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1 Scattering from a free electron (extended derivation)

Thomson scattering is a classical phenomenon, and can be explained as follows: as electro-
magnetic radiation impinges on a free electron, the oscillating electric field subjects it to an
acceleration. The scattered radiation is the radiation emitted by the accelerated charge. If a
charge is accelerated and is observed in a reference frame where its velocity is small compared
to that of light, the electric field can be written as

E(R, t) =
(−e)

4πε0c2

[
n× (n× a)

R

]
ret

(1)

where a is the acceleration and n is a unit vector along the segment connecting the particle to
the observer and pointing towards the latter (fig. 1). The subscript “ret” means “retarded” (see
below).

Note that if we keep rotating the scattered beam in the direction shown in fig. 1, i.e., in
the plane containing the incident polarisation, the projection a⊥ will eventually become
zero at 90◦. On the other hand, if we rotated perpendicular to the incident polarisation,
the projection would obviously stay the same. In a nutshell, this is the essence of the
polarisation factor.

Before we discuss eq. 1, it is worth reminding the important vector relation (used also later on in
the course). For any three vectors:

a× (b× c) = (a · c)b− (a · b)c (2)

n× (n× a) = − [a− (a · n)n] (3)

The expression in square brackets on the right side of eq. 3 is the projection of a on the
plane perpendicular to n

In eq. 1, the square bracket with subscript “ret” means that the quantity in the bracket is to be
evaluated at the “retarded” (i.e., earlier) time t − R/c. R is the distance between the “retarded”
position and the observer (fig. 1). Since we are interested in the radiation at a great distance
from the particle and at oscillatory, small-amplitude motions of the latter, we can replace R and
n with constant quantities referring to the average position of the particle.

The electric field due to an accelerated particle is proportional to the projection of the
acceleration perpendicular to the line of sight.
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Figure 1: Diagram illustrating the Thomson scattering of X-rays from a free electron. The accel-
eration due to the incoming wave is a, whereas its projection perpendicular to the line of sight is
a⊥.

Let us consider a beam of polarised X-rays (i.e., with a well-defined direction of E, identified by
the unit vector ε) impinging on a free electron (again, refer to the scheme in fig. 1). The particle
with be accelerated by the electric field εE0e

−iωt of the incoming wave so that

a(t) =
(−e)
m

εE0e
−iωt (4)

Substituting eq. 4 into eq. 1 we obtain:

E(R, t) =
e2

4πε0mc2
E0
e−iω(t−R/c)

R
[n× (n× ε)] =

e2

4πε0mc2
E0
ei(kR−ωt)

R
[n× (n× ε)] (5)

where k =
ω

c
is the wavenumber. The quantity r0 =

e2

4πε0mc2
= 2.82× 10−15 m is known as the

classical electron radius. By applying eq. 2 once again we find that the expression in square
bracket on the right side of eq. 4 is

4



[n× (n× ε)] = − [ε− (ε · n) n] (6)

i.e., it is minus the component of ε perpendicular to n.

The scattered polarisation ε′ is the projection of the incident polarisation perpendicular
to the line of sight.

Figure 2: Diagram illustrating the convenstional σ and π reference directions for the incident and
scattered polarisation. Note that εσ · ε′σ = 1 always. Conversely, επ · ε′π = cos γ depends on the
scattering angle γ, and vanishes for γ = π/2.

It is useful at this point to introduce two orthogonal reference components of ε and of the scat-
tered polarisation ε′, according to the scheme shown in fig. 2: επ and ε′π are in the “scattering
plane”, defined by the incident and outgoing directions, whereas εσ = ε′σ are perpendicular to
the scattering plane and are equal. We can decompose the incident polarisation as

ε = cos ξ εσ + sin ξ επ (7)

so that the incident wave has σ-polarisation for ξ = 0 and π-polarisation for ξ = π
2 . The incident

polarisation makes an angle ξ with the vector εσ. With a little geometry we conclude

E(R, t) = −r0E0
ei(kR−ωt)

R

[
cos ξ ε′σ + sin ξ cos γ ε′π

]
(8)

where γ is the angle between the incident and scattered wavevector (this angle is also known,
by longstanding diffraction convention, as 2θ). Based on eq. 8, we can make the following
observations:
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• A plane wave impinging on a quasi-free charge produces a scattered spherical wave
ei(kR−ωt)

R
, with an amplitude that in general depends on the scattering angle γ.

• If the incident wave is σ-polarised, the scattered wave is σ′-polarised, and has amplitude
r0
R E0.

• If the incident wave is π-polarised, the scattered wave is π′-polarised, and has amplitude
r0
R E0 cos γ.

• The intensity of the scattered wave is zero for scattering of π polarisation at 90◦.

• The scattered wave has a phase shift of π upon scattering (minus sign).

The instantaneous energy flux of the scattered wave is given by the Poynting vector:

S = E× H = ε0c|E|2 n (9)

The average power radiated per unit solid angle in both polarisations is therefore

dP

dΩ
= R2 〈|S|〉 =

ε0c

2
R2 |E|2 =

ε0c r
2
0

2
E2

0

[
cos2 ξ + sin2 ξ cos2 γ

]
(10)

It can also be shown that the power radiated for an arbitrary final polarisation ε′ is

(
dP

dΩ

)
ε′

=
ε0c r

2
0

2
E0

[
ε · ε′

]2 (11)

As appropriate for a scattering process, it is convenient at this point to introduce the cross sec-
tion, defined as the average power radiated per unit solid angle divided by the average incident
power per unit area (power flux, Φ), which is

Φ =
ε0c

2
E2

0 (12)

The cross section into both final polarisation channels (i.e., if the scattered beam is measured
without an analyser) is therefore

dσ

dΩ
= r20

[
cos2 ξ + sin2 ξ cos2 γ

]
(13)

whereas for an arbitrary final polarisation ε′ is

6



(
dσ

dΩ

)
ε′

= r20 [ε · ε′]2 (14)

For an unpolarised X-ray beam, for which all the angles ξ are equally represented, the cross
section becomes

dσ

dΩ
= r20

[
1 + cos2 γ

2

]
(15)

NOTE: our discussion on the incident and final polarisations is relevant because different X-ray
sources have different characteristics. The beam from a typical lab X-ray machine is unpolarised,
and so eq. 15 applies. Synchrotron radiation is naturally polarised in the plane of the electron
orbit,so that ξ = 0 in eq. 13. Unlike the case of lab machines, synchrotron diffractometers have a
vertical scattering plane, so that the 90◦-cross section does not vanish. Synchrotron beamlines
specifically designed for resonant or magnetic scattering often have the ability to change the
incident polarisation to the π channel or even to produce circularly-polarised X-rays. in addition,
it is possible to analyse the scattered polarisation as well.

2 Thomson scattering from many quasi-free electrons (extended
derivation)

The Thomson formula can be easily extended to the case of multiple scattering centres, provided
that the amplitude of the motion of each electron is small with respect to the wavelength. What
we aim to achieve is to find an expression for the X-ray scattering amplitude and cross section
of a multi-electron atom. In this case, the radiation emitted by each electron at position xi will
be characterised by an approximately time-independent phase factor eik·xi , accounting for the
fact that the charge is not at the origin, k being the wavevector of the incident radiation. Also,
the radius R in eq. 8 needs to be replaced with individual radii Ri. Here, we can employ the very
useful trick of approximating

Ri ≈ R− n · xi (16)

This is equivalent to considering diffraction in the “far field” limit (Fraunhofer diffraction). Eq. 16
can be obtained by writing the vector relation;

R = |R| = |Ri − xi| = |Rin− xi| (17)
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and expanding it to the quadratic term in xi/R; is certainly valid in the case we are interested
in, where the distances between scattering centres are comparable to atomic sizes whereas
R (the experimental scattering path) is macroscopic. By summing the amplitudes of individual
scattering centres we obtain

E(R, t) = −r0E0
ei(kR−ωt)

R [ε · ε′]
∑

i e
i(ki−kf )·xi

= −r0E0
ei(kR−ωt)

R [ε · ε′]
∑

i e
−iq·xi (18)

where ki and kf are the incident and scattered wavevectors and q = kf − ki.1

3 X-ray absorption: the photo-electric effect and X-ray fluorescence

When the beam of X-rays impinges at normal incidence on a slab of material of thickness L,
it suffers both scattering and absorption, and is therefore attenuated according to the familiar
equation:

I = I0e
−µL (19)

where µ is the linear attenuation coefficient, which is related to the total cross section σtot

(scattering plus absorption) by the equation:

µ = σtotNa (20)

where Na is the number of scattering/absorption centres (here atoms) per unit volume. Fig. 3
shows a comparison of the cross sections of different processes leading to X-ray attenuation in
materials.

