
The Strong Interaction
and LHC phenomenology

Juan Rojo
STFC Rutherford Fellow

University of Oxford

Theoretical Physics Graduate School course

Juan Rojo                                                                                                           University of Oxford, 06/05/2014



Lecture 4:
QCD in electron-positron annihilation
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QCD in electron-positron annihilation
After this introduction to the basic properties of QCD, we now turn to review the application of 
perturbative QCD in high-energy collisions

The QCD processes that we will study are the following:
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Electron-positron annihilation
No hadrons in initial state

Deep-inelastic scattering
One hadrons in initial state

Hadron collisions
Two hadrons in initial state

Hadron collisions
Two hadrons in initial state

Parton showers
Realistic hadronic final state



QCD in electron-positron annihilation
After this introduction to the basic properties of QCD, we now turn to review the application of 
perturbative QCD in high-energy collisions

We begin with electron-positron annihilation. We discussed this process in the first lecture
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In the quark model, this ratio depends on number of final state quark states (included color) weighted by the 
electric charge: data can only be described is quarks appear in three colors



QCD in electron-positron annihilation
After this introduction to the basic properties of QCD, we now turn to review the application of 
perturbative QCD in high-energy collisions

We begin with electron-positron annihilation. We discussed this process in the first lecture
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Despite the good agreement with experimental data, various questions unanswered

 Why we can identify a cross-section for quark production with the one with the observed hadrons?

 Since free quarks are not observed, why the Born-level approximation is so good?

 Can we further test QCD by predicting other, more exclusive observables?

The reliability of parton-level calculations to describe certain hadronic observables is know as the 
quark-hadron duality

This duality is still a not well understood phenomenon, but the structure of the perturbative expansion 
should give us some insight about it



QCD in electron-positron annihilation
Beyond the Born level, higher-order QCD corrections to this process arise when

A gluon is radiated off one of the outgoing quarks: real emission

A virtual gluon is exchanged from the quark-antiquark pair: virtual corrections
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Exercise: draw the QCD color-flow 
version of these Feynman diagrams

The power of the strong coupling constant from these two contributions will be

Real radiation: O(gS) in the amplitude, O(gS2) in the squared matrix element

Virtual corrections: already O(gS2) in the amplitude, the interference with the Born diagram gives 
also O(gS2) in the squared matrix element

Virtual corrections, due to quantum-mechanical interference with the Born (identical final state), 
contribute at the same level as real emission

gS
gS

gS



QCD in electron-positron annihilation
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Using the Feynman rules, the amplitude for the Born (also known as leading-order) process is

gS
gS

gS

Now let’s compute the amplitude for the real emission diagram. Using the Feynman rules we get

where we are neglecting fermion masses since this is a high energy process
We also assume that the four-momentum of the gluon is small as compared to those of the quarks (soft 
approximation). Similar contribution for gluon radiation off the outgoing antiquark



QCD in electron-positron annihilation
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Recall that using the properties of the Dirac matrices, we can write (exercise: check)

Now, recalling that all particles are massless and that k >> l (soft gluon approximation) we can write, 
including the contribution from emission off the two quark legs (check explicitly)

This is a very important result: soft emissions factorize in the matrix element
This result is known as the eikonal approximation: soft real emission can be written as the Born 
amplitude times a universal eikonal factor

The squared amplitude becomes now

Exercise: derive this expression, obtained 
summing/averaging over all colors and initial and 
final state polarizations

Recall the property:



Soft and collinear divergences
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Let us examine the real emission cross-section: we need to integrate over all phase space of the gluon

This expression is formally divergent and thus ill-defined. To identify the problematic phase space 
regions we can work in the rest frame of the incoming photon and find (derive this expression)

ϴ quark

anti-quark

anti-quark

gluon

electron positron

rest frame of the incoming photon:
center of mass energy reference frame



Soft and collinear divergences
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Let us examine the real emission cross-section: we need to integrate over all phase space of the gluon

This expression is formally divergent and thus ill-defined. To identify the problematic phase space 
regions we can work in the rest frame of the incoming photon and find (derive this expression)

Therefore, the integrand is divergent in three regions
 When the emitted gluon is very soft, l0 = 0
 When the emitted photon is collinear to the outgoing quark, ! = 0
 When the emitted photon is collinear to the outgoing anti-quark, ! = pi

These soft and collinear divergences are also known as infrared divergences, since they involve long 
distances / small energies, arise in all calculations in QFTs with massless degrees of freedom
These divergences cannot be renormalized, and indicate that the cross-section is sensitive to large-
distance effects that in QCD are ultimately non-perturbative

Soft singularity Collinear singularities



Soft and collinear divergences
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However, including also virtual corrections, the total NLO correction to the R ratio is finite:

This result arises because the virtual corrections have the same infrared divergences, with the opposite 
sign, than the real emission diagrams, and thus the sum real + virtual is finite

This cancellation is not accidental, but a consequence of the 
Kinoshita-Lee-Nauenberg theorem, which state that divergences 
that arise because of the degeneracy of the final state cancel when 
summing over all degenerate final states
When in the real emission diagrams the gluon becomes soft or 
collinear, it becomes degenerate with the virtual diagram



Jets in QCD
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Therefore, we see that thanks to the KLN theorem infrared divergences cancel in inclusive observables, 
where we sum over all degenerate final states
But this is not necessarily the case for exclusive observables, for instance the kinematic distributions 
for the final state gluon
This is because now the final state is not degenerate and thus the real/virtual cancellation fails
To make sense of final state distributions in observables including QCD partons, we need to introduce 
the important concept of jets (Sterman and Weinberg, 1977)
Original definition: an event contributes to the jet cross-section if we can find two cones of opening 
angle ", that contain a fraction (1-#) of the total energy of the event



