesh numerical methods for simulations of
the thermally driven annulus are therefore: that they can conform to bound-
ing topography in a natural way, and that they allow for the application of
mesh adaptivity techniques. Finite element methods additionally define the
solution fields over the entirety of the simulation domain, and not simply at
node points, meaning that in principle diagnostics can be computed in a rigor-
ous manner. Despite their potential benefits, unstructured meshes have been
slow to be adopted for ocean models. While they are not uncommon for coastal
[Chen et al., 2007, Bajo et al., 2008] and tidal modelling, there are key perceived
difficulties with unstructured meshes. They are generally thought to suffer from
problems such as wave scattering at resolution boundaries, difficulties in ac-
curately representing physical balance [Griffies et al., 2000], as well as having
significantly more complex implementations [Chen et al., 2007].

3.2 Balance Considerations

It is of vital importance that a numerical model of a geophysical fluid, such as
the rotating annulus, be able to represent balance accurately. Geophysical flows,
including the rotating annulus, are generally in geostrophic and hydrostatic
balance to leading order. Hence any error in representation of balance can
lead to a serious pollution of numerical solutions. It has been observed that
unstructured mesh simulations of systems that are close to physical balance
suffer from an additional numerical instability, whose nature is similar to the
pressure gradient errors of sigma coordinate models [Haney, 1991, Ford et al.,
2004a].
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The possible sources for numerical balance error will now be discussed, together
with methods implemented in Fluidity for tackling them. The Navier-Stokes
equation for a Boussinesq flow in a rotating frame is:

∂tu+ u · ∇u+ 2Ω× u = − 1
ρ0
∇p+ g + ν∇2u, (3.1)

and the accompanying continuity (mass conservation) equation for an incom-
pressible flow is:

∇ · u = 0, (3.2)

where u is the Eulerian fluid velocity, Ω is rate of rotation with respect to an
inertial frame, ρ0 is the fluid reference density, p is pressure, g is buoyancy
acceleration, ν is the kinematic viscosity and t is time. Equation 3.1 can be
re-written as:

∂tu = − 1
ρ0
∇p+ F, (3.3)

where:

F = −2Ω× u+ g − u · ∇u+ ν∇2u. (3.4)

Performing a Hodge-Helmholz decomposition of the forcing terms F into a scalar
potential φ and vector potential A [Ladyzhenskaya, 1969, Tong et al., 2003,
Wiebel et al., 2004, Wu et al., 2006] gives:

F = ∇φ+∇×A+H, (3.5)

with boundary conditions ∇φ × n = 0 and (∇ × A) · n = 0 (where n is the
unit normal). The conservative term ∇φ is irrotational (curl free) while the
rotational ∇ × A term is solenoidal (divergence free). The residual harmonic
term, H, is both solenoidal and irrotational. Due to the continuity equation
3.2, the Eulerian acceleration ∂tu must itself be solenoidal. Hence, by 3.3, the
pressure gradient term acts, and only acts, to filter the conservative component,
∇φ, of all forcing terms F . This demonstrates how only the rotational compo-
nents of terms in the Navier-Stokes equation can influence the dynamics of the
flow, and hence shows how the dynamics of incompressible flows can be entirely
described using vorticity formulations in which the pressure gradient term is
entirely absent.

Fluidity uses a pressure projection method to solve the Navier-Stokes equation,
which is based upon this Hodge-Helmholtz decomposition method [Donea and
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Huerta, 2003, Piggott et al., 2008]. In the pressure projection method a new
velocity at time tn+1, un+1

∗ , is computed using the old velocity at time tn, un,
from a discretisation of the Navier-Stokes equation 3.1, but using the pressure
solution from the previous timestep, pn. The pressure from tn will not filter all
conservative components of forcing terms at time tn+1, and hence the resulting
un+1
∗ will not be incompressible. Incompressibility is restored via a Hodge-

Helmholz decomposition of un+1
∗ :

un+1
∗ = un+1 −∆t∇(∆p), (3.6)

where ∆t is the timestep and ∆p is a pressure increment, pn+1 = pn +∆p. Tak-
ing the divergence of this equation and imposing the incompressibility constraint
∇ ·un+1 = 0 yields an elliptic problem for the pressure increment ∆p. Hence in
equation 3.6 un+1 is the rotational component of un+1

∗ , while −∆t∇(∆p) is the
conservative component.

Now consider a system that is close to physical balance; to leading order the
pressure gradient force is in near balance with the Coriolis force (geostrophic
balance) and the buoyancy force (hydrostatic balance):

1
ρ0
∇p = −2Ω× u+ g. (3.7)

Note here that in order for such a balance to be possible the Coriolis and buoy-
ancy forces must be (to leading order) pure conservative. Hence balanced states
are irrotational, and a source of numerical balance error can be identified [Cot-
ter, 2009a,b]: the balanced state may not be irrotational in the discrete space. If
the balanced state is not (in the discrete space) irrotational, then the (discrete)
pressure gradient can only act to filter its (discrete) conservative component,
leading to an unphysical coupling between the balanced state and vortical dy-
namics. This is equivalent to saying that the balance equation 3.7 may not hold
exactly in the discrete sense for a balanced flow.

There are two techniques implemented in Fluidity to enable accurate represen-
tation of physical balance. For the first technique, we decompose pressure into
[Ford et al., 2004a, Pain et al., 2005, Piggott et al., 2008]:

p = pg + pr, (3.8)

where pg (referred to at the “balanced pressure” component) filters the con-
servative component of the Coriolis and buoyancy forces, while pr (the residual
pressure component) filters the conservative component of all other terms in the
Navier-Stokes equation:

1
ρ0
∇pg = (−2Ω× u+ g)conservative, (3.9)
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1
ρ0
∇pr = (−u · ∇u+ ν∇2u)conservative. (3.10)

pg can now be solved for by taking the divergence of equation 3.7 to form an
elliptic problem:

∇2pg = −∇ · (2Ω× u+ g), (3.11)

subject to the boundary condition (∇pg + 2Ω × u) · n = 0 on all boundaries.
The Navier-Stokes equation then becomes:

∂tu+ u · ∇u+ 2Ω× u = − 1
ρ0
∇pr + g + ν∇2u− 1

ρ0
∇pg, (3.12)

where pg is explicitly known, and hence the balanced pressure solver acts to
precondition the pressure projection. One is now free to choose a general ele-
ment choice for the balanced pressure component pg, (noting that there is no
limitation imposed here by the Ladyzhenskaya-Babuŝka-Brezzi stability condi-
tion - see Donea and Huerta [2003] for details). Hence, for the P1−P1 element
pair (piecewise linear for velocity, piecewise linear for pressure) a P2 (piecewise
quadratic) element for pg can be chosen - a choice which has the serendipi-
tous property of being able to exactly represent hydrostatic balance for linear
stratification. Note that, even with a piecewise quadratic element choice for
balance pressure, the discrete balance pressure gradient does not map onto the
discrete (piecewise linear) velocity space. Hence the balance pressure gradient
is still not, in the discrete space (and in general), irrotational, and there is still
a residual balance error. The balance pressure preconditioner method does not
guarantee an exact discrete representation of physical balance - only a more
accurate representation.