At X-ray energies used in typical experiments (5–50 KeV), the photo-electric absorption
cross section is by far the largest contributor to X-ray attenuation.

1Throughout this part of the course, we will employ the convention that q is the change of wavevector of the particle
or photon, so q = kf − ki. the convention q = ki − kf identifies q with the wavevector transferred to the crystal, and
is widely employed particularly in the context of inelastic scattering
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Figure 3: Contributions to the X-ray scattering and absorption cross section for the element
carbon (C), from the International Tables for Crystallography, vol. C [1], p 213. In this figure, σel
is the Thomson cross section, σinel is the Compton inelastic cross section and σpp is the pair-
production cross section, whereby a high-energy photon produces an electron-positron pair.
Note the K absorption edge in the photo-electric cross section at 284.2 eV

Key facts about the photoelectric absorption of X-rays

• In the photo-electric absorption process, a photon is completely absorbed and the energy is
transferred to a core electron (i.e., an electron in the inner atomic shell), which is excited
into unoccupied bound states above the Fermi energy or in the continuum.

• The key parameter controlling this effect is, naturally, the electron binding energy, which
is typical of each shell and atom or ion. No photoelectric absorption can take place
if the photon energy is lower than the binding energy of the electron. This is in
complete analogy with the more familiar photo-electric effect in semiconductors. As the
photon energy is increased through a binding energy “threshold”, additional absorption
can take place, so absorption increases abruptly. This is known as an absorption edge
(see fig. 4).

• Binding energy are classified based on the quantum numbers of the core electron. A
letter indicates the principal quantum number of the core electron, so “K” for n=1,
“L” for n=2, “M ” for n=3 “N ” for n=4 and so on. This is followed by a roman subscript
indicating energy sub-levels. Therefore, the K edge indicates a transition from the 1s
core state. LI , LII and LIII indicate transitions from the 2s, 2p1/2 and 2p3/2, respectively
(2p1/2 and 2p3/2 having distinct values of the total angular momentum J).
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• An X-ray photo-electric absorption event is followed by a chain of X-ray emission (or fluo-
rescence) events whereby the excited atom gradually relaxes to the ground state. The
processes of absorption and subsequent re-emission are shown schematically in fig. 5.
Strong emission lines are those that follow the dipole selection rules, i.e., ∆l = ±1 and
∆j = 0,±1. For example, for transition metals, there are 3 strong emission lines: Kα1 and
Kα2 for transitions from 2p1/2 and 2p3/2 to 1s and Kβ for transitions from 3p to 1s. X-ray
emission is extensively employed to produce monochromatic X-ray radiation (see below).

• Far from absorption edges, photo-electric absorption decreases as a function of pho-
ton energy, following the very approximate law:

σph ∝
Zn

(~ω)3
(21)

where Z is the atomic number and the exponent is a number between 4 and 5.

• A list of characteristic absorption and emission X-ray energies can be found in the Interna-
tional Tables for Crystallography, vol. C [1], starting from p 206.

Figure 4: Attenuation length (1/µ) in microns for elemental iron (Fe), in the energy interval
between 30 eV and 25 KeV. The figure was generated using the attenuation calculator in
http://henke.lbl.gov/optical constants/atten2.html. Note the three absorption edges: K at 7.112
KeV, L (actually three edges at 845 eV, 720 eV and 707 eV) and M (edges at 90 eV and 50 eV).

4 X-ray scattering beyond the free-electron approximation

Up to now, we have left the issue of “free” electrons somewhat ambiguous. Truly “free’ electrons
(e.g., conduction electrons in a metal) hardly contribute to the scattering of X-rays, because their
probability distribution extends a long way throughout the crystal, and the form factor decays very
rapidly away from forward scattering. Conversely, the largest contribution to X-ray scattering from
atoms is given by “core” electrons, which are close to the nucleus and have slowly decaying from
factors — but these electrons are certainly not free! Indeed, there are large departures from the
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Figure 5: Schematic representation of the absorption and subsequent emission for a K edge
event. Left: a photon with energy above the K edge is absorbed and an 1s electron is ejected
above the Fermi energy or into the continuum. Right: an electron in the 2p1/2 shell makes a
transition to fill the 1s core hole, resulting in the emission of a photon with the characteristic
energy Kα2.

Thomson scattering formula near atomic resonances, where the energy of the photon is just
sufficient to eject an electron from a core state into the continuum. Away from resonances, the
Thomson formula can be corrected to a very good approximation by replacing the form factor by
the complex quantity

f(q) = fThom(q) + f ′(~ω) + if ′′(~ω) (22)

where the so-called anomalous terms, f ′ and f ′′, away from atomic resonances do not depend
on q and are weak functions of the photon energy.

It can be shown, as a consequence of the so-called optical theorem, that the imaginary
part of the scattering factor is proportional to the linear absorption coefficient due to the
photoelectric effect.

f ′′(~ω) =
ω

4πr0cNa
µ (23)

where Na is the number of atoms per unit volume, and the other symbols have the usual
meaning. The quantity µ is the linear absorption coefficient, defined in eq. 19.

4.1 Resonant scattering and anomalous corrections to the form factor

Here, we repeat essentially the same derivation that led to the calculation of the Thomson cross
section, but replacing the “free-electron” acceleration in eq. 4 with an expression appropriate to
a damped oscillator.
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m
[
ẍ+ γẋ+ ω2

i x
]

= (−e)E(t) (24)

a(t) =
(−e)
m

εE0e
−iωt ω2

ω2 − ω2
i + iωγi

(25)

where ωi is the resonance frequency of each electron. If we use 25 instead of 4 in the previous
derivations, we obtain in general a complex scattering amplitude. It is easy to evaluate this
in the case ω � ωi, i.e., for example, for scattering of high-energy X-rays (> 20KeV ) from
first-period transition-metal ions. In this case

f(q) =
∑
i

[f(q)Thom]i

(
1− ω2

i

ω2
+ i

γi
ω

)
(26)

4.2 Compton scattering

One important issue related to the bound nature of electrons is the fact that no elastic scattering
is possible for a truly free electron, but the Compton formula applies instead:

k′

k
=

1

1 + ~ω
mc2

(1− cos γ)
(27)

At low photon energy, the photon momentum is transferred to the atom as a whole (much heav-
ier) or to the entire crystal, and the scattering is elastic to a very good approximation. As the
energy increases nearing the rest mass energy of the electron (mc2 = 511 KeV), the Compton
scattering cross section increases.

5 X-ray and neutron sources

X-ray tubes. The most common and ubiquitous source of X-rays is the high-vacuum tube,
illustrated schematically in fig. 6. Conceptually, the X-ray tube has not changed greatly from
the one built by W. Roentgen (Nobel prize 1901). It consists of an electron gun — usually a
thermoionic cathode —, which produces a well-defined, mono-energetic beam of electrons. It is
usually desirable to concentrate the electron beam in a small, intense spot, but other configu-
rations (e.g., “line focus”) are possible for particular applications. Typical laboratory devices are
completely sealed tubes, and run at 40–60 KV (up to over 100 KV for heavy-metal anodes) and
30-40 mA, for a total power up to 3-6 KW.

A typical spectrum from an X-ray tube is shown in fig. 7 and consists of 2 components:
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Figure 6: Schematic representation of an X-ray vacuum tube.

• The continuous spectrum, or “bremsstrahlung” (=“breaking radiation”). This part of the
spectrum is produced by the rapid deceleration of the electrons in the anode, due to a
variety of processes.

• The characteristic lines, or emission lines. These are due to atoms in which one of the
core electrons has been ejected, due to interaction with the incoming electron beam. The
energy of the characteristic lines is the same as that of X-ray emission lines, such
as Kα1, Kα2, Kβ etc. (see section 3.)

