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Equations of motion for the atmosphere and ocean: 

10.2 Momentum equation for a rotating fluid

In a rotating frame of reference, we must include the Coriolis and Cen-

trifugal accelerations. However the Centrifugal acceleration can be com-

bined with the gravitational acceleration to give an apparent gravity (as

discussed in lecture 6.) The resulting momentum equation is therefore:

!u

!t
+ u.!u + 2! " u +

1

"
!p + ga k = #!2u. (10.3)

Here k is a unit vertical vector defined to be parallel to local acceleration

due to the apparent gravity. For convenience, the subscript in ga is often

dropped — but note that g then refers to the apparent gravity, including

the centrifugal contribution.

This momentum equation must now be supplemented by additional equa-

tions to determine how the density and pressure evolve.

10.3 Continuity equation

In lecture 4 we derived the general form of the continuity equation:

!"

!t
+ !.("u) = 0. (10.4)
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10.4 Equation of state

In the atmosphere the density is related to pressure and potential tem-

perature via the ideal gas equation:

p = "RT = "R$
!

p

p0

"
R
Cp

. (10.5a)

In the ocean we have

" = "($, S, p). (10.5b)

10.5 Conservation of heat and salt

In the atmosphere and ocean, the potential temperature is conserved by

fluid parcels in the absence of heating and molecular conduction of heat.

The potential temperature equation can thus be written:

!$

!t
+ u.!$ = %!2$ + H, (10.6)

where H represents heating and the term %!2$ represents molecular dif-

fusivity of heat (very much analogous to the role of viscosity in the mo-

mentum equation.) Here % is the thermal di!usivity.

In the ocean, we need a similar equation for the salinity,

!S

!t
+ u.!S = %S!

2S + (E # P), (10.7)

where %S is the di!usivity of salt and (E # P) represents changes to the

salinity due to evaporation, precipitation and sea-ice formation.
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Physics of Atmospheres and Oceans - motivations

• Physical understanding of the structure and circulation of the 
atmosphere and oceans on the Earth and other planets

• Optimal estimation of the state of the atmosphere and oceans 
on the Earth and other planets

• Prediction of future weather and climate

How does the atmosphere/ocean system behave, and why?
How will this change in the future?



Physics of Atmospheres and Oceans Overview
Introduction (1 lecture)

Radiative transfer and radiative forcing (5 lectures)
Radiative transfer theory
Absorption spectra, scattering, weighting functions

Composition, thermodynamics, clouds and chemistry (8 lectures)
Atmospheric composition, basic atmospheric chemistry
Dry and moist thermodynamics, convection, cloud microphysics

Geophysical fluid dynamics (13 lectures)
Equations of motion, conservation laws
Waves and instability
Large-scale circulation circulation of the atmosphere and oceans
Planetary fluid dynamics

Observations and inverse methods (12 lectures)
Steady and time-dependent inverse theory
Implications for weather analysis, forecasting and predictability
Remote sensing of climate, satellite and ground-based instrumentation

Topical guest lectures on cutting-edge research (4 lectures, non-examinable).



Atmospheric radiation, aerosols and clouds

Atmospheric Radiation: Molecules, Aerosols & Clouds
Lecture 2: Gases

size parameter, x = 10

Mie theory for scattering of electromagnetic radiation by spherical bodies
x = 1000



Ozone record: Antarctica

Volcanic stratospheric aerosol

radiative forcing



1

Remote Sounding

3.4 The geostrophic inverse problem

The problem of determining the unknown integration constants, uref and

vref in (3.2) has been a major stumbling block in oceanography.

However in deriving (3.2), we have only used geostrophic and hydrostatic

balance. Can we use the remaining equations to infer uref and vref?

This is the so-called “geostrophic inverse problem”.

The following example, of a closed volume of fluid defined by a land bound-

ary and single hydrographic survey, illustrates some of the possibilities

(Wunsch 1996):

3-9

Suppose we have n + 1 stations in our bounding section ! n unknown

integration constants, uref .

We can now construct some constraints, for example:

• Continuity ! no net transport into/out of the closed volume:

!!

u.dA = 0.

• Conservation of !, S ! fluid cannot change its ! and S surfaces.

Thus, in a steady state, there can be no net transport into/out of the

closed volume within any ! or S class, for example,

!

!1"!"!2

!

u.dA = 0.

• Vorticity constraints ....