The second technique uses a mixed DG-CG element pair, P1D−P2 [Cotter et al.,
2009b,a, Comblen et al., 2009], whereby velocity is discretised using piecewise
linear discontinuous basis functions while pressure is discretised using piecewise
quadratic continuous basis functions. This element pair has the property that
the gradient operator in the pressure space maps exactly onto the velocity space.
From this is can be shown [Cotter, 2009a,b] that geostrophically balanced states
are pure conservative in the discrete sense. This element choice is therefore
optimally balanced, rather than simply giving a more accurate representation
of balance.

At the time of writing the P1D−P2 element pair is still at the implementation
and testing stage. P1D −P2 simulations of the annulus with ICOM are techni-
cally possible, but as it is still a highly developmental discretisation and has not
been available for the entirety of this DPhil project, work in the DPhil to date
uses the standard P1−P1 element pair with a P2 balanced pressure precondi-
tioner. A publication on the balanced pressure preconditioner method, including
numerical benchmarks and geophysical examples, is currently in preparation.
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Figure 3.3: A simply connected barotropic source-sink flow on an f-plane for
Reynolds number 1, Rossby number 12.5. These flows are in ex-
act geostrophic balance everywhere and are unaffected by rotation
[Taylor, 1917, Hide, 1997] (see section 5.1). Hence the difference be-
tween non-rotating and rotating simulations gives a measure of the
discrete balance error, shown below for P1 − P1 (black), P1 − P1
with P2 balance pressure preconditioner (red), and the P1D − P2
optimally balanced element pair of [Cotter et al., 2009b] (blue).
Non-dimensional units.

Hence the balance pressure preconditioner method allows accurate (but not
exact) representation of leading order balances even on arbitrarily unstructured
meshes. This is an essential requirement for any simulation of the thermally
driven annulus, and hence is a serious advantage offered by ICOM. However, it
has not yet been shown that this accurate representation of balance is preserved
when moving between meshes, as in dynamic mesh adaptivity. Hence there is a
potential for coupling between balanced and vortical dynamics in mesh-to-mesh
projections, and possibly for coupling between inertial modes and slow Rossby
modes (higher order balance loss) when performing dynamic mesh optimisations.
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Figure 3.4: Left: A static mesh simulation of the thermally driven annu-
lus using the P1 − P1 velocity-pressure element pair with a P2
balance pressure preconditioner (parameters as in table 4.1) for
Ω = 2.674 rad / s. (T − TA)/(TB − TA) = 0.5 isosurface shown.
Right: As left, but with the balance pressure preconditioner dis-
abled. The former exhibits a stable mode four baroclinic wave,
while the latter exhibits an unexpected strongly amplitude vacillat-
ing wavenumber three mode.

3.3 Mesh Adaptivity

As mentioned in section 3.1, there is an inherent computational cost associ-
ated with the move from structured meshes to unstructured meshes. While
unstructured meshes have benefits in terms of their representation of bound-
aries, in order for unstructured simulations to compete with their structured
mesh equivalents it is required that they in some way be able to make more
efficient use of their degrees of freedom. The mechanism for this is mesh adap-
tivity - whereby the mesh resolution is non-uniform (and possibly anisotropic)
throughout the simulation domain.

There are a number of techniques that can be applied in order to introduce
mesh adaptivity:

• Adaptive mesh refinement (AMR);

• Edge- and face-wise element operations (h-adaptivity);

• Mesh perturbation and/or movement (r-adaptivity);

• Element-wise changes of element basis function order (p-adaptivity).
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Adaptive mesh refinement uses nested grids of structured meshes, combining
the benefit of concentrated mesh resolution with structured meshes. AMR can
be implemented for finite difference models. In h-adaptivity, the topology of
the mesh is altered to suit the simulation dynamics, whereas in r-adaptivity
the topology of the mesh remains fixed while the nodal positions move through
space (e.g. in a Lagrangian or “sprung nodes” type manner [Piggott et al.,
2006]). In p-adaptivity the underlying physical mesh is fixed, while the order
of the elemental basis functions is varied. Note that p-adaptivity and AMR
can suffer from “hanging node” problems, although this can be overcome using
discontinuous formulations.

In Fluidity adaptivity is controlled via an error (or adaptivity) metric that de-
fines a Riemannian space [Piggott et al., 2006], within which an optimal element
is measured to have unit size. Given an adaptivity metric the mesh is optimised
through a combination of h- and r- type adaptivity, through local topological
element operations and element perturbations [Pain et al., 2001]. Following the
mesh optimisation the solution fields are “consistently” interpolated by evalu-
ating the solution fields of the donor (old mesh) at the nodes of the target (new
optimised mesh). Consistent interpolation is bounded, but not conservative nor
strictly dissipative (aliasing errors can actually act as negative dissipation).

The primary mechanism for error metric formulation used by Fluidity is interpo-
lation error driven - i.e. the metric relates to the interpolation error associated
with the current mesh. From interpolation theory it follows that, for an element
e, the inf-norm interpolation error ε in a field u is bounded by [Piggott et al.,
2006]:

εe = ‖u−Πhu‖∞ ≤ γ̂maxx∈emaxv|x+v∈e(vT |H(x)|v), (3.13)

where Πh is the Lagrange interpolant, |H| denotes “eigenrecomposition with
absolute value of H eigenvalues” (since positive and negative curvature should
be treated equivalently), γ̂ is some constant that depends on the dimension
and element geometry, H is the Hessian (tensor of second derivatives), x is a
coordinate in the element e and v is some displacement relative to x that is
also in element e. Hence interpolation error driven adaptivity is equivalent to
field curvature driven adaptivity. An interpolation error metric therefore has
the form:

M̂ =
|H|
ε̂
, (3.14)

for some given ε̂ determining the adaptivity sensitivity, and this error metric can
now be used to drive adaptivity. Note that in the error metric formulation 3.13
is defined from the inf-norm interpolation error. This will selectively resolve
only the regions of highest curvature in the simulation [Alauzet et al., 2006].
More advanced metric formulations are possible - for example based upon more
general norms [Zienkiewicz and Zhu, 1991, Alauzet et al., 2006] or using goal
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based (or sensitivity driven) adaptivity metrics [Power et al., 2006]. The former
has only very recently become available for ICOM simulations, while the latter
requires an adjoint model (which ICOM is currently lacking). Hence adaptive
simulations to date make use of the inf-norm interpolation error metric.

Figure 3.5: Left: An adaptive mesh ICOM simulation of a top hat advected
with solid body rotation (in the anti-clockwise sense), with 1139
nodes. Right: A similar static mesh ICOM simulation, with 1089
nodes. The implicit numerical diffusion in the latter is clear.

For the purposes of simulations of the thermally driven annulus, dynamic mesh
adaptivity gives an opportunity to conduct simulations in more exotic annu-
lus regimes containing multi-scale physics where the location of interesting or
physically important regions of the flow cannot be predicted a priori, and for
which the global refinement capable of resolving these features would be ru-
inously computationally expensive. It also has the potential to simulate the
annulus at a higher accuracy for a given computational cost, leading to a closer
representation of experiment [Farrell, 2008]. However, it is currently unproven
in a geophysical context. In particular, it has yet to be established that met-
rics based upon numerical accuracy (such as the inf-norm interpolation error)
are appropriate. Also, the influence of mesh-to-mesh projections on geophysical
simulations has yet to be determined.

A paper detailing the parallel implementation of the ICOM mesh optimisation
procedure has recently been submitted using the annulus as a numerical bench-
mark.

