
Condensed Matter Option MAGNETISM Problems

1. Show that the magnetization M of an assembly of N independent atoms of total electronic angular
momentum J , in thermal equilibrium at temperature T , is given by

M = NgJµBJBJ(y) (1)

with y = gJµBJB/kBT , B is the magnetic flux density, gJ is the Landé g-factor and BJ(y) is the
Brillouin function
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The figure shows the magnetic moment m per ion plotted versus B/T for the paramagnetic salts
KCr(SO4)2.12H2O (Cr3+), NH4Fe(SO4)2.12H2O (Fe3+) and Gd2(SO4)3.8H2O (Gd3+). Show that
equation 1 has the same form as the data at both low and high B/T .

The 3d shells of free Cr3+ and Fe3+ ions con-
tain 3 and 5 electrons respectively, and the 4f
shell of Gd3+ contains 7. Using Hund’s rules,
calculate the values of S, L, J and gJ for these
ions, and show that the values you obtain ac-
count well for the data in the figure for Gd3+

and Fe3+, but not for Cr3+. Infer the actual g-
factor and ground-state configuration for Cr3+

from the experimental data, and describe briefly
the reason for the discrepancy between the data
and your initial calculation.

2. a) Determine the ground state according to Hund’s rules for isolated ions of Co2+ (3d7) and Co3+

(3d6).

b) Discuss the magnetic ground states of Co2+ and Co3+ ions located at the centre of (i) a regular
octahedron, and (ii) a regular tetrahedron of O2− ions. Consider separately the cases of weak and
strong crystal fields.

The insulator Co3O4 contains Co3+ ions in octahedral coordination and Co2+ ions in tetrahedral
coordination. Account for the experimental finding that Co3+ ions carry no magnetic moment, while
Co2+ ions have a moment of ∼ 3µB per ion.

c) Elemental Co is a ferromagnet. The saturated magnetic moment is M = 1.7µB per cobalt atom.
Explain the physical origin of the non-integer value of the magnetic moment M/µB.

3. MnF2 has a tetragonal crystal structure in which the Mn ions are situated at the corners of the
tetragonal unit cell a = b =0.5 nm and c =0.3 nm, and at the body centred position in the unit
cell. Below 70 K the spins of the Mn ions become antiferromagnetically aligned along the c−axis
with the spins of the ions at the centre of the unit cell aligned opposite to those at the corners.
The neutron scattering from a powdered sample of MnF2 is measured using an incident neutron
wavelength of 0.3 nm and an angle of scattering between 0◦ and 90◦. Sketch the results you would
expect to observe at (a) 100 K and (b) 10 K. You can neglect the scattering from the F ions.



4. The Landau theory of a ferromagnet in a magnetic field H implies that the free energy is given by

F (M) = F0 + a0(T − TC)M
2 + bM4 − µ0MH

where a0 and b are positive constants.

a) By evaluating ∂F/∂M , and setting it equal to zero, show that for no applied field (H = 0) the
magnetization M is zero above TC and is proportional to (TC − T )1/2 below TC.

b) Show also that at T = TC, M ∝ H1/3.

c) Show that the form of the free energy also implies that

M2 = u+ v
H

M

where u and v are constants that you should determine. By sketching M2 against H/M for T just
above TC, just below TC, and exactly at TC, show how this method can be used to determine TC.
This idea is the basis of the so-called Arrott plot which is a plot of M2 against H/M which is used
experimentally to locate TC from M(H) data measured at different temperatures.

5. At low temperatures, the energy h̄ω of a long-wavelength spin wave in a ferromagnet is related to
the magnitude of the wavevector k by h̄ω = Dk2, where D is a constant. Show that the contribution
to the heat capacity from spin wave excitations, CSW, varies with temperature T as CSW ∝ Tα, and
determine α for a three-dimensional system.

To what extent is this prediction valid for the measurements on gadolinium shown in the figure ?
[Note log-log plot].
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[Gadolinium is a ferromagnet with a Curie temperature of 292K.]

6. A square-lattice anisotropic magnet is described by the Hamiltonian
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where in the first sum i and j are nearest-neighbour sites, J∥, J⊥ > 0, and the last term is the Zeeman
energy in an external magnetic field B applied along the z-axis. When J∥ > J⊥ the ground state at
B = 0 is a collinear antiferromagnet in which neighbouring spins point alternately along the positive
and negative z-direction. Calculate the mean-field energy per spin of this state at non-zero applied
field B (the mean-field energy is calculated by replacing spin operators by their expectation values).

Consider an alternative magnetic structure in which the magnetic moments have their z components
aligned ferromagnetically along the applied field B, and the components in the xy plane ordered
antiferromagnetically, as illustrated in the figure below.



Show that mean-field energy of this (spin-flop) state is

ESF (θ) = −gµBBS sin θ +
n

2
(J∥ + J⊥)S

2f(θ)− n

2
J⊥S

2 (per spin),

where n is the number of nearest neighbours and f(θ) is a function to be determined. Find how
the equilibrium angle θ varies with the applied field B, and show that the spin-flop state becomes
energetically more favourable than the collinear antiferromagnetic state above a critical field B1 to
be determined.
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Account for the shape of the magnetization curve plotted in the figure, and determine the values of
J∥ and J⊥ for the square-lattice antiferromagnet K2CoF4, for which B1 = 80T, B2 = 130T, g = 2.1
and S = 3/2.

Hilary 2014 Dr Radu Coldea