• For monochromatic experiments, one generally employs the very intense characteristic lines.
The bremsstrahlung and some/all the other lines can be removed either by using a monochro-
mator (or analyser, see next lecture) or by a photon energy discriminator in the detector.

• The maximum photon energy is equal to the electron beam energy.

Figure 7: Typical spectrum of an X-ray tube.
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Synchrotron sources. As we have seen at the beginning of this lecture, an accelerated charge
emits electromagnetic radiation. The characteristic radiation of a charged particle in circular
motion is known as synchrotron radiation. Parasitic synchrotron radiation was produced in cy-
clotrons (since the work of Ernest Lawrence (1929)) and early particle accelerators , but it was
not until the late seventies that the first synchrotrons dedicated to producing synchrotron radia-
tion were conceived. The first synchrotron of this kind with the Synchrotron Radiation Source in
Daresbury, in Cheshire. All modern synchrotrons accelerate either electrons or positrons.
A concise description is contained in the international Tables for Crystallography vol. C [1], p
195. A complete derivation of the relativistic case is given in [2], p 654f.

Figure 8: Radiation emitted by a synchrotron in the relativistic limit. The angle ψ is given by
ψ = mc2/E. The direction of polarisation is also shown. B is the magnetic field perpendicular
to the electron orbit, as generated by the bending magnet. The horizontal divergence is limited
by means of slits.

Figure 9: Photon energy spectra for (a) a bending magnet (b) two types of “wigglers” (insertion
devices). Note how the flux decays rapidly above the characteristic energy corresponding to
λc = 4π/3R(Eel/mec

2)−3.

Radioactive sources of neutrons. The sources originally employed by Bothe and Becker and
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Chadwick exploited a fusion reaction between α particles (emitted by polonium or radium and
light nuclei such as Li, Be or B). For instance

4He+ 9Be→ 12C + n+ 5.7 MeV (28)

Modern sealed sources, which are commercially available, usually employ 241Am, 238Pu or
239Pu as sources of α particles. Another type of isotope-based source contains elements that
undergo spontaneous fission, such as 252Cf . These types of sources can produce 107-109 neu-
trons per second, and are mainly used to calibrate neutron detectors.

Reactor sources Nuclear reactors exploit the fission reaction

n+ 235U → [two fission fragments] + 2.5n+ 200 MeV (29)

which produces, on 2.5 (on average) neutrons per fission event (fig 10). Of these, 1 is requires
to maintain the chain reaction, 0.5 are absorbed and 1 escapes the core and is available for use.
The nuclear cross section for the reaction in eq. 29 is about ∼ 1 barn for the fast neutrons
emerging from the fission event, but is 1000 barns for slow thermal neutrons (thermal ener-
gies in the tens of meV range). Therefore, in most reactor designs, neutrons are slowed down
(thermalised) by means of a moderator — typically graphite (as in the Chicago pile CP-1,
December 2, 1942), water or heavy water.

Figure 10: A schematic representation of the fission nuclear reaction.

The most powerful reactor source in the world is the ILL. It generates fluxes of 1.5×1015 neutrons
per second per cm2 at the exit of the beam tubes, with a thermal power of 58.3 MW.

Spallation sources. When a fast particle, such as a high-energy proton, bombards a heavy
atomic nucleus (such as lead, tungsten or tantalum), some neutrons are ”spalled,” or knocked
out, in a nuclear reaction called spallation. Other neutrons are ”boiled off” as the bombarded
nucleus heats up, while the fast neutron produce secondary spallation reactions with other nuclei
(fig 11). These reactions are much more efficient than fission at producing neutrons (20-30
neutrons are produced for each spallation event), but, of course, one has to accelerate the
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protons in the first place to energies of the order of to 0.5-2 GeV, using a linear accelerator
(LINAC), a synchrotron or a combination thereof.

Figure 11: Schematic representation of some of the nuclear processes involved in “spallation”
neutron production. Heavy-element nuclei are fragmented (“spalled”) either by the incident pro-
tons (top) or by secondary neutrons (bottom left). Other nuclei are left in a highly excited state
and “boil off” additional neutrons (bottom right).

The neutrons leaving the heavy-metal target are highly energetic, and need to be moderated
before they can be employed for scattering experiments. This is done in a series of moder-
ators that surround the target assembly (which usually includes a series of beryllium neutron
reflectors as well). As for the case of reactor sources, moderators can be held at different tem-
peratures to produce characteristic spectral distributions. A modern pulsed spallation source,
such as the ISIS facility in Chilton, Oxfordshire is shown diagrammatically in fig. 12.

Figure 12: Schematic representation of the ISIS pulsed spallation neutron source, located in
Chilton, Oxfordshire (near Harwell). One can recognise the LINAC (topmost), the synchrotron
(top right) and the two target stations (left and bottom), surrounded by a series of beamlines.
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6 Scattering of particle beams

A plane wave impinging on a quasi-free distribution of charges produces a spherical wave, the
amplitude of which is proportional to the incident amplitude E0. The coefficient multiplying the
spherical wave is

r0 f(q)
[
cos ξ ε′σ + sin ξ cos γ ε′π

]
(30)

can be complex. In the general case, for a given wavelength, this coefficient depends on both
angular variables of the scattered beam, but for spherically-symmetric atoms it depends only on
the scattering angle γ = 2θ. Importantly, the cross section is equal to the square modulus
of the spherical wave coefficient. As we shall see shortly, the same principles applies to the
scattering of particle beams, provided that the particle beam is described quantum-mechanically,
so that the wave-like nature of the particles is apparent. Indeed, quantum mechanics is essential
to obtain exact results, although the essential features are often classical or semi-classical in
origin. In addition, it is often convenient to discuss the stationary problem rather than the time-
dependent problem of a single particle starting off far away from the scatterer. The stationary
problem is equivalent to considering a steady streams of particle coming from infinity, which is
partly converted into a current of scattered particles in the form of a spherical wave. Finally,
provided that we operate in the non-relativistic limit, we can consider the 2-particle scattering
problem to be equivalent to that of scattering from a static potential V (r), provided that the mass
of the particle is replaced by the effective mass

meff =
m1m2

m1 +m2
(31)

Hereafter, we will simply refer at the effective mass as m.

6.1 Wavefunction equation for the static scattering problem

We are looking for the solutions ψ(r) for the following eigenfunction equation

(
− ~2

2m
∇2 + V (r)

)
ψ(r) = Eψ(r) (32)

For the scattering problem, we are not interested in the bound states, so we will focus on the
continuous spectrum with positive eigenvalues. We also expect that, at long distances from the
origin of the potential, the solution will approximate a plane wave (at least on one side), with
energy E = ~2 k2

2m . By defining the new potential U(r) = 2m
~2 V (r) we arrive at the equation:
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(
∇2 + k2

)
ψ(r) = U(r)ψ(r) (33)

The solution of eq: 33 with the right side set to zero is clearly a plane wave

ϕ(r) = eik·r (34)

Eq. 34 represent the free-particle limit of the wavefunction, i.e., the incident wave. Therefore,
we will later employ 34 with k = ki.