3.4 Summary

Key technologies implemented in Fluidity and of relevance to simulations of the
thermally driven annulus have been discussed. The benefits of unstructured
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mesh simulations have been identified, and include the ability to conform to
bounding topography and their suitability for the application of dynamic mesh
adaptivity. Potential problems with the use of unstructured meshes include
issues with wave propagation through resolution gradients, issues with accurate
representation of physical balance, and computational cost. Techniques for the
solution of the latter two of these issues were supplied, with balanced pressure
preconditioner and optimally balanced element methods for the former, and
dynamic mesh adaptivity methods for the latter.

A remaining issue of key relevance to simulations of the thermally driven annu-
lus is that, while many of the technologies implemented in Fluidity have been
proven in a CFD context, many remain unproven in a geophysical context.
A consequence of this is that there is generally a lack of accepted geophysical
adaptivity metrics and mesh-to-mesh projection validation. The following chap-
ter will detail work undertaken in this DPhil project to validate key Fluidity
technologies, and to identify strengths and weaknesses with Fluidity methods.



Chapter 4

Model Validation

While the key model advantages offered by ICOM described in the previous
chapter undoubtedly have promise for new, more detailed and more accurate
simulations of the thermally driven annulus, there are a number of potential
issues associated with transferring the techniques from the field in which they
were developed, primarily a CFD context, to the field of simulations of geophys-
ical fluids.

This chapter details work on validation of ICOM as a model for the thermally
driven annulus when run using a static structured mesh. It further details the
validation of the technique of fully unstructured dynamic mesh adaptivity, in
order to identify potential issues with its translation from a CFD context to
simulations of the thermally driven annulus.

Recently, a coding error in the CFL number diagnostic (used to choose the
timestep for adaptive timestepping) was identified. Hence there are some in-
consistencies between the earlier simulations (used for figures 4.2, 4.3, 4.4, 4.8,
4.10 and 4.12) and more recent simulations (used for figures 4.5, 4.6, 4.7 and
4.11). The heat transport validation suite is being repeated in order to re-
solve this issue. However, this issue is not expected to significantly alter the
conclusions of this chapter.

4.1 Verification versus Validation

There are, broadly speaking, three key requirements in assessing the perfor-
mance of a model code:

1. Model verification;

2. Model validation;

29
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3. Model performance.

Point 1 assesses and asserts that the numerical model is an implementation of
the underlying numerical schemes; it assesses purely that there are no implemen-
tation flaws that have been introduced in translating numerical schemes from
paper to program. A particularly powerful example of this is the “method of
manufactured solutions” (MMS) [Salari and Knupp, 2000, Roache, 2002, Farrell
et al., 2008], in which one selectively chooses model parameters so as to artifi-
cially construct an analytically soluble equation, thereby ensuring consistency
of the numerical solution with respect to the continuous equations. Model ver-
ification is an essential step in the implementation of a numerical model, but
is insufficient for the purposes of physical application. It is, trivially, a neces-
sary requirement of a model, but it does not in any sense guarantee that the
model gives us a useful representation of the physical world - atmosphere or
ocean models are rarely run to convergence and are usually, due to limitations
on computational resources, run at their very limits of stability and resolution.
Hence point 2, model validation, in which an application of a numerical model
is applied directly to simulations of physical systems. This is qualified by point
3; it is not useful for it to be merely theoretically possible for a model to be
applied to a system - the model must instead be capable of reproducing the key
physical system properties when used with a realistic (and ideally competitive)
configuration.

Whilst validation against existing models is certainly a useful approach, the
real strength of the annulus as a geophysical test case is its wealth of previous
laboratory research. Hence the validation focuses on comparison of numerical
simulations with existing laboratory data.

4.2 Heat Transport Validation

As a first step we seek to validate the global performance of the representa-
tion of the dynamics of the thermally driven annulus by ICOM. Such a useful
global measure is the system heat transport, conveniently defined via the non-
dimensional Nusselt number expressing the heat transport integrated over some
surface as compared to the heat transport of a solid of equal conductivity to the
fluid. Integrating over the annulus inner wall this gives [Read, 2003]:

Nu =
Hln(b/a)

2πκdρ0c∆T
, (4.1)

where H is the heat transport (a power), a, b and d are as in figure 2.2, κ is
the system diffusivity, ρ0 is the reference density, c is the specific heat capacity,
and ∆T is the tank thermal forcing. A system Peclet number defining the
normalised advective heat transport is given by Pe = Nu − 1. Re-writing this
in a more diagnostically useful form:
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Nu =
ln(b/a)
2πd∆T

∫
∇T · dn. (4.2)

Noting that, as described in section 3.1, finite element methods define the so-
lution over the entire computational domain, this integral can be performed
exactly from the model solution:

Nu =
ln(b/a)
2πd∆T

∑
i,j

Ti
dNi

dxj
· dnj , (4.3)

where Ni are the elemental basis functions, Ti are the nodal temperature values
and ni are the element surface normals. Hence system heat transports can be
diagnosed for arbitrary unstructured meshes. This diagnostic has itself been
verified using the cavity convection numerical benchmark of de Vahl Davis and
Jones [1983], shown in figure 4.1. Null testing (for pure diffusive flows, and
for no-flux boundaries of annulus simulations) indicate that this diagnostic is
accurate to ∼ 1 % for typical annulus simulations with ICOM.

Figure 4.1: Convergence testing using ICOM of the Nusselt number diagnos-
tic defined by equation 4.2, tested against the de Vahl Davis and
Jones [1983] Prandlt number 0.71 cavity convection benchmark at
Rayleigh number 106. Uniform mesh simulations are shown in black,
and inf-norm interpolation error driven (as in equation 3.13) mesh
adaptive simulations are shown adapting to the temperature field in
red, and adapting to the velocity field in blue.

For the standard open tank thermally driven annulus with a rigid lid, the contri-
butions to the system heat heat transport are: flux through the Ekman layers,
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ventilation by the interior baroclinic eddies, and diffusion. At very low rotation
rate and for annulus parameters (Ra ∼ 107) an additional convective overturn-
ing is expected, characteristic of natural convection. A more detailed discussion
of these transport mechanisms, and transitions between natural convection and
Ekman layer transport regimes, is given in Read [1992].

It has previously been noted that once baroclinic eddies are allowed to develop
the system heat transport is observed to remain remarkably close to its non-
rotating value through a number of regime and wavenumber transitions [Read,
2003]. In this way the baroclinic wave can be considered a ventilation mechanism
whereby the system adds, at increasing rotation rate, additional eddies in order
to maintain its non-rotating advective transport.

There are therefore a number of benefits in using the system heat transport for
model validation. It it dependent upon a range of physical processes and hence
is sensitive to: poor representation of boundary layers, poor representation of
advection, and poor representation of the dynamics of baroclinic instability.
All of these must be captured in order to give a (consistently) good measured
heat transport. It is also expected that the system heat transport should, for
non-turbulent regimes, remain confined to a relatively narrow range of values.
In addition to this it is a single value including information about the global
system dynamics, greatly aiding comparison.