Jets in QCD
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Let us compute the cross-section for Sterman-Weinberg jets
The ingredients are the Born cross-section, the real emission cross-section in the soft limit and the 
virtual correction cross-section in the same limit
Note that to compute the full !S corrections to the R ratio, one cannot work in the soft approximation

Infrared singularities of virtual corrections determined by KLN theorem for the cancellation of 
divergences in inclusive quantities



Jets in QCD
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With the results derived before, we can determine the value of the Sterman-Weinberg jet cross-section
The Born cross-section is integrally within the Sterman-Weinberg jet definition

Since we only have two quarks in the final state and they keep all the energy of the event



Jets in QCD
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With the results derived before, we can determine the value of the Sterman-Weinberg jet cross-section
The virtual cross-section is also integrally within the Sterman-Weinberg jet definition

NB we use the soft limit of the virtual 
correction
Soft limit fixed by the KLN 
requirement that infrared singularities 
cancel in inclusive observables

Integration over all phase space of 
gluon emission



Jets in QCD
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With the results derived before, we can determine the value of the Sterman-Weinberg jet cross-section
The real emission cross-section with the gluon within the jet cone reads

The gluon here can carry a substantial 
amount of energy, provided it falls into 
the jet cone

Note that in this jet, the jet energy (the 
sum of gluon and quark) is the same as 
that of the original quark before gluon 
emission

The collinear divergence is included in 
this term, but not the soft one



Jets in QCD
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With the results derived before, we can determine the value of the Sterman-Weinberg jet cross-section
The real emission cross-section with the gluon outside the jet aperture reads

In this case the gluon should be 
relatively soft, and it will be radiated 
outside the jet cone

This term includes both the soft and 
the collinear divergences



Sterman-Weinberg jet cross-section
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With the results derived before, we can determine the value of the Sterman-Weinberg jet cross-section
Adding all the various contributions, we end up with a finite result

Provided that the jet cone aperture " and the out-of-cone energy fraction # are not too small, the result 
is perturbatively well behaved
The KLN theorem is that work since now the soft and collinear regions are included in the jet cone, so 
the jet cross-section is not sensitive to infrared dynamics

The existence of hadron jets in electron-positron collisions is  
genuine prediction from QCD, which provided first direct 
experimental evidence for the gluon existence
The QCD prediction for ratio of 3-jet over 2-jet events was also 
spectacularly confirmed by the experiment

Exercise: derive this expression



QCD Jets: from discovery to precision 
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QCD jets were discovered in the late 70s in electron-positron colliders
In the 80s and 90s, they provided stringent tests of the validity of QCD at LEP
At the LHC, jets are essential tools for Standard Model measurements and New Physics searches

Gluon discovery: 3 jet events in e+e- High energy dijet event at the LHC

More on jets later in these lectures



Infrared safety
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The formal definition of an infrared and collinear safe observable in QCD, that is, an observable 
insensitive to the long distance, infrared dynamics determined by non-perturbative physics, is

when either ki or kj become soft, or when ki becomes collinear to kj 
In order words, QCD infrared observables should be invariant wrt soft and collinear radiation both in 
the initial and in the final state

Which processes are Infrared safe?
 Energy distribution of hardest particle in the event?
 Jet cross-sections?
 Multiplicity of gluons?
 Cross-section for producing an additional quark or gluon with E > Emin?

Only for infrared safe observables the comparison of data and theory is well defined to all orders in 
perturbation theory. We will come back to this important issue when discussing jets



Infrared safety
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The formal definition of an infrared and collinear safe observable in QCD, that is, an observable 
insensitive to the long distance, infrared dynamics determined by non-perturbative physics, is

when either ki or kj become soft, or when ki becomes collinear to kj 
In order words, QCD infrared observables should be invariant wrt soft and collinear radiation both in 
the initial and in the final state

Which processes are Infrared safe?
 Energy distribution of hardest particle in the event?
 Jet cross-sections?
 Multiplicity of gluons?
 Cross-section for producing an additional quark or gluon with E > Emin?

Only for infrared safe observables the comparison of data and theory is well defined to all orders in 
perturbation theory. We will come back to this important issue when discussing jets

No
Depends on jet definition

No
No



Infrared safety
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The formal definition of an infrared and collinear safe observable in QCD, that is, an observable 
insensitive to the long distance, infrared dynamics determined by non-perturbative physics, is

when either ki or kj become soft, or when ki becomes collinear to kj 
For instance, Sterman-Weinberg jets are not infrared safe!

Only for infrared safe observables the comparison of data and theory is well defined to all orders in 
perturbation theory. We will come back to this important issue when discussing jets in more detail

quark

gluon

δ

quark

gluon

δ

Does not contribute to SW xsec
After collinear splitting, Does 

contribute to SW xsec

g



Summary
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In this lecture we have performed a first genuine QCD calculation: the cross-section for Sterman-
Weinberg jets in electron-positron annihilation:

 We have shown that soft and collinear (infrared) divergences arise universally in QCD calculations
 These divergences, in processes without hadrons in the initial state, do cancel but only in inclusive 

enough observables, like the SW jets (but only at NLO in this case)
 Perturbative QCD can be used to compute various distributions associated to jet production, which 

have been verified with high precision in a variety of experiments
 In general, good experimental observables, which allow a comparison with theory at all orders in 

perturbation theory, should be infrared and collinear safe: insensitive to non-perturbative, long 
distance QCD dynamics

Next step is to apply QCD in processes with initial state hadrons
 We will see that collinear divergences to not cancel here 
 But that they can be removed if the parton model is upgraded with QCD radiative corrections
 The QCD factorization theorem allows to determine the non-perturbative Parton Distribution 

Functions in some processes and use them to provide predictions for other, unrelated processes with 
also hadrons in the initial state