An important step towards the solution of the general eq. 33 is to solve the point-source equation:

(
∇2 + k2

)
ψ(r) = δ(r) (35)

The solutions of equations of the type 35 are known as Green’s functions. It can be shown
rather straightforwardly that the following two functions are solutions of eq: 35

G+(r) = − 1

4π

eik|r|

|r|

G−(r) = − 1

4π

e−ik|r|

|r|
(36)

To verify that 36 are indeed solutions of eq: 35 it is sufficient to use the relation

∇2(ab) = a∇2b+ b∇2a+ 2∇a ·∇b (37)

The two solutions in eq. 36 are expanding and contracting spherical waves, respectively. By
selecting the former, we can rewrite eq. 33 in an integral form (we only write the solution with
the expanding Green function):

ψ(r) = ϕ(r) +

∫
dr′G+(r− r′)U(r′)ψ(r′) (38)

Since we are primarily interested in solutions far away from the region where the potential is
non-zero, we can employ the so-called far-field approximation. The key observation here is that
r′ is small, because the potential is non-zero only near the scatterer. Also, importantly,
|ki| = |kf | = k, since we are dealing with elastic scattering. The correspondence between eq.
16 and eq. 39 is clear if we write kf = kn
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k|r− r′| ≈ kr − kf · r′ (39)

after some simple algebra we obtain (again, at long distances from the scattering centre):

ψ(r) = eik·r +

[
− 1

4π

∫
dr′ e−ikf ·r′U(r′)ψ(r′)

]
eikr

r
(40)

Eq. 40 has a very pleasing form: it is very similar to eq. 8, and we could surmise that the squared
modulus of the expression in square brackets (the “scattering amplitude”) is the cross section
(this is proven in most standard quantum mechanics textbooks by introducing the probability cur-
rent density). Here, we will take it for granted without further proof. Unfortunately, the scattering
amplitude in eq. 40 depends on the wavefunction itself. We can make progress by assuming
that potential is in some sense “small”, so that the spherical wave is a small component of the
overall wavefunction. We can therefore attempt to expand the integral term in series:

− 1

4π

∫
dr′ e−ikf ·r′U(r′)ψ(r′) ≈

− 1

4π

∫
dr′ e−ikf ·r′U(r′)ϕ(r′) +

(
1

4π

)2 ∫
drdr′ϕ(r′)

eik|r−r′|

|r− r′|
U(r)U(r′) + ... (41)

The series in eq. 41 is known as the Born series; taking the first term alone is know as the first
Born approximation. It is easy to obtain the expression for the scattering cross section in the
first Born approximation; remembering that ϕ(r′) is the plane wave exp(iki · r′), we obtain:

(
dσ

dΩ

)
Born

=

∣∣∣∣ 1

4π

∫
dre−iq·rU(r)

∣∣∣∣2 (42)

where q = kf − ki. In other words, in the first Born approximation, the cross section is
proportional to the Fourier transform of the potential energy.

6.2 Elastic scattering of electrons in the 1st Born approximation

As a first example of scattering of a particle beam, we will consider the elastic scattering of
electrons from the Coulomb potential produced by the nucleus and by the electrons bound in an
atom. For simplicity, we will consider electrons as spinless particles. Based on eq. 42, we need
to calculate the potential, and for this is useful to recall that

∇2e−iq·r = −q2e−iq·r (43)
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Recalling that U(r) = 2m
~2 V (r) , we can rewrite the integral in eq. 42 as

1

4π

∫
dre−iq·rU(r) = − m

2πq2~2

∫
drV (r)∇2e−iq·r = − m

2πq2~2

∫
dre−iq·r∇2V (r) (44)

where the rightmost expression is obtained by integrating twice by part and assuming that both
the potential and its first derivative are zero at infinite distance from the origin. We can now use
Poisson’s equation and the expression for the charge density of an atom of atomic number Z:

∇2Φ =
ρ

ε0
(45)

V = (−e)Φ (46)

ρ(r) = Zeδ(r) + (−e)ρel(r) (47)

where Φ is here the electrostatic potential and ρel(r) is the same electron density we have em-
ployed for X-rays. To find the expression for the elastic scattering cross section:

dσ

dΩ
=

(
e2

ε0

m

2πq2~2

)2 ∣∣∣∣Z − ∫ dre−iq·rρel(r)
∣∣∣∣2 (48)

We can see the immediate analogy with the scattering cross section for X-rays. The integral
term is exactly the same as the X-ray form factor, and is referred to as fX in the text. The term
in brackets takes the place of the classical electron radius, and is numerically

e2

ε0

m

2π~2
= 3.38× 10−10 m Å−2 (49)

whereas, for comparison, the classical electron radius is r0 =
e2

4πε0mc2
= 2.82 × 10−15 m. We

can see therefore that for all typical values of q (1–10 Å−1) employed for electron diffraction
experiments, the scattering amplitudes for electrons is much larger than for X-rays.

The elastic scattering amplitude for electrons fB is often expressed in wavelength/angle units
as in eq. 50. One can find tabulated values for neutral and ionised atoms in the International
Tables for Crystallography, volume C [1], p 263 (λ is the electron wavelength and both λ and fB

in eq. 50 are expressed in Å):.

fB(sin θ/λ) = 0.023934λ2[Z − fX(sin θ/λ)]/ sin2 θ (50)
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6.3 Nuclear scattering of “slow” neutrons

The kinetic energies of neutrons employed in typical scattering experiments is much lower than
the energies of nuclear reactions, which are typically in the MeV range. In fact, it is established
from nuclear physics that the neutron-nuclear interaction can be approximated with a square

potential well of depth V0 ≈ 50 MeV and range d = 1.3A
1
3 × 10−15 m, where A is the mass

number of the nucleus. It is therefore implausible that the first Born approximation could be
applied as such to the scattering of slow neutrons. In fact, a more detailed calculation shows
that the first Born approximation is applicable only to neutrons with E > 25 MeV.

Nevertheless, Fermi proposed in 1936 that slow neutron scattering could still be satisfactorily
treated in the first Born approximation. The general idea here is that the wavelength of the
neutrons is so large that one can replace the real potential with a “pseudopotential” (known as
the Fermi pesudopotential), which yields the same first Born scattering amplitude and for which
the approximation definitely applies. For this, one observes that, over the range of the true
potential, the phase of the neutron is essentially constant in eq. 41, and the scattering amplitude
can be written as:

f = − m

2π~2

∫
drV0(r) = − m

2π~2
V0d

3 (51)

We could therefore think of decreasing the depth of the potential well into the thermal ranges
by increasing the range of the potential by a factor of, ∼ 100, while maintaining the same value
of the scattering amplitude and, crucially, still keeping the range much smaller than the neutron
wavelength — a set of conditions for which the first Born approximation definitely applies. This
conjecture led to the development of the Fermi pseudopotential, which has the form:

VF (r) =
2π~2

m
bF δ(r) (52)

where bF is the scattering length, known as the Fermi length. In practice, the Fermi pseu-
dopotential is completely satisfactory to describe nuclear neutron scattering for diffraction ex-
periments, and only need corrections (analogous to the X-ray anomalous corrections) only for
energies near neutron-nuclear resonances.

Here are some important facts about neutron scattering lengths and cross sections:

• Neutron scattering amplitudes do not depend on q, i.e., they carry no form factor. For diffrac-
tion experiment this is crucially important, because it means that the intensity of the diffrac-
tion features does not decay at high angles as fast as in the case of X-rays (we will
see in the next lecture that thermal motion causes high-q Bragg intensity decay even in the

21



case of neutrons). They are also largely independent on the neutron energy, at least in the
regime of interest for neutron diffraction.

• Fermi lengths for typical nuclei are of the order of a few fm (10−15 m), which means that they
are comparable to the classical electron radius. However, atoms have a single nucleus
and many electrons, so X-ray scattering cross sections in the forward direction are typ-
ically much larger than neutron cross sections. Neutron cross sections are traditionally
measured in barns (10−28 m2).

• Neutron absorption is also much lower than for X-rays, which, together with the previous
observation, means that attenuation (absorption + scattering) lengths are of the order of
cm for neutrons and of µm for X-rays. This has a profound effect on the design of
diffraction experiments exploiting the two types of radiation.

• Fermi lengths vary across the periodic table without any particular regularity. They can be
positive or negative depending on the sign of the nuclear potential. They depend on the
isotope, often very strongly, and also on the direction of the nuclear spin with respect to
the neutron spin. This has two main consequences, one “positive” and one “negative”:
the “negative” consequence is the presence of “incoherent” scattering, due to the random
mixture of different isotope and spin orientations, which contributes to the experimental
background. The “positive” consequence is the possibility to exploit different isotopes of
the same element to gain additional contrast.