4.3 Static Structured Mesh Simulations

Static structured mesh simulations were conducted with system parameters as
given in table 4.1. Rather than using a uniform mesh, it was decided that
the two directional tanh stretch mesh of Farnell and Plumb [1975, 1976], re-
solving both the buoyancy and Ekman boundary layers, would be used. The
static mesh had a resolution of 24 × 24 × 64 nodes in radius, depth, and az-
imuth respectively. This mesh choice enables a comparison of adaptive mesh
methods with a pre-existing and accepted a-priori adapted mesh. The model
configuration details were: centred P1 − P1 (piecewise linear for velocity and
pressure) CG discretisation for momentum with P2 balanced pressure precon-
ditioner to increase balance accuracy, and CV discretisation for temperature
with Sweby limiter to avoid artificial numerical stratification as a result of over-
and under-shoot errors. An implicit Crank-Nicholson timestepping scheme was
used [Piggott et al., 2008] with an a-posteriori adaptive timestep targetting a
maximum Courant-Friedrichs-Lewy number [Courant et al., 1928] of 2.5. Early
simulations were initialised using output from the MORALS model1 from non-
matched physical parameters, in order to decrease model spin-up time. More
recent simulations are significantly faster as a result of ongoing ICOM optimisa-
tions, and hence later simulations are initialised with no-flow and internal linear
stratification. The model was integrated for a nominal simulation time of 2000s
to 4000s. As a result of the extremely long run-time of these simulations, typ-
ically lasting several processor weeks, many were terminated prior to reaching

1Courtesy Roland Young
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simulation completion. Simulations at rotation rates of Ω >= 3.513 rad / s
were observed to be numerically unstable in a manner consistent with advective
instability of the momentum discretisation. No upwind stabilisation schemes
were available at the time of these simulations, and hence rotation rates are
limited to the range Ω = 0.608 rad / s to Ω = 2.764 rad / s.

Table 4.1: Parameters used for simulations of the standard thermally driven
annulus. These parameters correspond to those used in Read [2003].

Parameter Symbol Value
Minor radius a 2.5 cm
Major radius a 8.0 cm
Depth d 14.0 cm
Thermal forcing TB − TA 4 K
Kinematic viscosity ν 1.3× 10−2 cm2 / s
Thermal diffusivity κ 1.03× 10−3 cm2 / s
Thermal expansion coefficient α 3.3× 10−4 / K
Gravitational acceleration g 981 cm / s2

Rotation rate Ω 0.608 to 2.764 rad / s
Prandlt number Pr 14
Thermal Rossby number Θ 1.6 to 0.078
Taylor number Ta 1.2× 106 to 2.5× 107

The numerical simulations were compared directly against laboratory heat flow
annulus data for matching physical parameters [Read, 2003]. Laboratory mea-
surements of the system heat transport are quoted to be accurate to within
an error of +- 2.5% [Read, 2003]. The laboratory system contained an in-situ
thermocouple array.

An overview of the observed baroclinic wave modes for these simulations is
given in figure 4.2. The wavenumber transition regions are consistent with
those observed in experiment. There is also evidence of amplitiude vacillation,
particularly in the region immediately surround the 2/3 mode transition. An
overview of the final system heat transport for these simulations is given in
figure 4.4.

The simulated system heat transport is observed to be broadly consistent with
the laboratory measurements. In particular, the simulated heat transport is,
as expected, very nearly uniform throughout the range of rotation rates simu-
lated, consistent with a baroclinic wave ventilation mechanism. Furthermore,
the simulated heat transport is within experimental errors bars for 4 of the 10
simulations. There is some evidence for a decrease in the simulated heat trans-
port for the highest rotation rates, possibly an indication of decreasing model
stability at increased Reynolds numbers. Since it is known that the system
heat transport is rather difficult to reproduce in numerical simulations, ICOM
is judged to be performing well for this diagnostic in the steady wave annulus
regime.
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Figure 4.2: Sketch regime diagram for the static mesh ICOM simulations of the
thermally driven annulus, indicating a series of wavenumber transi-
tions. S = steady wavenumber mode, AV = amplitude vacillation,
wAV = weakly amplitude vacillating.

Figure 4.3: Hovmöller plot formed from the mid-point (r = 5.25 cm, z = 7.0
cm) temperature field for a static mesh ICOM simulation of the
thermally driven annulus at Ω = 0.838 rad / s. Normalised tem-
perature (T − TA)/(TB − TA) shown. This simulation exhibits a
wavenumber 3 amplitude vacillating mode.

4.4 Adaptive Mesh Simulations

The static mesh configuration was altered to use an anisotropic dynamically
adaptive mesh. Adaptivity metric tolerances (ε̂ in equation 3.14) were chosen
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Figure 4.4: Heat transport measurements for fixed mesh ICOM simulations of
the thermally driven annulus annulus (black) and experimental ob-
servations (red). Here m denotes the wave number (cross = wave
number 2, triangle = wave number 3, square = wave number 4).

for all three components of velocity, for temperature, and for the “balance pres-
sure” component of pressure. The metric tolerances were chosen so as to give
a good, by eye, mesh for the Ω = 1 rad / s simulation, and were then scaled
according to field magnitudes for all other simulations. Consistent interpolation
was used for all fields, and mesh adapts performed every 20 timesteps. Many
of the dynamically adaptive meshes generated contained many more degrees of
freedom when compared to their static mesh equivalents. Hence the simulated
times for the adaptive mesh simulations were generally considerably lower than
the static simulations. However, it was noted from the static simulations that
the system heat transport generally approached close to its final value relatively
early in the simulation, once the baroclinic wave had developed. Hence the
reduced simulation time is not expected to have a significant influence on the
final measured system heat transport.

An example of the system heat transport for an Ω = 1 rad/s simulation is given
in figure 4.7. There is an unfavourable comparison of the system heat transport
both against experiment and against the static simulations, indicating a 1.2, or
∼10%, decrease in the normalised system heat transport. This is in addition to
the static simulation having only 36864 degrees of freedom, and the adaptive
having an average of 65973. Hence, even discounting the not insignificant cost
of error metric assembly, mesh adaptivity and parallel re-load-balancing, the
adaptive simulation is nearly twice as expensive as the static simulation, and
has a decreased accuracy with respect to the heat transport diagnostic. This
result extends across the whole range of rotation rates, and shown in figure 4.8.
Hence, ICOM in full anisotropic mesh adaptive mode is judged to be performing
relatively poorly for this diagnostic in the steady wave annulus regime and for
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Figure 4.5: Adaptive mesh ICOM simulation of the thermally driven annulus
at rotation rate Ω = 1 rad / s. Showing normalised temperature
(T − TA)/(TB − TA) with 20 contours, slicing through the annulus
horizontally and vertically.

this configuration.

4.5 Mesh Adaptivity Errors

Mesh adaptivity is a four stage process:

1. Assembly of an adaptivity (or quality) metric from the solution fields;

2. Optimisation of the simulation mesh based upon that adaptivity metric
during a mesh adapt;

3. Projection of the simulation fields from the original, sub-optimal, mesh to
the new, optimised, mesh;

4. (In parallel) Re-load-balancing to re-distribute the problem across pro-
cesses.

Hence from this two possible causes for the decrease in performance as measured
against laboratory heat transport data can be identified: the mesh adaptivity
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Figure 4.6: Inner wall heat fluxes for ICOM simulations of the thermally
driven annulus at Ω = 1 rad / s. Left: Static mesh simula-
tion. Right: Dynamic mesh adaptive simulation. Displayed flux
is (∇ T . n) / (TB − TA) in units of /cm, with negative indicating
flux out of the domain. The intense localised Ekman layer trans-
port is clearly visible in the upper region, and the influence of the
baroclinic wave on the thermal boundary layer can be seen forming
a banded mode three structure in the lower region.