In general we are unable to find as many independent constraints as there

are unknowns

! the problem is underconstrained; there are infinitely many solutions!

However one can construct a “best estimate” of the circulation by using

least squares to both the observations and dynamical constraints, taking

into account observational uncertainties and that the solution should be

su!ciently smooth.

3-10

Inverse theory

Remote sounding

61

Weighted Least Squares 

13

Dobson Spectrophotometer
Dobson spectrophotometer



Geophysical Fluid Dynamics

Conservation of potential vorticity

Internal gravity wave clouds Sea surface temperature image over the 
Gulf Stream showing baroclinic instability

Atmospheric 
Rossby waves



Physical basis of weather forecasting Lorenz attractor

Atmospheric analysis

Ensemble forecast



Working out the chances of this happening…



Oceans and climate

Equatorial upwelling

Wind-driven gyres

Will the Gulf Stream "shut down"?

Solution in a rectangular basin with uniform zonal winds:

! !
1

"#0H

$% (x)
s

$y

!

xe " x " xe e"!x/r
"

. (3.9)
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subtropical

easterlies

westerlies
mid−latitude

trades

ocean

τs

subpolar
ocean

polar

Boundary current: "
$!

$x
# "r

$2!

$x2

$ width &Stommel #
r

"

Assuming a generous value of r # 10"7s"1 (equivalent to a spin-down

time-scale of r"1 # 107s ! 4 months) and " ! 2 % 10"11m"1s"1, gives

&Stommel # 5 km.

This is smaller than the widths of observed boundary currents, due to

the neglect of inertia/relative vorticity, which significantly modifies the

structure of boundary currents.
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If the surface Ekman currents diverge or converge, then this results in

Ekman upwelling or downwelling into/out of the Ekman layer, wEk:

w
Ek

Ek
Ek
UU

The continuity equation for an incompressible ocean is

!u

!x
+

!v

!y
+

!w

!z
= 0.

Substituting the Ekman velocities for u and v and integrating over the

Ekman layer gives:
!UEk

!x
+

!VEk

!y
! wEk = 0

" wEk =
!

!x

!

"

" (y)
s

#0f

#

$ !
!

!y

!

"

" (x)
s

#0f

#

$ . (2.3)

a. Equatorial upwelling

Easterly trade winds " VEk > 0 north of equator and VEk < 0 south of

equator " equatorial upwelling.

This upwelling is the cause

of the cold pool in the

eastern tropical Pacific:

OAC2-3

Mixing and entrainment in dense overflows

Thus in the ocean interior, (3.4) reduces to Sverdrup balance for a homo-

geneous ocean:

!
"#

"x
=

1

$0H

!

"

#

"% (y)
s

"x
!

"% (x)
s

"y

$

%

&

. (3.6)

This is a 1st-order partial di!erential equation in x, allowing just the

eastern boundary condition to be satisfied.

For example, in the case of a zonal wind stress which varies only with

latitude, the solution is:

# =
1

!$0H

"% (x)
s

"y
(xe ! x), (3.7)

where x = xe is the location of the eastern boundary.

!

!

+

"
subpolar

easterlies

westerlies
mid!latitude

trades

ocean

subtropical
ocean

#s

polar

x = xe
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3.3 Stommel’s model of western intensification

Henry Stommel (1920-1992)

To close the circulation at the

western boundary, we need

additional physics —

a vorticity sink to balance the

vorticity source from the

wind stress curl.

Stommel augmented Sverdrup balance with linear friction, giving:

!
"#

"x
=

1

$0H

!

"

#

"% (y)
s

"x
!

"% (x)
s

"y

$

%

&

! r"2#. (3.8)

vorticity source vorticity sink

Note that this is a second-order di!erential equation in x (and y) # we

can satisfy boundary conditions at both the western and eastern margins.

In contrast, without friction, we have a first-order di!erential equation in

x, which is why we are unable to close the circulation at both boundaries

with the Sverdrup solution.
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Planetary Atmospheres 

 Cassini's arrival at Saturn 

Dust storms on Earth and Mars

Zonal jets and eddies on Jupiter



Introductory information and problem set: 
www2.physics.ox.ac.uk/students/course-materials/c5-major-option

http://www.atm.ox.ac.uk/user/read/intro.html
http://www.atm.ox.ac.uk/user/read/intro.html
http://www.atm.ox.ac.uk/user/read/intro.html
http://www.atm.ox.ac.uk/user/read/intro.html