6.4 The Fermi golden rule and its connection with the first Born approximation

In the previous sections, we have considered the Born series for a spinless particle beam, so
that there was no internal degree of freedom to consider. In addition, the internal state of the
scatterer (in our case a time-independent potential) was also unchanged during the collision.
Consequently, the energy of the scattered particle remains the same after the collision. It is
useful to extend our description of the scattering to cases in which there are internal degrees
of freedom which may be altered in the collision. The Fermi golden rule (the development of
which is mainly due to Dirac) is widely employed to calculate the transition probability of an
eigenstate (in our case, a plane wave), into a continuum of “final” states due to a perturbation.
As in the case of the first Born approximation, it is the first term of a perturbative expansion,
and is applicable within very similar conditions to the first Born approximation, namely that the
final states do not significantly deplete the original eigenstate. Here, we only quote the general
result for the scattering cross section between states with wavevectors ki and kf and an internal
transition between states λi and λf with energies Ei and Ef , respectively.

dσ

dΩdEf
=
kf
ki

∣∣∣(m/2π~2)〈kf , λf ∣∣∣V̂ ∣∣∣ki, λi〉∣∣∣2 δ(~ω + Ei − Ef ) (53)
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where we have employed the familiar 〈bra| – |ket〉 notation, V (r) is the “perturbing” potential and
~ω = ~2(k2f − k2i )/2m, ensuring energy conservation.

It is a simple exercise to show that, for elastic scattering in the absence of internal degrees
of freedom, the “golden rule” cross section in eq. 53 is exactly the same as the first Born
approximation result in eq. 42.

6.5 Magnetic scattering of neutrons

We will exemplify the application of the Fermi golden rule by outlining the calculation of the
scattering of slow neutron onto a magnetic atom. We will assume that no energy is exchanged
in the process. Here, the interaction potential is naturally the dipole interaction between the
neutron spin S and the magnetic field B(r) generated by the electrons(we will assume zero
external magnetic field for simplicity). When dealing with elastic magnetic scattering, the initial
and final states of the atoms are assumed to be the same, implying that conservation of linear
and angular momenta is ensured by the crystal as a whole. Therefore, the operator quantities
(here indicated explicitly with a “̂ ”) are only those acting on the neutron coordinates.

V (r) = −γNµN Ŝ · B(r) [Joules] (54)

where Ŝ is the neutron spin operator, γN is the neutron gyromagnetic ratio (−1.9130418) and
µN is the nuclear magneton ( e~

2mp
= 5.05078324(13)×10−27 JT−1). The magnetic field of a single

electron moving with velocity v is

B(r) = ∇×
[
µ0
4π

µe × r̂
r3

]
+
−eµ0

4π

v̂× r̂
r3

(55)

Where µe is the magnetic moment of the electron, given by (µB is the Bohr magneton, s is the
spin of the electron)

µe = −2µBs (56)

The two terms in eq. 55 represent the spin and orbital part of magnetic moment. The “hatted”
vector quantities in eq. 55 are meant as operators (so, for instance,

v̂ = −i~∇ (57)

The derivation of the cross section in in eq. 53, even in the general case of inelastic scattering
and is quite straightforward, and is reported, for example, in [3]. Here, for simplicity, we only
report the final result for elastic scattering of unpolarised neutrons, i.e., we are averaging on the
initial and final neutron spins:
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dσ

dΩ
= γ2Nr

2
0Q†⊥ ·Q⊥ (58)

where

• r0 is the classical electron radius. This means that the scattering amplitude for a neutron by
the magnetic field of a single electron is comparable to the Thomson scattering amplitude
of X-rays.

• Q is given by the formula (spin only scattering)

Q =
∑
i

eiq·risi (59)

and, in the general case, is the Fourier transform of the magnetisation density (spin +
orbital) for unpaired electrons. In simple cases,

Q = fm(q)µ (60)

µ is the magnetic moment of the atom and and fm(q) — the magnetic form factor — takes
the place of the X-ray form factor in the analogous expression for Thomson scattering.

• Q⊥ is the projection of Q perpendicular to the scattering vector q

Q⊥ =
1

q2
q×Q× q (61)

in practical terms, this means that neutrons are only sensitive to the components of
the magnetic moments perpendicular to the scattering vector.

• If we take into account the direction of the neutron spins, the cross section will contain terms
of the kind Ŝ · Q⊥ and depends on the initial and final states of the neutron. For pure
magnetic elastic scattering, the cross section is non-zero only for opposite incident
and scattered neutron spins — we say that it is “spin flip” only.

7 D-W factors — functional form

Being content with this qualitative discussion for the moment, we can re-write

A(q) = r0
∑
i

e−iq·ri
∑
n

fn(q)e−iq·(xn+un,i) (62)
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as

A(q) = r0
∑
i

e−iq·ri
∑
n

fn(q)e−iq·xn
〈
e−iq·un,i

〉
(63)

where 〈〉 indicates time averaging. Needless to say that the expression in 〈〉 does not depend on
i, since, once the averaging is performed, the position of the unit cell in the crystal is immaterial
(they will all average to identical values). We already see from here that the effect of thermal
vibrations can be incorporated in the structure factor. To complete our derivation, we need one
more step, known as the Bloch’s identity, which is valid in the harmonic approximation. We will
just state the result here:

〈
e−iq·un,i

〉
= e

1
2〈(−iq·un)

2〉 = e−
1
2〈(q·un)

2〉 = e−W (q,n). (64)

W is a positive-definite quantity, known as the Debye-Waller factor. It is also a quadratic func-
tion of q, so its most general expression is

W (q, n) = U ij(n)qiqj = qUnq (65)

where U ij(n) is, in general, a tensor.

Here, n labels the specific atomic site.

7.0.1 Isotropic case

Keeping in mind that atoms usually vibrate with different amplitudes in different directions (anisotropic
case), we will only treat hear the simplest case. When all atoms vibrate with the same amplitude
in all directions isotropic case, U ij(n) is proportional to the unit matrix and

W (q, n) = Un q
2 (66)

With this, we obtain the general expression for the X-ray structure factor in the isotropic
case

F (q) = r0
∑

n fn(q)e−iq·xne−Un q2 (67)
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A very similar expression is found for the coherent neutron structure factors for nuclear
scattering.

F (q) =
∑

n bne
−iq·xne−Un q2 (68)

The corresponding formula for magnetic scattering of neutrons from a collinear ferromagnet
or antiferromagnet is

F (q) = γNr0
∑

n fn(q)Mn sinα e−iq·xne−Un q2 (69)

where Mn (expressed in Bohr magnetons) reflects both the magnitude and the sign of the mag-
netic moment of atom n, and fmn(q) is the corresponding magnetic form factor and α is the
angle between M and q

7.0.2 Temperature dependence of the Debye-Waller factors

As we have seen in the previous sections, the Debye-Waller factor is related to the amplitude of
the vibration and therefore both to the phonon spectrum and to the tremperature. It can be
shown (see [4] vol 1 p 108-110) that for an isotropic, monoatomic solid of atomic mass M
the expression for W is:

W (q, T ) =
~2q2

4M

∫
dω
Z(ω)

ω
coth(

1

2
~ωβ) (70)

where Z(ω) is the phonon density of states and β = 1/kBT .

Here we report the result for a single oscillator (Einstein model), where Z(ω) = δ(ω − ωE):

WE(q, T ) =
~2q2

4MωE
coth(

1

2
~ωEβ) (71)

In spite of its simplicity, eq. 71 is often employed to fit the temperature dependence of the
Debye-Waller factors.
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8 More diffraction geometries

8.1 More single-crystal geometries.

8.1.1 The Laue geometry

The Laue geometry is the simplest diffraction geometry, and is this is the method used in the
original discovery of X-ray diffraction by Max von Laue. Von Laue worked with two technicians,
Walter Friedrich and his assistant Paul Knipping, to shine a beam of X-rays through a copper
sulfate crystal and record its diffraction on a photographic plate. After being developed, the plate
showed a large number of well-defined spots arranged in a pattern of intersecting ellipses around
the spot produced by the central beam. Importantly, the X-ray beam must not be monochro-
matised — in fact, the Laue method uses mostly the continuous spectrum (bremsstrahlung)
obtained by bombarding the anode with high-energy electrons. Various detector (or film) ge-
ometries can be employed, the most common being transmission Laue and backscattering
Laue. The Laue geometry is still employed for a variety of applications, from orienting large
single crystals of novel materials to the study of protein crystals with synchrotron radiation. Fig.
13 shows an example of transmission Laue from a protein crystal.

8.1.2 Time-sorted Laue geometry (neutrons)

The Laue geometry has a few disadvantages:

• The wavelength of the incident beam giving rise to each spot is not well defined, so it is
very difficult to get accurate lattice parameters (one can readily obtain ratios of lattice
parameters and lattice angles).