Figure 4.7: Heat transport measurements for Ω = 1 rad / s simulations of the
thermally driven annulus. The static mesh transport is shown in
black, the adaptive mesh in blue, and laboratory measurement in
red (with error bars).

metric may be unsuitable and give a reduced accuracy when compared to the
manually optimised Farnell and Plumb [1975, 1976] tanh stretch mesh, or the
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Figure 4.8: Heat transport measurements for adaptive mesh ICOM simulations
of the thermally driven annulus annulus (blue) and experimental
observations (red). Comparable static mesh simulations are shown
in black. Here m denotes the wave number (cross = wave number
2, triangle = wave number 3, square = wave number 4).

mesh-to-mesh projection may introduce additional errors in the simulation. In
addition to this, it is possible that the converged model solution differs from the
laboratory solution, perhaps as a result of the presence of in-situ thermocouples
in experiment.

A series of simulations were conducted in order to determine which of these is
the cause of the reduced measured heat transport in adaptive mesh ICOM sim-
ulations. First, an adaptivity metric was formed directly from the Farnell and
Plumb [1975, 1976] tanh stretch mesh, via a polar decomposition of the Jaco-
bian matrices mapping elements to the unit tetrahedron [Micheletti and Perotto,
2006]. From this metric a new mesh of locally equal resolution to the structured
tanh stretch mesh was generated using the mesh optimisation library. This pro-
cess was iterated to generate ten such unstructured meshes, thereby giving ten
meshes of locally equal resolution. ICOM was then instructed to “flick” between
these meshes at 20 timesteps intervals. The flicking simulation was observed to
be polluted with high frequency noise, and yielded an unstable wavenumber five
mode. A comparable static mesh simulation yielded a wavenumber four mode.
The heat transport for this simulation is shown in figure 4.10. Here it can be
seen that the mere act of changing between meshes of locally equal resolution
leads to a drop in the measured system heat transport.

A second simulation was conducted using the final, optimised, mesh from a full
dynamically adaptive simulation. A simulation was then conducted using this
mesh in static mode. The resulting simulation is shown in figure 4.11. Note a
small increase in the measured system heat transport.
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Figure 4.9: Above: Farnell and Plumb [1975, 1976] tanh stretch mesh at Ω =
2.764 rad / s. Lower left: An unstructured mesh of locally equal
resolution to the tanh stretch mesh. Lower right: Mesh from a
dynamically adaptive ICOM simulation at Ω = 2.764 rad / s.

From these simulations it seems likely that the influence of the adaptivity metric
can be discounted as a direct cause of inconsistency with experimental observa-
tions. Very recently, high resolution simulations have shown a decreases mea-
sured heat transport. Hence it is possible that there is a difference between the
converged model solution and experimental observations. Further simulations
are needed to investigate this. Despite this, the equal resolution mesh “flicking”
simulation and the static simulation using a final adapted mesh show that there
is a non-negligable affect on the measured system behaviour purely as a result
of the mesh-to-mesh projection used in mesh adaptivity.

4.6 Mesh Projections

At the start of this project the only mesh-to-mesh projection available in adap-
tive mesh ICOM simulations was consistent interpolation (see section 3.3). This
is advantageous in that the projection method is computationally cheap but, as
discussed previously, the method is not conservative nor strictly dissipative.
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Figure 4.10: Heat transport measurements for a locally equal resolution mesh
“flicking” simulation of the thermally driven annulus for Ω =
2.764 rad / s (shown in blue) and a comparable static mesh simu-
lation (black). Note that these simulations did not have the same
dominant wavenumber - the flicking simulation was an unstable
wavenumber five, while the static mesh simulation was a stable
wavenumber four. A comparable laboratory measurement for a
wavenumber four simulation in shown is red (with error bars).

As a result of the evidence presented in the previous section for the influence
of mesh-to-mesh projections on adaptive mesh annulus simulations, work was
undertaken to create a more suitable projection method. The method imple-
mented is an extension of the Galerkin projection via supermesh construction
described in Farrell et al. [2009]. This method solves the equation A = B via
Galerkin projection:

∑
j

NiNjAj =
∑

j

NiMjBj , (4.4)

where Ni are the elemental basis functions on the target mesh, Mi are the
elemental basis functions on the donor mesh, and Ai and Bj are the nodal
values of A and B respectively. The “mixed mass” contribution NiMj must
be formed via a numerical quadrature that can integrate, with zero numerical
error, piecewise polynomials defined over intersecting elements. Since finite
elements are essentially a method for performing integrals over complicated
domains, this numerical quadrature can be performed by, for each element in
the donor mesh, generating a “supermesh” containing all nodes and faces from
the target that intersect with the donor element. Farrell et al. [2009] describes
a method for constructing global supermeshes, that is, the intersection of all
donor element with all target elements, implemented in 2D. The constuction
of a global supermesh for 3D simulations would be extremely computationally
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Figure 4.11: Heat transport measurements for Ω = 1 rad / s simulations of the
thermally driven annulus. The static mesh transport is shown in
black, adaptive mesh with consistent interpolation in dark blue,
adaptive mesh with conservative Galerkin projection in green, a
static mesh simulation using a final adapted mesh in light blue,
and the laboratory measurement in red (with error bars).

expensive. Hence this method has since been extended to use local (element-
wise) supermeshing, and has also been extended to 3D. A publication detailing
this method and its application to annulus simulations is in preparation.

Galerkin projection is a conservative projection method that minimises the mean
square error between the donor field and projected field. The method is not
bounded, but this failing can be tackled using minimally diffusive bounding
methods as described in Farrell et al. [2009].

An adaptive mesh annulus simulation using Galerkin projection is shown in
figure 4.11. It can be seen that, whilst the simulation using Galerkin projec-
tion is smoother than the consistent interpolation equivalent, the system heat
transport is largely unaltered.

4.7 Balance Considerations

Figure 3.4 shows static mesh simulations conducted with and without the P2
balance pressure preconditioner, discussed in depth in section 3.2. The simu-
lation without the balance pressure preconditioner exhibits a strong amplitude
vacillating wavenumber three mode, while the simulation using the balance pres-
sure preconditioner exhibits a stable wavenumber four mode. Comparing the
heat transports for these two simulations (seen in figure 4.12), it can be seen that
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the simulation without the balance pressure preconditioner has an enormously
reduced simulated heat transport. Hence it is possible that the failure to take
leading order balance into account when performing mesh-to-mesh projections,
even the conservative Galerkin projection method described in the previous
section, may be a significant cause of the reduced simulated heat transport
for adaptive mesh simulations. It is therefore possible that a decomposition
method, possibly based upon the Hodge-Helmholz decomposition method as for
the balance pressure preconditioner, may have some benefits for these simula-
tions.

Figure 4.12: Heat transport with (black) and without (blue) the P2 bal-
ance pressure preconditioner for Ω = 2.674 rad / s simulations
of the thermally driven annulus. The former exhibits a stable
wavenumber four, while the latter exhibits an amplitude vacillat-
ing wavenumber three. Wavenumber three and four laboratory
observations are shown in grey and red respectively (with error
bars). The heat transport of the simulation with balance pressure
disabled is unphysically low for these system parameters.

4.8 Summary

The thermally driven annulus has been simulated using ICOM with both a
priori adapted tanh stretch static meshes and full dynamic mesh adaptivity. The
static mesh simulations are seen to compare well to laboratory observation of the
system heat transport, while the adaptive mesh simulations are seen to compare
relatively poorly. Further testing has revealed that mesh-to-mesh projections
alone can be responsible for reductions in the simulated heat transport. A
conservative projection mechanism was developed and applied to the annulus,
but this shows little benefit in terms of the measured system heat transport.

In order for more concrete conclusions to be drawn, further work will focus
on comparing other system diagnostics with experiment. In particular, in-situ
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thermocouple measurements are available for all of the configurations simulated.
The amplitude of the wave modes in numerical simulations will be compared
directly against laboratory values. In addition to this, higher resolution static
simulations are required for a sample of rotation rates, in order to determine
(as closely as possible) converged model values for the important diagnostic
quantities.



Chapter 5

The Radial Barrier Annulus

One of the defining characteristics of the standard annulus configuration, as
shown in figure 2.2, is that the tank geometry is multiply connected. From an
oceanographic point of view the dynamics of the open annulus is therefore more
an analogue of the Antarctic Circumpolar Current than it is, say, an oceanic
gyre [Wordsworth, 2008].

In this chapter we discuss ICOM simulations of the rotating annulus with a full
radial barrier. This apparently rather subtle change to the system geometry has
a dramatic change on the physics of the system, as we move from a multiply
connected to a simply connected topology. This system has also, as discussed
in section 2.4, previously been challenging to simulate numerically.

5.1 Topological Effects

Consider a barotropic annulus with an inner and outer wall source-sink flow.
In the standard open case the radial flow induced by the source-sink forcing is
subject to an azimuthal Coriolis force. However, as a result of the topology,
there is no single-valued pressure gradient that can balance this Coriolis force
in the azimuthal direction. Hence even irrotational components of the Coriolis
force in the azimuthal direction can not be filtered by the pressure gradient
term - there is a harmonic residual component to Coriolis (see section 3.2).
This barotropic source-sink flow on an f-plane is affected by rotation, [Hide,
1968, 1997]. In contrast, once one adds a full radial barrier a pressure gradient
can be supported and still be single-valued, with a corresponding pressure drop
across the radial barrier supporting exact geostrophic balance in the interior - a
principle used to derive the numerical balance errors in figure 3.3 [Taylor, 1917,
Hide, 1997]. This effect is shown in figure 5.1.

Extending this principle to baroclinic fluids one finds (discussed in detail in Hide

44



CHAPTER 5. THE RADIAL BARRIER ANNULUS 45

Figure 5.1: Left: ICOM simulation of a low Reynolds number (∼ 10) open
source-sink barotropic rotating annulus (normal inflow at outer wall,
outflow at inner wall), exhibiting a “corkscrew” flow as a result of
the harmonic Coriolis residual (velocity vectors shown). Right: As
left, but with the insertion of a thin (1 degree) full radial barrier. In
this case the flow is unaltered by the system rotation with a direct
radial geostrophic flux being supported by a pressure drop across
the barrier. Note that both cases are zero vorticity flows, but only
the latter has Ω independent boundary conditions for the vorticity
equation [Hide, 1968]. Simulation details: a = 2.5, b = 8.0, ν = 1.0,
unit inflow.

[1997]) that the non-rotating solution cannot be a solution in the rotating case
for an open annulus - a consequence of the absence of a Stokes’ theorem for this
topology. However, for a simply connected annulus domain the non-rotating
solution is, by simple circulation arguments, a possible solution in the rotating
case. Through thermal wind arguments [Rayer et al., 1998], an azimuthal tem-
perature gradient can be generated that acts to balance the azimuthal Coriolis
force:

gα
1
r

∂T

∂φ
= −2Ω

∂v

∂z
, (5.1)

where here φ is the azimuthal coordinate, r is the radial coordinate, z the verti-
cal coordinate, and v is the radial component of Eulerian velocity. This does not
mean that the dynamics will select this solution - merely that it is permitted.
This leads to the hypothesis that, with the introduction of a radial barrier, a
compensating temperature field (and hence, through hydrostatic balance, a cor-
responding pressure field) may be established that acts to filter the influence of
rotation from certain system features, and in particular to maintain the system
heat transport at its non-rotating value. This hypothesis is supported by the
experiments detailed in Rayer [1992] and Rayer et al. [1998]. In Hide [1997] a
further hypothesis is made concerning the flow relative potential vorticity:
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ζ = ω ×∇Θ, (5.2)

where ω is the relative vorticity and Θ is, in this context, the potential tem-
perature. It is postulated that there will exist a flow regime within which the
flow relative potential vorticity will maintain its non-rotating value (of zero),
and hence this can be used diagnostically to determine the influence of rotation
on the system. This is very tentatively supported by the two orthogonal η and
ζ circulations observed in the baroclinic radially blocked annulus experiments
of Rayer [1992], which contribute with opposite sign to the relative potential
vorticity.

5.2 ICOM Simulations of the Radially Blocked
Annulus

The configuration used in chapter 4 was modified to simulate an annulus with
a one degree insulating full radial barrier. The 24× 24× 64 Farnell and Plumb
[1975, 1976] tanh stretch mesh was altered to give a tanh stretch mesh in all
three dimensions in order to resolve any radial barrier boundary layer effects.
ICOM was run in static mesh mode using parameters as given in table 5.1, for
two different Prandtl number fluids and for rotations rates of Ω = 1 rad / s to
Ω = 10 rad / s.

Table 5.1: Parameters used for simulations of the full radial barrier annulus.
Two fluids were used, with the Prandlt number 14 fluid corresponding
to that used in experiment Rayer et al. [1998].

Parameter Symbol Value
Minor radius a 2.5 cm
Major radius a 8.0 cm
Depth d 14.0 cm
Thermal forcing TB − TA 4 K
Kinematic viscosity ν 1.81× 10−2 cm2 / s
Thermal diffusivity κ 1.03× 10−3 cm2 / s

and 5.18× 10−3 cm2 / s
Thermal expansion coefficient α 3.03× 10−4 / K
Gravitational acceleration g 981 cm / s2

Rotation rate Ω 1 to 10 rad / s
Prandlt number Pr 14 (κ = 1.03× 10−3 cm2)

and 3.5 (κ = 5.18× 10−3 cm2)
Thermal Rossby number Θ 0.55 (Ω = 1 rad / s)

to 0.0055 (Ω = 10 rad / s)
Taylor number Ta 4.4× 106 (Ω = 1 rad / s)

to 4.4× 108 (Ω = 10 rad / s)
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Figure 5.2 shows an example of these simulations, with comparison figures from
laboratory experiments from Rayer [1992] and with previous numerical experi-
ments from Rayer [1992, 1994]. The ICOM simulations give a good qualitative
representation of the flow. Overturning and barotropic streamfunctions for the
Ω = 1 rad / s simulation for the Prandlt number 14 fluid are shown in figure
5.4. These clearly show the presence of a meridional overturning circulation
(the η circulation of Rayer et al. [1998]) and a horizontal boundary circulation
(the ζ circulation). However, there are significant deviations from the experi-
mental flow pattern towards the tank inner wall - these deviations are similar
in nature to those seen in previous numerical simulations. There is a distinct
banding, with the azimuthal flow sign changing twice in the inner wall region.
This could be a numerical error due to insufficient mesh resolution in this region,
or due to the presence of in-situ thermocouples acting to change the effective
experimental parameters. There were also, for some of the simulations, small
scale eddies within this strongly sheared inner region of the flow. These have
previously been attributed to model resolution effects - they were seen in the
numerical simulations of Rayer [1992], and have also been seen in open tank
simulations, but tend to appear at only certain (intermediate) mesh resolutions
[White, 1988].