• For the same reason, higher-order peaks fall on top of each other — that is, 001, 002, 003

etc. contribute to the same spot on the detector. Their intensities cannot be deconvoluted,
making quantitative analysis somewhat more difficult.

The time-sorted Laue method, as applied to time-of-flight neutron diffraction, solves both prob-
lems, in that the wavelength of each detected neutron is automatically measured by the time-
of-flight method. An example of a modern time-sorted Laue camera is shown in fig. 14. The
same method could be implemented with X-rays using a multi-channel (energy analyser) area
detectors. Unfortunately, detectors of this kind are only at the prototyping stage.
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Figure 13: An example of a transmission Laue (simulated data) from a protein crystal. The spots
on the elliptical paths belong to the same zone, i.e., plane in reciprocal space. “Nodal” reflections
are low-order reflections.

8.2 More powder diffraction geometries.

8.2.1 More angle-dispersive techniques

Here, one employs monochromatic radiation, and the different Bragg peaks are accessed by
varying the scattering angle 2θ.

A few more powder diffraction geometries are shown in fig. 15

Bragg-Brentano geometry This geometry employs a planar sample, with the normal axis co-
inciding with the direction of the scattering vector. (fig. 15 B). Since the direction of the
normal axis has to vary as a function of 2θ, one can only employ a single detector or a
small Position-Sensitive Detector (PSD). However, this geometry has many advantages,
especially in the case of absorbing samples: in fact, the illuminated area of the sample
can be much larger than the penetration depth, which results in a much increased effective
sample volume with respect to the Debye-Scherrer geometry. This is further enhanced,
in the case of laboratory diffractometers, by the so-called “parafocussing effect”, so that
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Figure 14: The time-sorted Laue camera installed on the SXD instrument at the ISIS facility
(oxfordshire). The tubes are photo-multipliers that detect the light produced by the scintillator
detectors array. The polychromatic neutron beam (not shown) comes from the left side of the
picture.

Figure 15: Three types of powder data acquisition geometries: A) Debye-Scherrer; B) Bragg-
Brentano; C) Image-plate

the pattern resolution becomes independent on the sample size. Also, the absorption cor-
rection is independent on 2θ. On the down side, spinning a flat plate is less effective in
reducing systematic and statistical errors on the intensity. Therefore, this geometry is em-
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ployed for rapid data acquisition with a small detector solid angle, especially for absorbing
samples.

Image plate geometry The sample is ideally a small sphere (fig. 15 C). The detector is re-
placed with a photo-sensitive plate, which is sensitised by the x-rays (or neutrons) and
later ”read” with a laser scanner. This is typically an uncollimated geometry, and, as such,
prone to aberrations. However, it can collect full D-S cones for a large part of the diffraction
pattern, especially at high energy, where the pattern is limited to low angles. The main
disadvantage is that the plate read-out is slow. It is very popular at synchrotron sources,
where is often coupled with scanning ”masks” to obtain different patterns, for example
at different temperatures, on the same image plate. Another important application is for
high-pressure powder diffraction.

9 Derivation of integrated intensities

9.1 Integrated intensities from a small single crystal

We start from the scattering cross section for a single crystal in the kinematical approximation,
and ignore, for the moment, the intrinsic width of the peaks in reciprocal space.

dσ

dΩ
= Nc

(2π)3

v0

∑
τ

δ(q− τ ) |F (τ )|2 (72)

where Nc = V/v0 in the number of unit cells in the crystal (or the “effective volume”, if we take
into account attenuation), and v0 is the unit cell volume. The summation is over all the nodes
τ of the reciprocal lattice (RL). We now use the transformation properties of the 3-dimensional
Dirac function.

δ(q) =
δ(q̄)δ(ᾱ)δ(χ̄)

q2 sinα
(73)

We have used spherical coordinates with a z axis parallel to the beam, α and χ being the polar
angles defining the direction of q. We have also used the notation q̄ = q − τ , ᾱ = α − ατ ,
χ̄ = χ − χτ , etc. to indicate that the delta functions are centered at the RL positions. We can
use the construction in fig. 16 to relate “polar” angle α with the scattering angle γ. One can see
from the figure that the polar angle χ coincides with the angle between the scattering plane and
the horizontal plane. The relation is as follows:
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Figure 16: Construction showing the relation between the “polar” angle α and the scattering
angle γ.

α =
π + γ

2

δ(ᾱ) δ(χ̄) = 2δ(γ̄) δ(χ̄) (74)

With eq. 73 and 74, eq. 72 becomes:

dσ

dΩ
= Nc

(2π)3

v0

∑
RL

2δ(q̄)δ(γ̄)δ(χ̄)

q2 cos(γ/2)
|F (τ )|2 (75)

9.1.1 Wavelength-dispersive case

We will start with the case of a wavelength-dispersive experiment, which easier to understand,
and is relevant for Laue and time-sorted Laue diffraction.

We can first integrate eq. 75 over the detector solid angle dΩ = sin γdγdχ, which we now assume
to be centred on a single Bragg reflection. Doing the usual replacement γ = 2θ we obtain:

dσ

dΩ
= Nc

(2π)3

v0

2δ(q̄) sin 2θτ
q2 cos θτ

|F (τ )|2

= Nc
(2π)3

v0

4δ(q̄) sin θτ
q2

|F (τ )|2 (76)
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To calculate the integrated cross section we can convert q to wavelength using

q =
4π sin θ

λ

δ(q̄) =
λ2

4π sin θ
δ(λ̄) (77)

yielding

dσ

dΩ
= Nc

(2π)3

v0
4 sin θλ δ(λ̄)

λ3

(4π sin θ)3
|F (τ )|2

= Nc
d3

v0
4 sin θλ δ(λ̄) |F (τ )|2 (78)

where we have used Bragg’s law

2d sin θ = λ (79)

To get the scattered count rate Pτ , i.e., the number of scattered particles per second measured
over the whole detector, we multiply by the incident flux density Φ(λ), so that the number of
particles per square metre per second in the interval between λ and λ + dλ is Φ(λ)dλ, and
integrate, obtaining

Pτ = Nc
d3τ
v0
|F (τ )|2 4 sin θτλτΦ(λτ ) (80)

Although SI units can of course be used, one can see that eq. 80 is still correctly dimensioned if
one expresses the wavelength in Ångstroms, the incident flux density in particles per square cm
per second per Ångstrom and |F (τ )|2 in Barns — these are the more customary units employed
in scattering experiments.

Eq. 80 can be modified empirically to account for beam attenuation effects through the crystal,
by assuming that, at each wavelength λ, NcAτ (λ) unit cells will contribute to the scattering, so
that

Pτ = Nc
d3τ
v0
|F (τ )|2 4 sin θτAτ (λ)λτΦ(λτ ) (81)

The attenuation coefficient Aτ (λ) is, in general, wavelength dependent and depends also on
the shape of the crystal and on the scattering geometry. Aτ (λ) is usually calculated by a finite-
element method or by approximating the shape of the crystal to that of a sphere of cylinder, for
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which analytical expressions have been developed. One can account for extinction in much the
same way.

We can find the following expressions for the Lorentz factor L and the incident time-integrated
flux Finc (t is the total measuring time).

L = 4 sin θ

Finc = λΦ(λ) t (82)

9.1.2 Constant wavelength case

We start again from eq. 75 and analyse the Ewald construction in fig. 17. We can observe that
this time we have the following reflection conditions:

Figure 17: Ewald construction for the constant-wavelength case. The angle of rotation η is the
rotation angle of the crystal required to bring the spot indicated by the arrow into scattering
conditions.

• The length of the scattering vector q must correspond to the length of the RL vector under
consideration. At constant wavelength, this is a condition on γ, namely:

qτ =
4π sin γ/2

λ
(83)

• The direction of q must coincide with that of the RL vector τ . This condition can be achieved
by rotating the crystal by an angle η around an axis perpendicular to the scattering plane
(defined by ki and τ ).
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• The crystal plane under consideration must coincide with the scattering plane — this is a
condition on the χ angle of the detector (not shown).

We can interpret the three δ functions in eq. 75 as representing these three condition in their
order. Observing further that for constant wavelength

δ(q) =
λ

2π cos θ
δ(γ)

δ(ᾱ) = δ(
γ

2
− η) =

1

2
δ(γ − 2η) (84)

we obtain

dσ

dΩ
= Nc

(2π)3

v0

2
[

λ
2π cos θ

] [
1
2δ(γ − 2η)

]
δ(χ)

q2 cos θ
|F (τ )|2

= Nc
d3

v0

2 sin θ

cos2 θ
|F (τ )|2 δ(γ)δ(γ − 2η) (85)

As before, we can integrate over the detector solid angle dΩ = sin γdγdχ, by observing that

∫
dγδ(γ)(γ − 2η) = δ(η) (86)

leading to

σ(η) = Nc
d3

v0
2 tan θ sin θ |F (τ )|2 δ(η) (87)

Eq. 87 has the form we expect — there is no scattering unless the crystal is rotated to the η = 0

position. Let us imagine now to bathe the crystal in an incident beam with flux Φ and rotate it
through the reflection position with angular velocity ω = dη/dt. We want to determine how many
particles are scattered in the process.

Nscatt = Φ

∫
dtσ(η) =

Φ

ω

∫
dησ(η) =

Φ

ω
Nc
d3

v0
2 tan θ sin θ |F (τ )|2 (88)

Once again, eq. 88 can be corrected for absorption as for eq. 81.

Referring again to eq. ??, we can find the following expressions for the Lorentz factor L and
the incident time-integrated flux Finc. Note that in this case the integrated intensity does not
depend on the total measuring time, but on the rotaton speed through the reflection.
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L = 2 tan θ sin θ

Finc =
Φ

ω
(89)

9.2 Integrated intensities from a random collection of small single crystals —
powder diffraction

In this section, we will calculate the integrate cross section over he whole solid angle for a
“random” collection of small single crystals (or crystallites) of the same material — in other
words, a powder sample. We will make the slight simplification that all the crystallites have the
same number of unit cells nc.We can once again apply eq. 75 to obtain:

dσ

dΩ
=

(2π)3nc
v0

∑
i

∑
RL

δ(q̄)δ(α− αi(τ ))δ(χ− χi(τ ))

q2 sin(α)
|F (τ )|2 (90)

Here, αi(τ ) and χi(τ ) are the angular coordinates of RL vector (τ ) for crystallite i. If the number
of crystallites np is very large and their angular distribution is uniform (nc/4π), we can replace
the summation with an integral over the angular variables.

dσ

dΩ
=

(2π)3ncnp
4πv0

∑
RL

∫
sinα(τ )dα(τ )dχ(τ )

δ(q̄)δ(α− αi(τ ))δ(χ− χi(τ ))

q2 sin(α)
|F (τ )|2

=
2π2Nc

v0

∑
RL

δ(q̄)

q2
|F (τ )|2 (91)

where Nc is the number of unit cells in the whole powder sample. As for the previous examples
with the single crystal geometries, we can focus on a single Bragg peak, but with the caveat
that individual Bragg reflections cannot be completely isolated in powder diffraction. As shown
in the Ewald construction of fig. ??, a uniform distribution of incident wavevectors with respect
to the RL means that all RL nodes on the surface of a sphere will be in reflection conditions
simultaneously. This means, at the very least, that all symmetry-equivalent RL nodes will scatter
at the same time, a fact that is generally accounted for by introduce the reflection multiplicity
factor, mτ , so that

dσ

dΩ
=

2π2Nc

v0
mτ

δ(q̄)

q2
|F (τ )|2 (92)

The Lorentz factors for the wavelength-dispersive and constant-wavelength geometries can now
be easily calculated by introducing the appropriate transformations for δ(q).
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9.2.1 Powder diffraction cross section — wavelength-dispersive case

We employ eq. 92 together with eq. 77 to obtain:

dσ

dΩ
= Nc

(
d3

v0

)
mτ |F (τ )|2 1

4π
λ δ(λ) (93)

whence, by accounting for the incident flux Φ(λ) and integrating over all wavelength and over the
detector solid angle Ωd we obtain the number of particles scattered into the detector per second:

Pτ = Nc

(
d3

v0

)
mτ |F (τ )|2 λΦ(λ)

4π
Ωd (94)

Eq. 94 it is quite interesting: unlike the previous cases we encountered, the count rate on
the detector is proportional to the detector solid angle. This is a reflection of the fact that, in
this geometry, the Bragg reflection is observed at all scattering angles — of course each with
different wavelengths.

Referring again to eq. ??, we can find the following expressions for the Lorentz factor L and the
incident time-integrated flux Finc (t is the measuring time).

L =
Ωd

4π

Finc = λΦ(λ) t (95)

9.2.2 Powder diffraction cross section — constant-wavelength case

We employ eq. 92 together with eq. 84 to obtain (the development is entirely similar:

dσ

dΩ
= Nc

(
d3

v0

)
mτ |F (τ )|2 tan θ

2π
δ(γ) (96)

Here, we assume that the detector has a large span in the scattering plane, encompassing the
region where the Bragg peak occurs. Once again, we can integrate over the detector solid angle
dΩ = sin(2θ)dγdχ to yield:

Pτ = NcΦ

(
d3

v0

)
mτ |F (τ )|2 sin2 θ

π
∆χ (97)
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where ∆χ is the angular aperture of the detector along the Debye-Scherrer cones. For a typical
diffractometer, the height of the detector out of the scattering plane, H, is constant, whereas the
angular aperture of the detector along the Debye-Scherrer cones varies approximately as

∆χ ' H

R

1

4π sin θ cos θ
(98)

R being the radius of the diffractometer. The count rate is therefore

Pτ = NcΦ

(
d3

v0

)
mτ |F (τ )|2 tan θ

4π2
H

R
(99)

Referring again to eq. ??, we can find the following expressions for the Lorentz factor L and the
incident time-integrated flux Finc (t is the measuring time).

L =
tan θ

4π2
H

R

Finc = Φ t (100)

10 General treatment of displacive disorder and thermal diffuse
scattering

In the two simple examples we proposed above, we have treated the deviations from the average
structure as completely uncorrelated from site to site. The result, in both cases, is a form of
diffuse scattering that has very little structure in reciprocal space. In the extreme case of neutron
studies of substitutional disorder, the atomic form factor is a constant, and the resulting diffuse
scattering is completely flat.

In realistic cases, correlations are almost always present: even in disordered alloys, a given
species may have a “preference” to be surrounded by atoms of the same kind or, quite fre-
quently, of a different kind, so near-neighbour probabilities are generally different from the aver-
age. These correlations are lost after a few unit cells, and they are referred to as short-range
order. In this case, beside the autocorrelation term, additional terms in the summation (see
handouts, eq. 53) will be non-zero, giving rise to a more structured diffuse scattering pattern.
Note that each Rij pair that corresponds to a definite correlation will contribute with a Fourier
component exp(R · Rij) (or cos R · Rij in the centrosymmetric case) to the diffuse scattering.

The correlated displacements due to thermal vibrations are of even longer range: an ideal
plane-wave phonon involves all sites of the crystal, and therefore involves all terms in the sum-
mation (see handouts, eq. 52). The correlation terms uij will typically involve sums and differ-
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ences of sines and cosines, and since they appear in the exponential, the summation over an
infinite number of pairs cannot be performed analytically. The typical approach is to expand the
exponential in Taylor series. This is done as follows: for simplicity, let us rewrite eq. 52 of the
handouts in the case of pure displacive disorder (no substitutional disorder):

(
dσ

dΩ

)
diff

= Nr20P(γ)
∑
Rij

e−iq·Rij |f(q)|2
[〈
e−iq·uij

〉
Rij
− e−2W

]
(101)

Next, we will use again eq. 13, Lecture 6, which is valid for small displacements or harmonic
displacements:

〈
e−iq·uij

〉
= e−

1
2〈[q·uij ]

2〉 (102)

Finally, we expand the exponential in eq. 102 in Taylor series:

(
dσ

dΩ

)
diff

= Nr20P(γ)
∑
Rij

e−iq·Rij |f(q)|2
{[
−1

2

〈
[q · uij ]2

〉
+ 2W

]

+

[
1

8

〈
[q · uij ]2

〉2
− 2W 2

]
+ . . .