The Ω = 10 rad / s simulation was observed to be numerically unstable for
the Prandtl number 14 fluid, and is excluded from further analysis. Short-lived
eddies, of a similar nature to the baroclinic eddies observed in open annulus
geometries, were observed for the Prandtl number 14 fluid, but these all dissi-
pated by simulation end. In contrast to this, long-lived eddies were observed
for all of the Prandtl number 3.5 fluid simulations.

5.3 Heat Transport

The heat transport of the radially blocked annulus was measured in an identical
manner to the open case discussed in the previous chapter. These heat transport
measurements were compared to the theoretical prediction made by Rayer et al.
[1998] for a geostrophic overturning cell:

H =
ρ0cgα∆TB∆Tzd

2

24Ω
, (5.3)

where here ∆Tz is the temperature drop from lid to base, and ∆TB is the
temperature drop across the radial barrier. ∆Tz was found to be∼ 3/4 (TB−TA)
for the κ = 1.3×10−3 cm2 / s fluid. This contrasts with the ∆Tz ∼ 1/2 (TB−TA)
for a similar fluid in an open tank geometry [Rayer et al., 1998]. This prediction
is compared with the measured advective heat transport in figure 5.5. For the
Prandtl number 14 fluid the η circulation mechanism gives reasonably good
agreement with the measured system advective heat transport, particularly for
Ω >∼ 3.0 rad / s. In contrast to this, for the Prandtl number 3.5 fluid there
is a relatively poor agreement, with the heat transport at Ω = 4 rad / s and
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Figure 5.2: Above: ICOM simulation of the thermally driven annulus with
full insulating radial barrier for a Prandlt number 14 fluid at
Ω = 1 rad / s, viewed at mid-height. Lower left: Comparable labo-
ratory observation at Ω = 1.176 rad / s, viewed at mid-height (from
Rayer [1992] figure 5.2c). Lower right: Simulation using a modified
version of the Farnell and Plumb [1975, 1976] annulus model, at
Ω = 1.2 rad / s, viewed 8.3 cm from tank base (from Rayer [1992]
figure 5.1c).

above being inadequately explained by the meridional overturning transport
mechanism.

One can make a “conservation of isotherms” argument, stating that the tem-
perature drop across the radial barrier necessary to maintain the system heat
transport at its non-rotating value cannot exceed the temperature forcing. Mea-
surements of ∆T̄B/(TB − TA) are shown in figure 5.6. It can be seen that for
the Prandtl number 14 fluid the temperature drop across the radial barrier fails
to reach saturation. Hence an increase in rotation rate can, for the range of ex-
periments conducted, always be compensated for by a corresponding azimuthal
temperature gradient. In contrast to this, for the Prandtl number 3.5 fluid
there is a saturation of the barrier temperature drop, followed by a small mean
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Figure 5.3: T = 3/4(TB − TA) isotherm for an ICOM simulation of the ther-
mally driven annulus with full insulating radial barrier for a Prandlt
number 14 fluid at Ω = 1 rad / s, demonstrating the temperature
drop across the radial barrier.

Figure 5.4: Left: Overturning streamfunction for an ICOM simulation of the
thermally driven annulus with full insulating radial barrier for a
Prandlt number 14 fluid at Ω = 1 rad / s (10 contours shown).
A single dominant overturning cell is evident. Right: Barotropic
streamfunction for this same simulation (25 contours shown). Note
the sign change in the streamfunction towards the tank inner wall,
indicating a reversal in flow direction. This barotropic shear is asso-
ciated with small scale eddies in this region. Stream function units
are cm2 / s.
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Figure 5.5: Heat transport measurements (in black) for the thermally driven
annulus with full insulating radial barrier for the Prandtl number
14 fluid (left) and Prandtl number 3.5 fluid (right). Shown in red
are predictions of the heat transport based upon the presence of a
geostrophic overturning cell.

Figure 5.6: Measurements of the mean temperature drop, ∆T̄B/(TB − TA),
across the radial barrier in ICOM simulations of the thermally
driven annulus with full radial barrier, for Prandlt number 14 (left)
and 3.5 (right).

decrease. These observations agree with the discussion in Rayer et al. [1998].
However, for the Prandtl number 3.5 fluid the expected monotonicity is not ob-
served, indicating the presence of complicating processes influencing the radial
barrier temperature drop. The saturation of the azimuthal temperature gradi-
ent indicates that, for these simulations, an increase in rotation rate cannot be
compensated for by any corresponding azimuthal temperature gradient.

Hence it can be deduced that initially the heat transport of the radial barrier
annulus is maintained by a temperature drop across the radial barrier leading to
an azimuthal temperature gradient sufficient to maintain meridional overturning
as in the non-rotating (natural convection) case. For increased rotation rate,
conservation of isotherms means that this compensating effect can no longer be
maintained. The decrease in magnitude of the η circulation is associated with
the generation of eddies. This suggests that, at increased rotation rate, the
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heat transport of the system is instead maintained through the generation of
baroclinic eddies. These conclusions are consistent with the previous laboratory
work of Rayer [1992] and Rayer et al. [1998]

5.4 Summary

Numerical simulations of the radial barrier annulus have been conducted with
the Imperial College Ocean Model. The simulations are observed to give rea-
sonable qualitative agreement with laboratory experiments, albeit with some
deviations at the tank inner wall. Discrepancies between the horizontal flow
observed in the numerical simulations and the laboratory experiments are at-
tributed to numerical error or due to the presence of in-situ thermocouples in
experiment. These simulations have been used for direct observation of the
geostrophic overturning transport mechanism, and to make observations of the
corresponding temperature drop across the radial barrier. They have further
been used for numerical assessment of the mechanisms via which the influence
of rotation is filtered from certain global features in the move from a multiply
connected to simply connected topology.

Remaining work to be conducted for these experiments includes: direct quanti-
tative comparison of the heat transport and temperature profiles of the system
against laboratory data, investigations into the introduction of sloping topog-
raphy and the corresponding promotion or suppression of the eddies observed
at high thermal Rossby number, and investigation into higher Taylor number
experiments using dynamic mesh adaptivity to resolve the multi-scale flows.



Chapter 6

Summary and Future Work

6.1 Future Work

The emphasis of remaining research to be conducted in this DPhil project will
be on the extension of simulations of annulus configurations that have previously
been challenging to simulate numerically. In chapter 5 it was shown that ICOM
simulations of the standard open tank annulus could be extended to simulations
of the annulus with a full radial barrier, and that unstructured mesh diagnostics
could be used to give an insight into the physics of the system.

Very recently, simulations in high Taylor number flows have been conducted
using ICOM in full mesh-adaptive mode. An example is shown in figure 6.1.
There is a striking similarity between the numerical simulation and the labora-
tory reference. Attempts were made to simulate this configuration using static
meshes, as used in chapter 5. However, all attempts using the 24 × 24 × 64
Farnell and Plumb [1975, 1976] mesh were unsuccessful, even when using ad-
vective upwinding schemes. Only dynamic mesh adaptive simulations or high
resolution static simulations were found to be numerically stable. This indi-
cates that, while there are possible issues with mesh adaptivity as discussed
in chapter 4, dynamic mesh adaptivity may enable simulations of flow regimes
that are unachievable by other methods without very significant investment of
computational resources.