}
= I1 + I2 + . . . (103)

The different terms in eq. 103 are known as first-order, second-order etc., diffuse scattering.

10.1 First-order thermal diffuse scattering

In well-ordered crystals, the most important contribution to the diffuse scattering is that from
the displacement patterns due to phonons. This type of diffuse scattering is known as Thermal
Diffuse Scattering or TDS. The first-order term in eq. 103 is often the dominant contribution,
particularly at moderate temperatures. The calculation of diffuse scattering for monoatomic solid
is not inaccessible at the present level, but it is rather lengthy. Here, we summarise the main
steps and present the final result, so that its structure can be analysed.

• Only phonons with the same wavevector k and the same branch index contribute coherently
to first-order TDS. The scattering from one such phonon is not difficult to calculate: it
generate satellite peaks at ±k around any given Bragg peaks.

• One needs to sum the scattered intensity of phonons with different wavevectors, taking into
account the fact that their amplitude is related to the thermal population.
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• The final result is:

(
dσ

dΩ

)
1stTDS

= Nr20P(γ)
~

2M

∑
j

1

ωj(q)
coth

(
~ωj(q)

2kBT

)
|Fj(q)|2 (104)

where the sum is over the different phonon branches and

Fj(q) = f(q)e−W [q · ej(q)] (105)

is the so-called one-phonon structure factor and ej(q) is the polarisation vector of
phonon branch j at the wavevector q. In order to evaluate the quantities ej(q) and ωj(q),
one needs to reduce q to the first Brillouin zone in the usual way.

• The function 1
ωj(q)

coth
(
~ωj(q)
2kBT

)
decreases rapidly with increasing frequency. Therefore low-

energy, acoustic phonons provide the largest contribution to first-order TDS. For the
same reason, the TDS diverges at the Bragg peak positions and is minimum between the
Bragg peaks.

• When the same reduced wavevector is considered in different Brillouin zones, one finds that
the cross section is proportional to q2, similar to the diffuse scattering due to uncorrelated
displacements (eq. 105).

11 Other defects in crystals: point defects, dislocations and planar
defects

In this section, we will be concerned with a few additional modes of departures from perfect
crystal ordering, known as point defects, dislocations and planar defects. These defects are
associated with points, lines or planes in the crystal, and move slowly or not at all, so they can
generally be considered as static, as far as diffraction is concerned.

11.1 Point defects

A point defect occurs when the crystal periodicity is primarily broken at one lattice site or at a few
adjacent sites, although its influence can propagate far away into the crystal (see below). The
simplest examples of a point defect are substitutions vacancies and interstitials, in which,
respectively, atoms on a given site are replaced by a different species, are absent altogether
or occupy a position that is usually unoccupied. Substitutional disorder in alloys can be
thought as an extreme example of a high density of point defects. Point defects often occurs
in pairs up to maintain stoichiometry or charge neutrality, as in the case of Frenkel defects (a
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vacancy and an interstitial) or Schottky defects (vacancy of ions with opposite charge). In the
case of extended defects, the coordination environment around the defect site is modified to
approximate the preferred environment of the new species. For example, if a cation with a
preference for tetrahedral coordination is substituted on an octahedral site, the six surrounding
anions can be distorted and one or two can be missing altogether, forming an extended defect.

If present in sufficient concentration, point defects can give rise to diffuse scattering, in com-
plete analogy to substitutional disorder. Another form of diffuse scattering associated with point
defects is Huang scattering: this arises from the static displacement field due to the elastic
deformation of the lattice around the defect, and its treatment is analogous to that of first-order
TDS.

11.2 Dislocations

Dislocations are linear defects that commonly form in metals as a result of the application of
stresses, e.g, due to repeated bending. They play an important role in both the strength and
the failure of materials: work hardening (such as beating a red-hot piece of metal on an anvil)
has been used for centuries by blacksmiths to introduce dislocations into materials, increasing
their yield strengths. On the other hand, the infamous metal fatigue fracture (responsible, for
example, for the De Havilland Comet disasters) are initiated by dislocations, which eventually
form persistent slip bands that nucleate short cracks

Two main types of dislocations are identified: edge dislocations and screw dislocation, al-
though most real dislocation are intermediate between these types. They are characterised by
two direction vectors: the dislocation direction — the direction of the linear structure in ques-
tion, and the Burgers vector — the principal direction of the strain (displacement) field near
the dislocation. Burgers vectors are essential elements of the theory behind imaging defects by
electron microscopy — see, for example, [5].

11.2.1 Burgers vectors for edge and screw dislocations

The classic definition of the Burgers vector is the following (see fig. 18 and 19): Let us consider
a part of the crystal that is free from any defect, and let us define a closed loop of atoms. Let
us now insert the dislocation so that the dislocation line is inside and perpendicular to the loop.
The strain (displacement) field generated by the defect will displace the existing atoms, so that
the rectangle will be deformed, whilst, by definition, remaining a closed loop. If the rectangle is
deformed into a trapezium, the Burgers vector will be perpendicular to the dislocation line (edge
dislocation, fig. 18). If the rectangle is deformed into a 3-dimensional shape, the Burgers vector
will be parallel to the dislocation line (screw dislocation, fig. 19).
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Figure 18: An edge dislocation and its associated Burgers vector. An edge dislocation arises
when a plane of atoms is abruptly terminated within the crystal. The displacement field around
the edge dislocation is defined by its Burgers vector, and, is perpendicular to the dislocation
line.

Figure 19: A screw dislocation and its associated Burgers vector. We can imagine that a screw
dislocation is generated by “slicing” a plane through the crystal up to a certain line, and by dis-
placing the atoms on one side of the plane by one unit cell along the direction of the line. The
displacement field around the edge dislocation is defined by its Burgers vector, and is perpen-
dicular to the dislocation line.

11.3 Stacking faults

The last family of crystal defects we will consider in this lecture are the planar defects. As the
word implies, the defect originated at a planar locus in the crystal, although the strain field can
propagate some way away from the plane. Although other types of planar defects exist (for
example, the twin planes), here we will only consider the stacking faults.

Staking faults are defects in the “stacking” of atomic layers — most commonly a fault in the
stacking sequence of the layers, a missing layer or an added layer, either of the same type or of
a different type with respect to the bulk layers. Unsurprisingly, stacking faults are common in
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layered structures, but are also encountered in isotropic structures: in fact, perhaps the best
known type of stacking fault occurs in FCC metals, and is a fault of the ...ABCABCABC... stacking
sequence of the (111) layers, as, for example, in ...ABCABABCABC... Stacking faults of this type
can be described as a displacement (slip) of an entire plane of atoms perpendicular to the
fault plane, so that the fault is described by two vectors: the stacking vector (perpendicular to
the fault plane) and the slip vector, describing the displacement direction of the plane of atoms.
The slip vector plays a similar role to the Burgers vectors in the imaging of stacking faults by
TEM (see below). In this case of the (111) faults in FCC metals, the slip vector is along the
(2̄11) direction or its equivalents (fig. 20).

Figure 20: A: a portion of the unfaulted FCC structure, with stacking sequence ...ABCAB-
CABC....B A stacking fault, in which the “A” layer is inserted instead of a “C”, and the corre-
sponding possible slip vectors.
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12 Useful constants

ε0 = 8.854187× 10−12 F m−1 — vacuum permittivity

µ0 = 4π × 10−7 N A−2 — vacuum permeability (exact)

c = 2.99792458× 108 m s−1 — speed of light in vacuum

e = 1.602176487(40)× 10−19 C — unit charge

me = 9.10938215(45)× 10−31 Kg — electron rest mass

mp = 1.672621637(83)× 10−27 Kg — proton rest mass

mn = 1.674927729(28)× 10−27 Kg — neutron rest mass

r0 =
e2

4πε0mc2
= 2.82× 10−15 m — classical electron radius

µN =
e~

2mp
= 5.05078324(13)× 10−27 JT−1 — nuclear magneton

γN = −1.9130418 — neutron gyromagnetic ratio

µB =
e~

2me
= 9.27400915(23)× 10−24 JT−1 — Bohr magneton
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