The key areas to be focused on in remaining research are:

1. Completion of model validation;

2. Simulations of the rotating annulus with sloping lid / base topography;

3. Simulations of the rotating annulus at high Taylor number.

Concerning point 1, additional laboratory data for the heat flow annulus (open
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Figure 6.1: Left: Adaptive mesh ICOM simulation of a high Taylor number
thermally driven annulus simulation with 22◦ sloping top and bot-
tom topography (shallow at tank centre), with Taylor number 0.097
and thermal Rossby number 6× 107. Other simulation parameters
are as described in Wordsworth et al. [2008]. Right: Streak image of
a comparable laboratory experiment (from Wordsworth et al. [2008]
figure 3a).

and blocked) has been extracted from the annulus data archives and is currently
undergoing processing. In particular, in-situ thermocouple measurements will
allow direct quantitative comparison of the magnitude of wave modes, at least
for the temperature field at mid radius. This, when combined with measure-
ments of the system heat transport, will enable more concrete conclusions to be
made concerning the influence of dynamic mesh adaptivity on rotating annulus
simulations.

For point 2, emphasis will be on the comparison of eddy growth with theory, in-
cluding zero potential vorticity formulations and internal jet formulations. Some
preliminary simulations of rotating periodic channel flows with topography have
already been conducted. These simulations could be extended to the introduc-
tion of sloping topography into standard and blocked annulus geometries, in the
latter case enabling a study of the suppression or promotion of internal eddies
by topography.

Finally, for point 3, further analysis of the high Taylor number flows (as in figure
6.1) will enable more detailed quantitative study of the physics of banded zonal
jet formation, and the testing of recent suggestions concerning the locality (in
Fourier space) of eddy energy transfer [Wordsworth, 2008, Wordsworth et al.,
2008].
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6.2 Timeline for Completion

Sept 2009 - Dec 2009 High resolution open geometry simulations

Processing of laboratory data archive and
extraction of further data for comparison

Completion of standard open geometry validation

High Taylor number open / topographic
simulations

Investigation of internal banded zonal jet
formation mechanisms

Jan 2010 - Feb 2010 Sloping bottom topography simulations

Comparison of topographic simulations with
theories for eddy growth

Mar 2010 - Apr 2010 End of thesis simulations

Completion of remaining simulation data analysis
May 2010 onwards Write thesis

6.3 Summary

The rotating annulus is a classic experiment containing key aspects of the physics
of a geophysical fluid while removing certain complicating factors. A simplified
annulus system is able to capture some of the physics of the larger scale flows,
but in a controlled, reproducible manner and with chosen system parameters.
There is a wealth of existing laboratory data available concerning the system.

The Imperial College Ocean Model, being implemented as part of the general
computational fluid dynamics framework Fluidity, is an in-development ocean
model implementing new technologies that have particular applicability to sim-
ulations of the annulus. The use of an unstructured mesh makes simulations of
non-coordinate-conforming geometries possible without special considerations,
while the use of mesh adaptivity techniques allows multi-scale flows to be inves-
tigated at reduced computational cost. Techniques for accurate representation
of balance ensure that the solutions are physically reasonable even on arbitrarily
unstructured meshes.

Simulations of the standard thermally driven annulus have been conducted and
compared quantitatively with experiment. It was found that, in static mesh
mode, the model was able to give a credible representation of the system heat
transport. It was further found that the introduction of dynamic mesh adaptiv-
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ity led to a systematic reduction in the measured system heat transport. This
reduction is attributed to either the influence of mesh-to-mesh projections, or
an offset between the converged model solution and the laboratory experiment.
High resolution static mesh simulations will enable this to be further investi-
gated.

Simulations of the thermally driven annulus were extended to enable simulations
with a full radial barrier present. It was found that the simulation heat transport
could be explained by a geostrophic overturning cell, and that the breakdown of
this as a transport mechanism was associated with the appearance of internal,
possibly baroclinic, eddies. New simulations extending these simulations to
higher rotation rates in open geometries are under way, and have a qualitatively
favourable comparison with experiment.

At the end of the second year, quantitative validation has shown that the model
is able to give a reasonable representation of real world annulus flows. It has
further been shown that there are potential pitfalls with the introduction of
dynamic mesh adaptivity. However, physically interesting flows (particularly
at high Taylor number) have been found to be inaccessible without the use of
dynamic mesh adaptivity (at least at reasonable computational cost). At the
end of the second year, this project is now in a position to conduct investigations
into annulus configurations that have previously proven challenging to simulate
numerically. These include studies into the physics of baroclinic instability
theory in the presence of sloping topography, and the physics of banded zonal
jet formation.



Appendix A

Equations of Fluid Flow

In this section the following symbols are used:

Dt = ∂/∂t+ u · ∇ Material derivative
u Eulerian velocity
Ω Rotation vector
p Pressure
g Gravity
ν Kinematic viscosity (tensor)
ρ′ = ρ/ρ0 Perturbation density
ρ Density relative to the reference density
ρ0 Reference density (|ρ− ρ0| � 1)
T Temperature relative to the reference temperature
T0 Reference temperature (|T − T0| � 1)
κ Diffusivity (tensor)
α Thermal expansion coefficient

Fluidity can solve very general equations of fluid flow, including multiphase
simulations, mixed solid-fluid simulations and incompressible flows. However,
the standard equations solved for a geophysical problem (an “ICOM mode”
simulation) are listed below. See Ford et al. [2004a] and Piggott et al. [2008] for
further details.

Momentum Equation

The Navier-Stokes equation in a rotating frame under the Boussinesq (neglecting
density variation except where coupled with gravity) and traditional (neglect-
ing horizontal components of the Coriolis force) approximations, neglecting the
centrigal force and for an incompressible Newtonian fluid:

Dtu+ 2Ω× u = −∇p+ ρ′g +∇ · (ν∇u). (A.1)
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Continuity Equation

The continuity (mass conservation) equation for an incompressible fluid:

∇ · u = 0. (A.2)

Temperature Equation

The heat transport equation:

DtT = ∇ · (κ∇T ). (A.3)

Equation of State

The equation of state for a linear fluid:

ρ′ = −α(T − T0). (A.4)



Appendix B

Dimensionless Parameters

In this section the following symbols are used:

a Smaller annulus radius
b Larger annulus radius
d Annulus height
α Thermal expansion coefficient
κ Diffusivity
ν Kinematic viscosity
g Gravity
TA Inner side-wall temperature
TB Outer side-wall temperature

For a standard annulus as in figure 2.2 with a linear equation of state and under
the Boussinesq approximation, one set of non-dimensional parameters for the
system is:

Vertical to horizontal aspect ratio

Ad =
b− a
d

(B.1)

Typical annulus magnitude ∼ 1.

Radii aspect ratio

Ar =
b

a
(B.2)

Typical annulus magnitude ∼ 1.

Prandlt number
Pr =

ν

κ
(B.3)
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Expresses the strength of viscosity relative to thermal diffusion. Typical annulus
magnitude ∼ 10.

Thermal Rossby number

Θ =
gα(TB − TA)

Ω2

d

(b− a)2
(B.4)

Expresses the strength of buoyancy relative to rotation [Hide and Mason, 1975].
Typical annulus magnitude ∼ 1.

Taylor number

T =
Ω2

ν2

4(b− a)5

d
(B.5)

Expresses the strength of rotation relative to viscosity [Hide and Mason, 1975].
Typical annulus magnitude ∼ 106.

Rayleigh number

Ra =
gα(TB − TA)(b− a)3

νκ
(B.6)

A parameter defining the nature of convection. For natural convection, the
system heat transport is a function only of the Rayleigh number and the Prandtl
number [Landau and Lifshitz, 1959]. Typical annulus magnitude ∼ 106.
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